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Preface 


During the past twenty-five years many of the advances in 
differential geometry of surfaces in euclidean space have had to 
do with transformations of surfaces of a given type into surfaces 
of the same type. Before this period Bianchi and Bficklund had 
established their transformations of a pseudospherical surface into 
pseudospherical surfaces, the essential feature of which is that 
a given surface and any transform are the focal surfaces of a TT 
congruence. Furthermore, Bianchi (Lezioni, § 383) established the 
so-called theorem of pemiutability of such transformations; that 
is, if Si and Si are two transforms ot S there can be found a fourth 
surface S' which is a transform ot both 6'i and Si, Later (foot¬ 
note 41) he showed that there is a similar theorem of permutability 
tor transformations such that a given surface and a transform are 
the focal surfaces ol a W congruence. 

In 1899 (Tiiichard if. n. 1(K)) aimoimced two theorems con¬ 
cerning the dctormatioiiN ot quadric ot revolution which led to 
the transformations ot Daiboux ot isothermic surfaces. In such 
a transtonnation a surface* and its transform are the sheets ot 
the envelope ot a two-param<*ter family ot spheres with the lines 
ot curvature corresponding on the two sheets. Families of spheres 
of this type are associated with cyclic systems of circles, which 
Ribaucour was the first to investigate extensively, and consequently 
two surfaces which are the sheets of the envelope of a two-para- 
meter family ot spheres with lines of curvature in coiTespondence 
are said to be in the relation ot a transformation ot Ribaucour. 
Bianchi showed that tor transformations of Ribaucour (f. n. 54) 
and in particular for transformations of Darboux of isothermic 
surfaces (f. n. 64) there is a theorem of permutability in the sense 
mentioned above. 

When two surfaces are in the relation of a transformation 
of Ribaucour, the lines joining corresponding points on the surfaces 
form a congruence whose developables meet the surfaces in their 
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lines of curvature. The transformations of Darboux are a particular 
case of. transformations of conjugate systems, or nets, with equal 
point invariants, such that the lines joining corresponding points 
of such a net and a transform form a conginience whose deve- 
lopables meet the surfaces on which the nets lie in these nets and 
corresponding points of the two nets divide harmonically the focal 
segment of the corresponding lines of the congruence; these trans¬ 
formations Tvere first studied by Koenigs (f. n. 17) and are called 
transformations K, 

When two nets and the congruence of the joins of corre¬ 
sponding points are so related that the developables of the con¬ 
gruence meet the surfaces on which the nets lie in these nets, 
we say that either net is obtained from the other by a fundamental 
transformation, or more briefly a transformation F. We have 
remarked that transformations of Ribaucour and transformations K 
are of this type. The general transformations F tor 3-space have 
been studied by Jonas and the author (f. n. 15) and a theorem 
of permutability of these transformations has been established. 

Most, if not all, of the transformations which have been 
developed in recent years are reducible to transformations F or 
to transformations of the type such that a surface and a trans¬ 
form are focal surfaces of a W congruence. It is the purpose of 
this book to develop these two types of transfonnations and thereby 
to coordinate the results of many investigations. 

October, 1922. 

Luther Pfahler Bisenhart. 
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Chapter L 

Conjugate nets and congruences. 

I. Geometric entities of euclidean n-space. A point in 
euclidean space of n dimensions is determined by a system of 
n numbers ,.,. called the coordmates of the point, which 
are a generalization of cartesian coordinates in euclidean 3-space. 
We refer to the point as P(.r). Thus x typifies all of the coordinates. 
In like manner P(y) is the point whose coordinates are .... 
The distance d between P(x) and P{y) is defined by the equation 

d^ = -+ — x'^f “ ^ ( 2 /— 


As thus used ^ indicates the sum of all terms of the type 
but we write it in the above form without subscripts or 
superscripts, and shall do so in what follows. 

If .A” are n numbers, the points whose coordinates arc 

of the form 

ij 


where u is a parameter, lie on a liyie through P{x). The quantities X 
are called direction-parameters of the line. Evidently they are deter¬ 
mined only to within a factor. This equation represents each of 
the n equations = x}'\-uX\ It is important that the reader 
should become familiar with this notation. It is understood that 
is the same for all n equations. 

Two non-coincident lines whose corresponding direction-para- 
meters X and Y are proportional are said to be parallel. The angle 
of inclination of two non-parallel lines of dii'ection-parameters A* 
and F* is defined to be 


cos^ — 


2’xr 




When cos ^ = 0 the lines are said to be perpendiadar. 
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The locus of the points whose coordinates are of the foiin 

// = ?/X + vT, 

where u and v are parameters, is a plane. The locus of the points 
whose coordinates satisfy a relation of the form 

...+ 0 , 

where the n’s are constants, is called a hyperplane. For the sake 
of brevity we write the above equation in the form^air+< 1 ”+^ = 0. 
In particular, Xi — 0 is the equation of n coordinate hyperplanc. 
Two hyperplanes 

n n 

2'aV+«'*+’= 0. + 0 

i=l «=1 

are said to be parallel when the corresponding quantities and /y* 
(/ = 1,. •.. n) are proportional. The angle of inclination H of two 
non-parallel hyperplanes is defined by 

cos 6> — . 

When cos ^ — 0, the two hyperplanes are said to be perpendimlar. 
In particular, any two coordinate hyperplanes are perpendicular. 

A line is a special type of curve, which by definition is the 
locus of a point whose coordinates x are functions^) of a parameter ?/. 
The tangent to a curve at a point is the line through the point 

whose direction-parameters are 

A plane is a special case of a surface, the latter being defined 
to be the locus of a point whose coordinates x are functions of 
two parameters u and i\ The points of the surface for which 
V has the same value is called a parametric curve v — const. There 
is a one-parameter family of curves v *-= const, on a surface. 

In this treatment the parameters may he real or complex, and the only 
requirements made of the functions is that they and their derivatives (to such 
order as the latter appear in the development) are uniform and continuous. 
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When u and v are replaced by functions of two new parameters w' 
and t;', we get new parametric curves, and conversely any two 
one-parameter families of curves can be made parametric. 

As in the case of 3-space [§ 25]®), it can be shown that the 
tangents to all the curves at an ordinary point P of a surface lie 
in a plane, called the tangent plane at the point. 

2 . Conjugate nets. Normal parameters. When the para¬ 
meters of a surface are such that the coordinates cr are solutions 
of the same equation of the Laplace form, 

. ad ■ 8iog ^ de 

d adV dv du du dv* 


the parametric curves are said to form a conjugate net, or simply 
a net. As a consequence of this definition a net in 3-space consists 
of a conjugate system of curves [§ 80]. Equation (1) is called the 
pomt equatiofi of the net. We speak of the net as N(x), 

As in the case of ordinary space, if we put 


( 2 ) 




it is readily found that [cf. § 63] 

a Inor/Tf ^ 

(3) 


d logg 
dv 


dv 


du 


2P® 


d logh 
du 


^ du ^ dv 

2P® “ ' 


The functions P, P, G are called the fimdamental coefficients of 
the net. 

The functions and ~ are direction-parameters of the tan- 

du dv 

gents to the curves v — const, and u = const, respectively, of a net 
whose point equation is (1). The same is true of the functions a' 
and /d' defined by 


9 _ f f 

du ^ 


dx 

Tv 


= a'/*', 


^ A reference in square brackets, thus [§ 25], is to the author’s Differential 
Geometry, Ginn and Co., 1909; in parentheses, thus (§25), is to the present yolume. 


1* 
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and g' being functions of u and v. If these equations be dif¬ 
ferentiated with respect to v and u respectively, we have in con- 


sequence 

of (1) 





(4) 

da' 

dv 

= mia'-\-nifi', 

II 

W8a' + 

where 








9 , a 


g' 

d logb 


mi 

- 

ni = 

P' 

du ’ 



_ 0 log a 


0 



Wg 

(f dv ' 

n2== 

du 

log^. 


The coordinates of points on the tangents to curves r — const, 
and u const, have the respective forms 

By means of (4) we find that the derivatives of these functions 
with respect to v and respectively are linear in «' and /?'. 

Conversely, if a surface is referred to any system of para¬ 
metric curves, a point on the tangent to i; = const, has coordinates 

0 X 

of the form When r varies the direction-parameters of 

the tangent are 

dv dv da dit dv' 

Hence if this tangent is to be in the tangent plane to the surface, 

0 T 0 UfJ 

the preceding expression must be a linear combination of and -- - , 

ou ov 

and we have the theorem: 

A necessary and sufficient condition that a system of curves (m 
a surface form a net is that any point on the tangent to a curve 
V = const moves in the tangent plam as v varies. 

This theorem gives a geometric characterization of a net in 
the sense that the tangents to v = const, are characteristics of 
the tangent planes along a curve u = const. It will be convenient 
at times to refer to the tangent plane to a surface on which 
a given net lies as the tangent plane of the net 
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Evidently any functions proportional to a* and are also 
direction-parameters. We wish to consider now the particular 
parameters a and such that 


(5) 


8a; 

8w 


— act. 


8r 

dv 


= hfi 


in which case equations (4) become 

6) ““ —- nfi, --- — met, 

dv ^ du ' 


where m and n are functions of u and v given by 


(7) 




Following Giiichard we say that the a’s and /5’s are the normal 
parameters of the net. 

Conversely, if we have n pairs of functions a and satisfying 
equations of the form (6), where m and n are given functions of n 
and r, each pair of functions a and I satisfying (7) leads by 
(|uadratures of the form (5) to a net. Thus the complete integration 
of (7) determines a family of nets, such that at points with the 
same values of a and v on the nets the tangents to the curves 
V — const, and u = const, arc parallel. A representation of all 
these nets is given by drawing through the origin lines whose 
direction-parameters are the «’s and /5's. We call this representation 
a point net, 

3. Determination of nets on a surface. Consider the 
differential equation 


(8) 


A 


d^e 


OH 8 ^ 80 _ 8 ^_ 

8u* ' dudv'^^ dv* du'^^ dv 


where A, C, D and E are functions of n and i\ If we change 
the independent variables, putting 

w' = sPi (u, v)y v' == y 8 (Uf v), 
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the resulting equation is of the form 


(9) 
where 
A 




du' 




du'dv’ ^ 8r'* 

du' du' , 


-O' 


dv dv 




, _ 9m' l£l I D/l«^ 9t/ dv' 8?<' \ . ^ 8u' dv' 

^ dti 8m “*’■^1 9m’ 0r 8 h dvl'^^ dv dv’ 




''’+2B-=/^ + C 
du dv 




From these expressions it follows that if (pi and yg are resolutions of 

Am\2B^^ + c(^Y=0, 

\duI du dv \ dvI 


equation (9) is of the form (1). Since and ffg must be functionally 
independent, they are obtained by solving the two differential 
equations of the first order which are factors of 

(10) Adv^—2Bdudv + Cdu^ -=- 0. 


Darboux*) has called (10) the differential equation of the characteristics 
of (8). 

There is only one such function q> when 
(11) AC—B^==0. 

If we take it for w', equation (9) is reducible to the form 


d^e 

ay'* 


O-V JLh' 


--0. 


Let /S be a surface in 3-space whose cartesian coordinates 
X are funetions oi any two parameters u and y. We can find fiy 
differentiation an equation of the form (8) satisfied by the three 
coordinates and by any function of them, say Fix\ x\ x^). Then 


*) Lemons, vol. 1, p. 193. 
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tlie curves defined by ( 10 ) form a net, which is determined by 
the character of F\ or if ( 11 ) is satisfied, a family of asymptotic 
lines [§ 77]. 

If 4 ? is a surface in 4-space*), an equation of the form ( 8 ) can 
be found which is satisfied by the four coordinates, and this equation 
is unique to within a factor. Consequently there is a unique net 
on 8. unless ( 11 ) is satisfied, in which case equation ( 10 ) defines 
a self-conjugate family of curves. 

When /S’ is a surface in a space of order higher than the 
fourth, it is not always possible to find an equation of the form ( 8 ) 
satisfied by all of the coordinates of 8, Consequently in such spaces 
there are surfaces upon which there are not any nets. 

4 . Parallel nets. When the points of two surfaces are in 
a one-to-one correspondence of any sort, and two corresponding 
systems of curves are taken as parametric, the parameters can be 
chosen so that u and v have the same values on the two surfaces 
at corresponding points. It is understood that this plan will be 
followed hereafter whenever we are dealing with point-to-point 
correspondence between two siufaces. 

We inquire under what conditions the tangents to the curves 
of the parametric systems at corresponding points on two surfaces 
jire parallel. When these conditions are satisfied we say thTat the 
two systems are parallel The coordinates x and x' of the two 
systems, expressed as functions of the parameters u and v, must 
satisfy the equations 


( 12 ) 


dx ' _ , 9 ^ __ , 

dv ^ dii^ dv dv^ 


where h and I are functions of u and v such that the conditions 

9 i;^x [\ ^ _d__i dx' \ 

9iM 9 ?/ / 9m \ 9t’ / 

are satisfied. These equations show that the x’s satisfy an equation 
of the form ( 1 ), where now a and h are given by 

When we speak of a surface in n-space^ it is meant that the surface 
not contained in any space of order less than n. 
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(13) 


dh 

dv 


il—h) 


giogffl 
dv ’ 




9]Og^6N 

0 ?^ 


Hence a necessary condition that a system admit a parallel system 
is that it be a net Evidently the parallel system also forms a net. 
In fact, it follows from (12) that the coordinates x' are solutions 
of the equation 

(IA\ ^ I dloga de' , ^ 

^ ^ 0w0t; “ h dv du I du Yr' 


which may be written in the form 

d^e' __ dloga' do' ^8' 

dudv dv du du dv' 

a'=ah, V= hL 

Assume that we have a net whose equation is (1). Each pair 
of functions satisfying (18) gives by quadratures (12) a parallel net. 
If ^ is any solution of (1), the function 8' given by the quadratures 


(15) 

where 

(16) 


(17) 


— 7/— — - / 

du ^ di(" dv dv 


is a solution of (14); we call 8 and 8' rorrespondiiuf solutions of 
(1) and (14). 

The analytical problem of finding parallel nets may be given 
another form. If we define a function tp by 

(18) h—l=% 

equations (13) may be replaced by 


(19) 


0 / dlogh dl 
du ^ du ' dv 



log tty. 


A particular solution of tliese equations is = Z = const., in which case 
the surfaces are homothetic transforms of one another with respect to the origin, 
to within a translation. We exclude this case hereafter. 
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The condition of integrability of these equations leads directly to 


( 20 ) 


_, 0 loga d(f 

dudv dv 9m 


8log6 8y 
8m 8r 
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8 ^ 

dudv 


logab = 


0 . 


Each solution of this equation leads by a quadrature (19) and by 
(18) to a pair of solutions of equations (13), and consequently to 
the determination of a parallel net. 

Equation (20) is by definition the adjoint of equation (1). Hence 
we have the theorem: 

The determination of nets parallel to a given net N is equivalent 
to the solution of the adjoint of the point equation of N, 

The functions h and I are determined by (18) and (19) only 
to within the same additive constant k. Hence if h and I are 
ope set of solutions of (18) and (19), and x' the corresponding 
solution of (12), the other solutions h + A:, l-]rk lead to aj'+fccr. 

Suppose now that we have two nets N and N' such that the 
tangents to the curves of parameter u at corresponding points are 
])arallel. We shall show that N and are parallel, unless they 
are planar nets. 

By hypothesis the first of equations (12) holds. Differentiating 
it whith respect to and making use of the fact that x satisfies 
(1) and X* (15), we get 


8log// 8./ , 9 , ha dj , ^ 8log?^ dx 

— -^ ~ -- h -—log —- - + // - “ - - ^ - . 

du dr dr> ^ a du du dv 


It the coefficient of - — is zero, the theorem is established. If it 
du 

is not equal to zero, wc express the condition of integrability of this 
equation and the first of (12). The resulting equation is reducible 
to the form 


8 *^ 

8 ?/* 


du dv 


Expressing the condition of integrability of this equation and (1). 
we get an equation of the form 


di'^ 
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In § 40 it will be shown that at most two linearly independent 
functions can satisfy two such equations and (1). Hence: 

If two non-planar nets correspo^id and the tangents to the 
parametric cnrves in one family are parallel, the nets are parallel. 

If N{x) and N\x^) are parallel nets, the coordinates of any 
})oint on the line L joining corresponding points are of the form 

.x + f(.r'—x). 

Ill consequence of (12) the derivatives of this expression are 
reducible to 

Hence the points for which f has the respective values 

1 —/^’ 1 —/ 


describe surfaces 2^ and 2^ such that the lines L are tangent to 
the curves v = const, on 2^ and a = const, on 2^. The coordinates // 
and z of 2i and 2^ are 


( 21 ) 


y = 


X—hx 


z == 


x'— lx 
1 — / '* 


A one-parameter family of straight lines tangent to a curve 
or meeting in a point, or having constant direction-parameters is 
called a developable surface^ Any other one-parameter family of 
lines constitutes a shew ruled surface. In a two-parameter family 
of lines each relation between the parameters determines a surface, 
developable or skew. Each line of the family belongs to an infinity 
of these surfaces. In space of three dimensions two of these 
surfaces are developable [§ 163]. In spaces of higher order there 


®) cf. [§ 27]. As in d*space we use the terms cone and cylinder for the 
second and third types here mentioned. 
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are not necessarily two developables of the family through each 
line. We call a congruence in n-space a two-parameter family of 
lines such that through each line pass two developable surfaces 
of the family. Hereafter it is understood that the parameters u 
and V of the congruence are such that these developables are given 
by u = const, and v — const. 

The preceding results may be stated thus: 

The lines joining corresponding points on two parallel nets form 
a congnience whose developables meet the surfaces on which the nets 
lie in the nets. 

The points, F\ and whose coordinates are given by (21) 
are called the first and second focal points of the line of the 
congruence on which they lie; that is, the point at which the line 
is tangent to the curve of parameter u is called the first focal 
point. The focal points are also spoken of as being of the first 
and second rank. The sui-faces, and the loci of and Ft 
1 ‘espectively, are called the first and seccnid focal surfaces of the 
congruence. 

We remark that the tangent planes of the second focal surface 
are the osculating planes of the curves of parameter u of the first 
focal surface, and the tangent planes of the first focal surface are 
the osculating planes of the curves of parameter v of the second 
focal surface [cf. § 163J. 

By differentiating equations (21), we obtain 


< 22 ) 


and 

(23) 


dy —X dh 

dti (1—70* du^ 

dz _ h — I I dx , 

du 1 — 7 \9m 


9«y _ 

d 

9m 9 f 

dv 

d*z _ 

d 

dudv 

dv 


log( 
log I 


dy 

1 — h Idx 

X* — X 8loga\ 

dr 

- \ — h \9r 

1 — h dv ) 


X* —X 8log 7»\ dz 

1 —I du dr 


X*—X dl 

(l — O* 


ly _L. log (h ^-A \ 
l—h duf du ^ 1 — hl dv’ 

h—l \ dz , d . I h dl\ dz 

^l—ll 9m —1 9t’/ Sv' 


From these equations it is seen that the parametric curves on 
and 2t form nets fcf. § 163]. In the next section we show that 
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I. Conjugate nets and congruences 


any congruence consists of the joins of corresponding points on two 
parallel nets. Hence: 

The devdopables of a congruence meet each of the focal sur-> 
faces in a net 

Following Guichard, we say that a net and a congruence are 
conjugate when the developables of the congruence meet the surface 
of the net in the curves of the net, provided that the surface is 
not a focal surface of the congruence. Accordingly we may state 
the next to the last theorem in the form: 

The lines joining corresponding points of two parallel nets form 
a congrumce conjugate to these nets. 

5 . Congruences conjugate to a net. We consider a net 
N{x) and a congruence G of direction-parameters X passing through 
points of the net. We seek the general conditions to be satisfied 
by the parameters X in order that N and O shall be conjugate. 

A necessary and sufficient condition that N and G be conjugate 
is that on each line of G there be two points defined b}’ equations 
of the form 

(24) g = ^ A, z — r—pXf 

such that as u and v vary respectively the corresponding point moves 
tangentially to the line. This is expressed analytically by 


(25) 




where o and t are determinate functions. Substituting the above 
values, we arrive at equations of the form 


(26) 


dx 

du 


.»x , ^ 


dx 

dp 


= fi 


dX 

dv 




Expressing the condition of integrability of these equations, we 
find that the parameters X must satisfy an equation of the form 

^ aiog-A de . 8 iog.B de , 
dudv dv du du dv 


(27) 
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Hence we have the theorem: 

The direction-parameters of a congruence referred to its develop- 
dbles satisfy an equation of Laplace, 

We call (27) the direction equation of the congruence. 

When now we require that the point M of coordinates x 
describe a net whose equation is (1), we find on differentiating 
equations (26) with respect to v and u respectively that the 
coefficients in (27) have the respective values 


(28) 



und 


dlogB 1 / 


( 20 ) 

0iogA_alogjx 

riv \ 9 ?; 


8 log 6 \ 

du 1 

’ xUv du 


p \du ^ Q Q dv 


)■ 

)• 


If these two sets of values of the coefficients be equated, we 
get the following equations of condition: 


(80) 


9 1_ , , ^g_a / I _ U 

dv X Xfi dv \A pi 

^ ^ 4_ 4- ^^ 3 ]^ ll _i_\ 

du p ~Xp du l/Tf xl 

dv X du p ' 


0 , 

0 , 


If the last of these equations be replaced by 


r_9logf 

X du ^ p dv 


where t is thus defined, the fii-st two are reducible to 


(32) 


9 

t 1 9logrt 

U - 


dv 

A ' dv 

lA 

f^l 

9 

t . 8 log 6 



du 

p du 


XI 


We note that if we put 
(30) reduce to (12) and (13). 




1 


: w = yo = 0, equations (26) and 



14 


1. Conjugate nets and congruences 


Moreover, equations (26) can be written 


(33) 


dx 

du 


k d 
t du 


(Xt), 


dx 

Jv 


t 

t 



Comparing these equations with (12), we see that the locus of the 
point whose coordinates x' are given by 

(34) r' == Xt 

is a net parallel to N, Hence by a quadrature (31) we can deter¬ 
mine direction-parameters of the congnience which are the cartesian 
coordinates of a net parallel to N, and we have the theorem: 

If a net N is conjugate to a congruence G, a net N' parallel 
to N can he found hy quadratures whose cartesian coordinates are 
direction-parameters of the congruence. 

Conversely, if JV' is any net parallel to N and through points 
of the latter we draw lines parallel to lines joining the origin to 
corresponding points of iV^', that is, lines with direction-parameters x\ 
the coordinates of any point P on such a line are of the fom 

(35) X — rx\ 

The first derivatives of this expression are of the form 


(36) 


dx 

du 




dx 

dr 


(l—rl)- 



When r takes the values 1/h and l/l respectively, the points are 
focal points of the line, and hence the lines fom a congnience. 
The coordinates of the focal points are of the form 

(37) g = x — z-~x -~.r'. 


Prom these results follows the theorem: 

Any congruence conjugate to a given net N can be obtained hy 
drawing through points ofN lines parallel to lines joining the origin 
to corresponding points of a net N' parallel to the given net; and 
every parallel net determines in this way a congruence conjugate to N. 



6. Focal Surfaces of a congruence 
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It is evident from the above investigation that lines joining 
any fixed point to determine the directions of a congruence con¬ 
jugate to N. 

If two congruences with corresponding direction-parameters 
equal or proportional are said to be xtarallel, we have, as a corollary 
of the above results, the theorem: 

If two nets are x)aralhly evefi^y coyigruence conjugate to one is 
parallel to a congruence conjugate to the other. 

From (36) it follows that the point P with coordinates (35) 
describes a net parallel to N when r is a constant, and only in 
this case. Hence we have the theorem: 

A congruence conjugate to a net N is conjugate to an infinity 
of nets parallel to N. 

Combining this result with the third theorem of §4, we have also: 

Any congruefice conjugate to a net N consists of the joins of 
cm^responding points of N and of a parallel net, 

6. Focal Surfaces of a congruence. From (37) we have 
by differentiation and reduction by means of (12): 


dy 

1 

dh , 


h M 

Idx 

y 

aloga\ 

du 

A* 

du ’ 

dv 

a) 

\dv 

~T 

dv 1 

dz 

/, 

h \ j dx 

y 

aiog2/\ 

dz 

1 


.du 

■ V- 

Tl \d^ 

1 

du r 

dr 

■ /* 

-T-X , 

at’ ' 


and 


(39) 


du dr 

dn d r 


d , /a dh\ dy , d , /, h—l\ 

8.7‘“s(x + 8^‘'’Sr-7,") 

S , / l—h\ dz , 8 , Ih dl\ 


dv’ 

dv' 


From these equations we see again that the developables meet the 
focal surfaces in nets. 

In order that the point midway between the focal points shall 
describe the net N{x) conjugate to the congruence, we must have, 
as follows from (37), 

(40) l = —h. 
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From (13) and (16) it follows that in all generality we may take 


(41) 

(42) 



-= Vh. 

We recall that for an equation of the Laplace form 


(43) 

the functions 

(44) H ---- 


3*d 
du dv 


90 , , 9e , „ 

“9^+ ^'■9; + '=® 


da 

9?/ 


nb-{- r, 


js:- 


06 

9?; 


, 


arc called the invariants of the equation, since these functions are 
invariant when equation (43) is transformed into an equation of the 
same form in where Xe, X being any function of u and v. 

From (41) and (42) we have for w-space the theorem announced 
by Ribaucour for 3-space: 

A necessary condition that the dcvehpahles of a congruence meet 
the middle surface in a net is that the direction equatmi of the 
congruence have equal invariants; m this case the point equation 
of the net on the middle surface also has equal invariants. 

We are in position now to establish the theorem: 

JVhen two congruences are conjugate to a net, the joins of 
corresponding focal points of the same rayik form a congruena 
conjugate to the nets described by these focal points. 

Let N{x) be the net, and let the direction-parameters of the 
congruences be the coordinates x' and x'' of nets A"' and W" parallel 
to Ny determined by solutions /?, t and 6i, h of (13). The coor¬ 
dinates of the focal points of the congruences are of the respective 
forms (37) and 

x" a?" 

(45) = X— = X - J-, 

The coordinates of any point on the line joining the focal points 
of coordinates y and are of the form y + tiy — yi). If we 
differentiate this expression with respect to u and v and make use 
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of (38) and similar equations for we find that its first deiivatives 
are proportional to the corresponding first derivatives of y when 
/ - Consequently the points of coordinates // and 

( 46 ) y + h(:!j--yi) 

generate parallel nets, and hence by the third theorem of § 4 the 
congruence is conjugate to these nets. In like manner we can 
^how tliat it is conjugate to the not of coordinates 

7 . Laplace transforms. In [§ 165] we have derived for 
3-space the expressions for* the cartesian coordinates of the second 
focal surface of the congruence of tangents to the curves v — const. 
01 ’ const, of a net. The method followed is oquaUy valid for 
spaces of higher order. If ( 1 ) is the point equation of the net, the 
coordinates of these respective second focal nets are of the form 


(47) /- 1 - 

In fact we have 


1 dx 
d loi* h a ^ 
bi( 


(48) 

dr 



___J_ dx 

dloga dv* 
dr 

d Xi _ Cl 9 , I 9 i; j 9 T 

9 i( d?f ^^\abldv* 

dv 


The nets and JV"_i with the respective coordinates .Ci and ./ _i 
are called the frst Laplace trarisfoim of X and the minfus first 
Laplace transform respectively. If the point equation of A’-i is 
written in the form 


(49) 


9^(9-i 

dudv 


9 3 6—I . 9 .t 7 , 

g-(loga-,)---- + g-^(log6_i) 


36-1 
dr ' 


we find that 


(50) 



3b 


(ih 

7 j 9 , 9 m 


a-l — gj , . 

h-\ ~ h - -log —7 
dv ^ ah 

9 log 9 

du 


9m 


The Laplace transforms of a net parallel to N are defined by 
equations of the form 
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(51) 


_ 1 _ dx* f _ ,_ _1 dx*_ 

du^ ^ 9i; 

du dv 


From these, (14) and (48) we have 


(52) 


9x1-1 _^ 9x -1 9 xli _ dj‘~ 1 

du du ^ dv hK dv 

9x( _ dXj d x[ _ j dXj 

d u IH 9 2 / ’ dv ^ d r ^ 


where if' and iT' are the invariants of (15). 

Hence we have the theorem: 

If N and are ^parallel nets, their respective Laplace trans¬ 
forms are parallel, 

8. Transformations of Levy. By means of (38) equations (37) 
can be written in the form 
1 

a; 1 8^,’ 

du h 


1 

I 

dr' 

dr I 


It is readily shown that 1/h and l/l are solutions of the respective' 
equations (39). By a change of notation the second of th(‘S(* 
equations may be written 

B dj' 
dv 

where now the congruence consists of the tangents to the curves 
a — const, of N{x) and ^ is a solution of its point equation, and 
the y’s are the coordinates of a net conjugate to this congruence. 
In like manner the first of the above equations may be writt(m 

_ B dx 
d±du 

du 

Since N(x) in (37) may be any net conjugate to the tangents to 
the curves u — const, of N{y) or v const, of Niz), we have the 
first part of the following theorem of Levy: 
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The co(yrdinate8 of any net conjugate to the congruence of tangents 
to the curves u — const or v — const of a net N{x) whose point 
equation is (1) may he eocpressed in the respective forms 


(53) 


6 dx 
dv 


z = 


% dx 
9 ^ du^ 

du 


where 6 is a solution of (1). Conversely, every solution of (1) gives 
two nets conjugate to the congruences of tangents. 

In order to prove the latter part of this theorem, we note 
that if 0 is a solution of (1), we have from (53): 


(54) 
where 

(55) 


0j/_8log£ 


du 


dz _ 8 log A 

dv dv 


(z—y), 


aB 

r, be 

d_r^ 


du 

dv 


From (54) we have by differentiation 


(56) 


Jly_ 
dudv 
_ 8 *£_ 
816 8 ?’ 


)v du I du^ 

log^l 


dlogA dz ■ 8 

dv dti du 


dlogB dy 
du dv^ 
8log^ \ dz 
dv I dv' 


Hence the points of coordinates (53) describe nets. We call these 
nets the Levy transforms of N hy means of B, 

As a corollary of the above theorem we have: 

There are nets conjugate to any congruence. 

It is evident that, if 0 is a solution of (1), the function 


^ du 

du 

is a solution of (49), the point equation of the minus first Laplace 
transform of N, We call B^i the minus first Laplace transform 
of B, From these equations, (47), (48) and (53), we have 


2* 
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0_i 1 _ B d.K 

■^-1 ~ de-j_ ~dV ^’8 H • 

dr d it 

Consequently the net of coordinates : in (53) is the Levy transform 
of the minus first Laplace transform of iV by means of Similar 
results follow when we consider the net of coordinates //. Hence: 

The Lexry inxnsjonns of a net determined hy n Hohdion B of 
the point equation of N arc Levy transforms' of the minm first and 
first Laplaxe transforms of X hy means of the eorrespondiny Laplace 
transforms of 0, 

g. Determination of congruences. We saw in § 5 that 
the direction-parameters A ot a congruence are solutions of an 
equation of the form (27). If in (27) we put 


we obtain 


A - xB, 


(57) 
where 

(58) 


3^ 

9w0r 



+ 



9./ 

9r 




0 \ dr da du dr ' dudv)' 


Hence a necessarj^ and sufficient condition that the quantities a' 
are the cartesian coordinates of a net is that B be a solution 
of (27). 

By the above corollary of the theorem of Levy there are nets 
conjugate to any congnience. From the second theorem of § 5 it 
follows that any one of these nets is parallel to a net whose 
coordinates are direction-parameters of the congruence. Hence: 

In order to obtain a congruenu^ xvlth a given set of direction- 
parameters X we find a solution 0 of the equation of Lajdace 
satisfied hy the X's; then the quantities 



are the coordinates of a net JX; through points of a net Nparallel 
to X' draw lines with parameters X; time lines form a congruence 
conjugate to N; all congmences with direction-parameters X can he 
found in this way. 



9. Determination of congi’uences 
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From (38) we find by means of (12) and (16), that the direction- 
parameters of the tangents to the curves u ~ const, and v — const, 
respectively, on the first and second focal surfaces defined by (37) 
are expressible in the form 

9y , 9 log a' 9y , 9 log&' 
dc dv ^ dti 9u ‘ 

When r' is replaced by the value (59), the resulting expressions 
are reducible to the same form in terms of X and the coefficients 
of (27) to within the factor \/6. Hence: 

If the direction-paranieterif X of a congruence O are f^olutiom 
of (in CfjiiaHon (27), the functions 

dX _d\ogA dX d\ogB 

(bU) ^ ^ -A., -A 

dv dr du du 


are directu)H-i)arameters of the faugeuts to the curves u ~ const, and 
r - const.. respectiveJg, on the first and second focal surfaceji of G. 

We say that these congruences of tangents are the first derived 
and minus first derived congruences of O, and we denote them by 
G, and 

As a corollary of this theorem we have: 

When fu'o congruioues are paruUeh their focal Jteis cf the same 
Hink arc parallel. 

Let A/o(.ro) be a generic point on the middle surface of a con¬ 
gruence with direction-parameters A', the parameters u and v being 
those of the developables of the congruence. The coordinates of 
the focal points are of the form 

(61) g ao+(?A", : a’o— qX, 

Expressing that these values must satisfy (25), we have equations 
of the form (26). In order that these equations be consistent, they 
must reduce, on the assumption that the Xs satisfy (27), to 


dXQ 

du 




9^0 

Tv 


Q 


9 V 


-2eZ-g®-log.4l 




(62) 
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and Q must satisfy the equation 


(63) 


9m 9m 


+ 


dlogA Bq 
dv du 


9logJ9 dQ 
du dv 




which is the adjoint of equation (27). 

Conversely, each solution of (63) and n linearly independent 
solutions of (27) determine a congruence for which the surface of 
coordinates Xq is the middle surface. 

As a consequence of these results and the preceding corollary 
we have; 

The determination of nets parallel to the focal nets of a con- 
gruence is equivalent to the integration of the adjoint of the direction 
equation of the congruence, 

10. Congruences harmonic to a net. From (54) it follows 
that the points of coordinates y and z defined by (53) are the focal 
points of first and second rank respectively of the congruence of lines 
joining these points. Hence: 

The two Levy transforms of a net N hy means of the same 
solutmi 6 of the point equation of N are the focal points of the con¬ 
gruence of the joins of corresponding points of the transforms; that 
iSj the points defined hy (53) are Laplace transforms of one anothm\ 

The mutual arrangement of N 
and the congruence is shown in 
fig. 1 where u and r indicate the 
parameter varying along the curve; 
this notation is used in all sub¬ 
sequent figures. 

A net and a congruence are said 
to be harmonic when the foci of the 
congmence lie on the tangents of the 
net, and the developables of the con¬ 
gruence correspond to the cuiwes of the net. As a consequence of 
the above theorem and the first one of § 8 we have: 

When a net N is conjugate to a ccmgrueyiee G, the congruence 
of tangents to one family of curves of N is harmonic to one of 
the focal nets of 0 and the congruence of tangents o^f the othr 
family of curves is harmonic to the other focal net of G. 


R(yj 




10. Congruences harmonic to a net 
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This situation is illustrated by fig. 2. We have also the theorem: 

If N is conjugate to a congruence 0, 
the osculating planes of the curves of 
parameter u{v) of the first (second) focal 
net of G are determined hy the lines of G 
and the tangents of the mrves uiv) of N, 

Suppose that we have a net N ^ 
and a congruence whose lines lie in tan¬ 
gent planes of N and the developables 
of G correspond to the curves of N, 
taken as parametric. As u varies, the 
<‘oiTesponding focus of a line of the con¬ 
gruence must lie on the characteristic of 
the developable of the tangent planes 
along a curve v ~ const.®). Since these 
characteristics are tangent to the curves u const., we have 
the theorem: 

If lines of a congruence lie in tangent planes of a net and 
developables of the congruence correspond to the curves of the net, 
the congruence is harmonic to the net. 

We shall prove that any congruence harmonic to a net K{x) 
may be obtained as in the first theorem of this section. In fact, 
the coordinates .e and // of the foci R and /S' of a congruence 
harmonic to are of the form 



((*>4) 

Now 


z 


r — r 


d.r 
du ' 


U 



_ _ 0^ alogru , ^f_li _ 

dv ^ du dv \ ^ du ' 


Expressing the condition that this is proportional to r- - f 

oil 


djc 

dr" 


we get 
( 65 ) 


d 1 I alogg , 1 Mog^ _ ^ 
dr r r dv t du rt" 


This can be shown analytically by making use of the fact that the j-’s 
cannot satisfy (1) and two equation.s of the form referred to in § 4. 
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dy 

In similar manner the condition that the expression for shall 

be proportional to r is 

^ ^ du dv 

all alogfl . 1 8 logh _^ 

du f r dr t du fr* 

Hence there must exist a function 0 such that 

1 1 d^ 1 — J ^ 

r ~ e du f (9 ar* 

Substituting these values in (65), we find that 6 is a solution of 
equation (1), and consequently equations (64) become equivalent 
to (53). Hence we have the theorem: 

A necessary and suffideni ccnidition that a congruence he hannonn 
to a net A'^(j:’) is that the focal nets of the congruence he Levy 
transforms of N hy means of the same solution S of the point 
equation of Al 

Since the direction-parameters of the harmonic congruence are 
of the form 

CB dx do d f 

0 71 dr d7 du" 

it follows that if a second harmonic congruence', determined by 
a function Oi, is to be parallel to the given one, Bi must be a function 
of 0, Since both must satisfy (1), 0i is a linear function of 0 A\ith 
constant coefficients. Hence we have: 

A necessary and stiffirient co^idition that tiro congruence'^, 
harmonic to a given net N and detefi^mined hy solutions 0 and 6i of 
the point equation of N, he parallel is that 0i he a linear function 
of 0 with constant coefficients. 

Consider now a congruence G and two nets and Nt harmonic 
to O, Corresponding tangents to A/i and meet in a point of 
a focal net of G, and the congruences of these tangents are con¬ 
jugate to this focal net, by the theorem of Levy. These two con¬ 
gruences and the nets A7i and are in the relation discussed in 
the last theorem of § 6. Hence we have the theorem: 



11. Derived nets. Derivant nets 
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Jf two neUi tire harmonic to a tmigrmnce, the joins of corre¬ 
sponding points of the 7iets form a congruence conjugate to the nets, 

II. Derived nets. Derivant nets. Let (?i and be con¬ 
gruences harmonic to a net determined by solutions and 6>j} 
of the point equation (1) of iV, it being understood that is not 
a linear function of The function 


is a solution of the second of equations (56) with % replaced by 
that is, the point equation of the second focal net of Ox» The 
coordinates of the Levy transform of this focal net by means 
of rp conjugate to Oi are of the form 


dr' 

dv 


which in consequence of (53) and (54) is icduciblc to 


( 66 ) X 




'cO. 

dr 


e 


dOi \ d V 

2 dvhu 

do, do. 


bit dv 



dO, do. 

dr du 



dv 

dv 


The coordinates //« and '2 of the focal point.s of (h are given 
by (58) when 6 is replaced by 0^. The point equation of the second 

do Ids 

focal surface of frg admits the solution 0, — 0^ - -/ ~ . which deter- 

?; ?/ / d ff 


mines a Levy transform of this surface 
conjugate to 6^. The expressions for the 
coordinates of this transform are reducible 
to (66). Hence : 

Jf two congruences are harmonic to a 
net JSfj the jtoinf of intersection of corre¬ 
sponding lines of the two congruences de¬ 
scribes a net conjugate to the tioo congruences. 

This result is illustrated by fig. 3, 
where Lm and Lw are Levy transforms 
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of ^by means of Ot and L 2 U and by means of 0^ -^is called 
the corresponding derived net by Guichard. 

We shall prove the foDowing converse of the above theorem: 

If two congruences are conjugate to a net N, the planes determined 
hy pairs of corresponding lines of the congruences envelop a net 
harmonic to the congruences. 

Let the coordinates of the focal points of the congruences be 
taken in the forms (37) and (45). We have seen that the point of 
coordinates (46) describes a net parallel to the net of coordinates y, 
and is conjugate to the congruence G of the lines joining the points 
of coordinates y and yi. If the expression (46) is differentiated with 
respect to v, the resulting expression is reducible by means of (12) 

and (38) to where 
ov 

y_^ 1 _L ^hl 

h — l • 


If we apply the formulas (21) to his congiiience G, we find that 
the coordinates of the second focal net are in the form 


which is reducible to 


y + hiiy— ^)—ly 
1 — 1 


(67) 


, r'{li-hi)—xyi — h) 

'hil — hh 


In like manner we find that the coordinates of the first focal point 
of the congruence conjugate to the nets of coordinates z and 2 ^ 
are of the form (67). Hence the above theorem is proved. We 
say that the net of coordinates (67) is the derzvant net of N. 

From (66) we have by differentiation 


68 a) 


d^jc 

du^ 


dx 

du 


, dO, . dO, 
d 


0 ( 9 , _ dOt dOt ’ 
du dv dv du 


id^OidSt d^Oj dei\dx id^e, de^ 

0w* dv du^ dv I du * du^ du 

ddt ddr __ dOt dOi 
du dv dv du 


d^e^ dSi \ 0x 1 

du^ du I dv I 
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(68 b) 


d*x 


dx 

1 

du 



dv 

d0, d0, 

8u dv 

d^ d^ 
dv du 



jd^8, d8t 

d'0t 80, \ dx _ 

fd^e^ d8t 

d^8t 

d0A 

\ dv 

0 ®’ dv 1 du ' 

1 dv^ du 

" dv^ 

dui 


d6i dOi 
du dv 


dv du 


We remark that if we replace 8^ by $2 + const, the expressions in 
the parentheses are unaltered. Consequently: 

The derived nets of N detey'mined hy 8^ and + whm'e 
i is a parameteTf are parallel to one another and conjugate to tlu* 
(ongruence harmonic to N determined hy 8i. 

12. Determination of nets harmonic to a given con¬ 
gruence. We establish the following theorem which may be looked 
upon as a limiting case of the second theorem of the preceding 
section: 


Tf two congruences are parallelf the point of intersectimi of 
Itnes joining corresponding focal points generates a net harmonic 
to the congruences. 

Let N{x) and be the first focal nets of the congruences. 

The second focal nets are the minus first Laplace transforms of y 
and and their coordinates are given by (47) and (51). From 
these expressions we find that the coordinates of the points of 
intersection of the lines joining the focal points of the first and 

— lx 

second ranks respectively are of the form By (21) this 


is the second focal point of the lines joining corresponding points 
on N and N'. In like manner it can be shown that it is the 
first focal point of the congruence conjugate to N^\ and N-i, 

From these two theorems it follows that the problem of finding 
nets harmonic to a given congruence G is equivalent to the deter¬ 
mination of congruences conjugate to a net conjugate to or of 
congruences parallel to Q, or of nets parallel to either focal net 
of Q. In this section we give another means of finding nets harmonic 
to G, arising from the solution of the last problem. 

If G and 6?' are parallel congruences, and we use the notation 
of the above paragraph, we have from (47), (51). (.52) and (14). 
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(69) 


X — 



^ x-i — 


I ’ 


where x is thus defined. Consequently for the congruences conjugate 
to N and iV-i with direction-parameters .r' and ./Li corresponding 
lines meet in the points of coordinates ir, which is the second 
and first focal point respectively of these tw'o congruences, in con¬ 
sequence of (52). Hence: 

If 0 and G' are parallel vongruencefi, a^id through the foi nl 
points of O lines are drawn parallel to the lines joining a fixed 
point to the corresponding focal points of G', these lines are tangent 
to the curves of a net harmonic to G, 

From these results and the last theorem of § 9 we hav(»- 
The determination of nets harmonic to a congruence is equivalent 
to the integration of the adjoint of the direction equation of the 
congruence, 

13 . Congruences harmonic to point nets. It g and 2 are 
the coordinates of the first and second focal points of a eongiuenee, 
we have 


<70) 



dn 




di 

dv 


aiog/> 

dr 


(/y—A 


where p and q are determinate functions. These equation^ are 
reducible to the normal form ( 6 ), if we put 


(71) 
with 

(72) 


« - zp, - yq 


op ^ 
dr 


dg 

qn, 9 — 


Hence we have the theorem: 

The lines joining the origin to the foci of a congruence constitute 
a point net. 

We say that the congruence is harmonic to the point net. 

The direction-parameters of the congruence are given by 


(73) 


Z~ aq — fip. 
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Conversely, supi)ose we have any point net of parameters 
it and fiy and a pair of solutions p and q of the equations (6), The 
functions y and z given by (71) satisfy the conditions (70). Hence 
the joins of the points whose coordinates are y and z form a con¬ 
gruence for which these are the focal points, and consequently the 
congruence is harmonic to the point net. Accordingly we have 
the theorem: 

//' tlte paramHns of a point net are in the normal form, each 
pair of solutions of the corresponding equations (6) gives directly 
a congruofce harmonic to the point net, and all such harmomr 
congrionces are so determined. 

Jt is readily seen that if the parameters are not in the normal 
foi’m the determination of harmonic congruences reduces to the 
solution of the equations (4) of the parameters. 

Consider a net N with normal jmrameters of its tangents given 
by (()). If p and q are a ])air of solutions of (0). it follows from (5) 
that 0. given by the quadrature 


<74) 


do 

d u 


aju 


dd 

dr 


- H 


is a solution of the point equation (1) of N. Making use of this 
function 0, we get a family of parallel congruences hai’monic to 
N whose direction-]>arameters are of the form 


9 ; d 6 hi dO 
du dv dv da 


(ih{ctq - 


From (73) it is seen that these congruences are parallel to those 
harmonic to the parallel point net determined by p and q. 

Conversely, when a congruence harmonic to a net N is known, 
we have by a quadrature at most a solution of the point equation 
of N in consequence of the theorem of Levy (§ 8). If the parameters 
of the tangents of N are in the normal foim, then p and q given 
by (74) satisfy the corresponding equations (6). Hence: 

l^hen the congruences harmonic to a point net are known, all 
the congruences harmonic to a parallel net can he found by quadratures; 
when a congrumce harmonic to any net is known, by a quadrature 
at most a congruence harmonic to the parallel point net can be found. 
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Because of this theorem and the second one of § 12 we have: 

If N is a net harmonic to a congruence G, and lines be drawn 
ihrongh the focal points of a parallel congruence O' parallel to the 
corresponding tangents to JV, these lines are tangent to a net 
harmonic to O'. 

We have also: 

Of all the parallel nets harmonic to the family of congruences 
parallel to a given congruence, one is the point net of the family. 

Since the direction-parameters of any congruence harmonic 
to a net can be given the form (73), we have: 

Each pair of solutions p, q of equations (4) satisfied by the 
direction-parameters of the tangents to a net N determine a con- 
gmwnce harmonic to N; its direction-parameters are of the form 
a'q — fi'p; all congruences harmonic to N can be obtained in this way. 

From (73) we have by differentiation, and with the aid of 
(6) and (72), 

du du ^ dll dv dv ^ dv 

d*Z dq da dp dfi , „ 

dudv dv du du dv 


Hence the direction equation of the congruence is 


(75) 


d^Z 

dudv 


^Qgq ^ ajogp SZ , / . 8logg \^ 

dv du du \ du dr f* 


This is of the form (27), where now 


(76) 


q — A r, p — B\\ mn 


9iog£, ajogg 
du dv ^ 


TJ and V being functions of u and v alone respectively. Hence: 

The direction-parameters of any congruence whose direction 
equation is (27) are expressible in the form 


(77) 


Z-aAV $BV, 
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where « and are normal parameters of a net harmonic to the 


congruence, 

14 . Radial transformations. Suppose we have a net whose 
point equation is (1) and let 6 be any solution of ( 1 ). From (67), 
and (58) it follows that the locus of the points of coordinates x 
^ven by 


(78) 


X = 


~e' 


is a net Nj whose point equation is 


(79) 


dudv " 9t' ^^'(9 ar* 


Conversely it follows from (58) that only w^n d is a solution of 
(1) does the point x describe a net. We call N the radial transform 
of N by means of 6, 

The tangents to the curves v = const, at corresponding points 
on N and N meet in the point whose coordinates are 

1 -^ - 
__ e 

90 du “ _|_I.U 9m’ 

du 8u \ 0 

and the curves « — const, in the point 

e —1 da- - I e dx 

' 90 8 ,- ' 8 ? • 

dr dv \ (f I 

These points generate ^e Levy transfoms of N by means of the 
function 0 — 1, and of i\^by 1— 1/d, Hence we have the theorem: 

The lines of intersection of the tangent plane^f of two nets 
N and N in the relation of a radial tramformation generate 
a congruence harmonic to both nets. 

Exercises. 

1 . The coordinates of any point on a line joining two points of coordinates 

acS and A are expressible in the form ^s)- 

2. The coordinates of any point of a plane determined by three points of 
coordinates jr\, 7*t, are expressible in the form (fi xS-ff* 
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3. Tlic tangents to the curves — couKst. of all nets conjugate to a given 
congruence at points of the same line of the congruence are coplanar; likewise 
for the tangents to the curves u = const. 

4. A necessary and sufficient condition that a point P on the join of corre¬ 
sponding points of two parallel nets describe a net parallel to them is that 
P divide the segment between points of the nets in constant ratio. 

5. Show that if h in (12) is a function V of r alone, then (1) must be of 
the form 

PIP — V’ -U P —^ 

dudr ^ dtt du 

one of whose invariants is zero. In this case I “ V-{-l/p. 

6. When in equation (1) we have a = U and h — V, where U and V ar(‘ 

hiiictions of u and r alone respectively, the point equation 

tills case we say that N(x) is a net of translation [cf. 81]. Show that all nets 
parallel to a net of translation aie nets of translation. 

7. The ounces on the surface S of a net which are defined by Kdu^ 

-|- IlFdll dr-f 6' -= 0 are called the minimal curres of S jcf. S^15]. When the 

i iiiwes of X are the minimal curves of iS, A’^is called a minimal net. Show that 

every net paralleUto a minimal net is a minimal net. 

8. If a net has equal point invariants, that is t'— o', (he equations 

ox _ 1 dx dx 1 dx' 

du dv o'^ dr 

are consistent, and the .r*s are coordmate.s of a net The congruence conjugate 
to AT and of direction-parameters x' has for focal points x — x'la'’^, x-j-x'la’^. 
(\»n,sequently Allies on the middle surface of the congruence. 

9. If N and N' are parallel nets, and 0 and O' are corresponding solutions 
ot their point equations (^4), the point of coordinates {xO' — x'6)l{0' — 0) describes 
a net conjugate to the congruence of the lines joining corresponding points on 
.V ,ind A", 

10. If N and A"' are parallel nets, and 0 and 0' are corresponding solutions ot 
their point equations (§4), the corresponding Levy transforms of A^ and by means 
of these respective functions are parallel nets: also the lines joining correspondiiif* 
Levy transfonns meet in the points of the net of Ex. 9. 

Martin, ('omptes Rendus, vol. 139 (1904), p. 32. 

11. If 0i is a solution of (1), then $i— 0 I ^ and di— 6 f — are 

dv j dv ouj du 

solutions of the respective equations (56); and tlie former admits the latter as 
its minus first Laplace transform. 

12. To each solution ^ of the first of equations (56) there correspondends 

a solution 6i of (1) such that <p = Si — 6 j g-~. 

13. If A is a derived net of a net N, the osculating planes of the curves of 
parameter u and v of N pass though the corresponding points of the minus first 
and first Laplace transfonns of A. 
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1 dx dOi 

__ dr 06i\ 

/ ae, dOt 


dOA 

\du dv 

dr dull 

' 9» dw 

dv 

duJ 


14. U_N is a derived net of a net N, the first and minus first Laplace trans¬ 

forms of N are derived nets of the first and minus first Laplace transforms 
respectively ^ N. Tzitzeica, Comptes Rendus, voL 156 (1913), p. 374. 

15. If N is the derived net of Nhy means of solutions St and Ot of (1), the 

quantities x ' = 
of a net parallel to N. 

16. A necessary and sufficient condition that a net and a parallel net iST' 
defined by (12) he radial transforms of one another, to within a translation of 
either net, is that h = l= const., say c; then if N' is a radial transform, x' = cx. 

17. A necessary and sufficient condition that two nets, AT' and parallel 
to N and determined by pairs of solutions hu l\, and /h, h of (13) be radial trans- 

forms of one another, to within a translation of either, is that i— = = const. 

m h 


18. If more than two ruled surfaces of a congruence are developable, all 
the ruled su^aces are developable and the lines of the congruence are concurrent. 

19. If Ai^is a radial transform of a net N by means of a solution^ of 
the point equation (1) of N, the minus first and first Laplace transforms of N are 
radial transforms of the corresponding Laplace transforms of N. the respective 
functions being 

^_ h do ^ _ a 

~dhdii^ dlT^' 

~dxi dr 


20. If is a radial transform of a net N by means of a solution 6 of the 
point equation of N, and 6i is any (^er solution of this equation, then Oi/O is 
a solution of tlie point equation of N. Show that the Levy transforms of N 
and ^ by means of 0i and 6i/6 are radial transforms of one another. 

21. It G and Gi are parallel congruences and lines be drawn through 
the focal points of each parallel to tlie lines joining the corresponding foci of 
the other to the origin, the two nets determined by the intersections of these 
pairs of lines are in the relation of a radial transformation. 


n 



Chapter 11. 

Transformations F. 


15. Fundamental equations. In this chapter we are 
concerned with the determination of all nets iVj such that for a net 
.Vi and a given net N the lines joining <*,orresponding points form 
a congruence G conjugate to N and Ni% These transformation^ 
of N into nets Ni are fundamental in a general theory of nets, 
and we call them the fnndawenfal fmnsformatton.% or for the sake 
of brevity transformations F. We say also that N and Ni are in 
relation F, We call G the emijngate rongruenve of the trails- 
formation^®). An example of this relation is afforded by two i>arallel 
nets and the lines joining corresponding points (§ 4). Also the 
second theorem of § 6 and the last theorem of § 11 m<ay be stated 
as follows: 

When two congrmnces arc conjugate to a net, corresponding fovut 
nHs are in relation F, or are radial tramfonns of one another. 
When two nets are harmonic to a congruence, they are in relation F, 
or are radial transforms of on another. 

We tuni now to the general study of this relation, h^ioiii 
the second theorem of § 5 it follows that if N and are in 
relation F, the direction-parameters of the conjugate congi*uenc(' 
of the transformation are proportional to the coordinates F of 
a net N' parallel to iV, and also to the coordinates jl\ of a net A ' 
parallel to Xi, Hence these coordinates must satisf>^ a relation 
of the form 


A stateuieut of the hist(»ry of these transformations is given iu the Preface. 

Two nets in the relation of a radial transformation (§ 14) satisfy this 
requirement, since all the lines of the congruence meet in a point, and then 
every ruled surface of the congruence is developable. However, wc exclude 
this exceptional case from the dediiitioii of transformations F. 
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where, as follows from § 14, 6' is necessarily a solution of the 
point equation of 

The coordinates xi of Ni are necessarily of the form 


where 6 is to be determined. The coordinates / are given by 
equations of the form (cf. I, 12) 


oj dx' ^ 
dn ^ dii' dr dv* 


Hence the first derivatives of are reducible to the forms 


_ 

du 

a-) 

dj[ 

dn 


(> 

de' 

du 

de\ 

dul 

8xi 


a./; 



de' 

de\ 

dr 

a r 

(/ 

dv 

dr) 


From these expressions it follows that J\^i is parallel to A'', if, 
and only if, 0 and 0' satisfy 


(5) 


be' ()0 de' _ d_e_ 

dn ^ dv' dr dr^ 


Fx])ressing the condition of integrability of these equations, we find 
from (T, 13) that is a solution of the point equation of .V, namely 


d^e dloga 9^^ , dlog6 de 

b u d r dr dff da dr' 


Moreover, from lo) it follows that e' is the coiTesponding solution 
of the point equation of N' (cf. § 4). Conversely, if e is any solution 
of (6) and 6' the corresponding solution of the point equation 
of .V', then (2) defines an F transform of Hence: 

Amj trarisformation F of a net .V is deten'mined by a net N' 
parallel to N. snch that the joins of correspm}ding points of N andN' 
are not eomarrent, and hj a solution of the pomt equatmi of F: 
and any sarh net X' and a soJation determine an F transform. 


5 * 
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In consequence of (5) equations (4) may be written 


(I) 


dxx T dXy o dx[ 

du h du^ d V I dv' 


where we have put 

(8) T = he — e\ (r--=Z6 —o'. 


By means of ( 1 ), (3), and (5) equations (7) are reducible to 


(9) 


dXj 

du 


9'*r 9 m dur 


dXj 

dv 



dO 

dv 


— 0 ' 


dvl^ 


which, in consequence of ( 2 ), are equivalent to 



From (9) it follows that the point equation of Ni is reducible to 

d^O i 9logai 9 0 i . alog?»i d$i 

du dv dv du du dv ' 

T j (T 

Ui ^ 0' ^ ^ 0^ * 

This equation may also be put in the form 

9*^1 / alo gg h ao\ aOj . % /dlogh l dB\ dOj 

dudv T \ dv 0' dvj du o' \ 9 m O' du) 9v * 


( 11 ) 

where 

( 12 ) 


In consequence of (I, 37) equations ( 2 ) can also be given 
the forms 


(14) 


Xi^ — 


T 

V 


X + 


0 ' 


O' , elz 
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From (8) and (1,18) follows 
(15) T — 

Incidentally we observe that r and a satisfy 


(16) 


9 li 


log&SP, 
0 u 


15 

do 


. 9 1 ^ 


90* 
9 n 



e 


d(T 

dv 



log ay. 


Suppose we have any congruence G. There is a net N con¬ 
jugate to G (§ 8), and a net iV' parallel to K whose coordinates x' 
are direction-parameters of G (§ 5). Each radial transform of JV', 
say N[, determines an F transform Ni of N, and Nx is parallel 
to N[, Since there is an infinity of parallel nets Nx satisfying 
this condition (§ 5), we have the theorem: 

If ihe coordinates of a net are the direction-parameters oj 
a ccmgruefnce, there are an infinity of nets parallel to the former 
net and conjugate to the congruence. 

As a corollary we have: 

If two cofigruences are parallel, evei'y net conjugate to the one 
is parallel to 00 * nets conjugate to the other. 

For, if N is a net conjugate to the first congruence, there is 
a net N', parallel to N, whose coordinates are direction-parameters 
of both congruences, and by the theorem there are 00 ’ nets conjugate 
to the second congruence and parallel to lY'. 

16. Inverse of a transformation F. Parallel trans¬ 
formations F. Evidently N can be looked upon as a transform 
of Nx and now we seek the functions and (0')~^ giving this 
transformation. Since the roles of iV' and N[ are interchanged 
it follows from (1) that 

(17) (O')-* - -J?. 

Hence if we make (2) conform to 

6) X ~ Xx il'x 7 
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we find that 

(19) fl-i = -j,. 

It is readily verified that equations (7) are satisfied by these values 
of and Hence is a solution of (11). Moreover, 

we have 



Hence equations (9) can be written 


( 21 ) 




From these equations follows: 

If N and Ni are in the relation F determined by a solution 0 
of the point equation of N, and is the solution of the point 
equation of Ni likewise determining the transformation, the radial 
transforms of N and Ni by means of B and B~^ respectively are 
parallel. 

We have observed in § 15 that two parallel nets are in 
relation F, since they are conjugate to the congruence of lines 
joining corresponding points. We wish to find the form of equation (2) 
in this case. 

From (9j we see that: 

A necessary and sufficient condition that Nx be parallel to N 
is that 0 be a constant. 

Now d' also is a constant, which must be different from zero. 
Hence the equations of the parallel transforms are of the form 

Xi — X — ex', 

where c is an arbitrary constant. 

In a general transformation F the function B corresponding 
to a given d' is determined by (5) only to within an additive 
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constant. Suppose we consider the transforms Nx and Nt, corre¬ 
sponding to the values B and (9+0 where c is a constant and to 
the same B', Now the coordinates of Ni are given by (2) and 
those of N 2 by 

B c f 

./ •g ^ ./— • 

From these follows 

2 ~ •/1 " Lfl j > 

In consequence of the above results we have: 

Wlmi the conjugate cjongruence of two tramformatiom is the 
same, and the two functions B dijfer hg an additive constant while 
B' is the same, the two transforms are parallel to one another. 

In the definition of transformations F we have required that K* 
be not a radial transform of N, It is readily shown that in order 
(hat N', parallel to N, be a radial transform of iV’ it is necessary 
and sufficient that /' - cj, where c is a constant. In this case 
corresponding solutions B and of the point equations of K and K' 
are in the relation B' cB d. Substituting in (2), we have 

_rd 

'■ ce + d' 


that is A'l is a radial transfonn of X, Conversely, in order that 
( 2 ) define a radial transform of N it is necessary that X be 
a radial transform of X, Consequently, it the restriction is removed 
from the definition of transformations F, radial transformations 
torm a sub-group of transfoimations F, But we shall retain the 
restriction and thus distinguish between the two types of trans¬ 
formations. 

17 . Harmonic congruence of a transformation F. From 
< 20 ) and ( 21 ) we have 


( 22 ) 



B 

dB-^ 

d'n 


dji 

dv 


. 1 1 


*izl 

dv 


d.x, 

dv 


B d,i 
dB_ 
dt( 

B dj' 
dB 
81 ? 


Hence the corresponding tangents to the curves u ~ const, of the 
nets N and i\^i meet in points of a net which is a Levy transfonn 
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of N\>y e and Ni by and likewise the tangents to the curves 
V — const. Furthermore as follows from the theorem of Levy 
(§ 8) the line joining these points of intersection generates a con¬ 
gruence harmonic to the nets N and iVj. Hence we have the 
following converse of the second theorem of § 15: 

When two nets N, Ni are tn the relation of a transformation F, 
their corresponding tangent planes meet in a line ge^ierating the 
congruence harmonic to N determined hy the fundion 6 and harmomt 
to Ni determined hy 

We call this the harmonu congruence of the transformation. 

Prom the above theorem and the second of § 15 follows* 

If N IS a net and G a congruence harmonic to if, the nets 
harmonic to O are obtainable from N by transformations F inrolring 
the same function S, or by radial transformations of N. 

Since $' is determined by (5) only to within an additive constant, 
we have as a corollary to this theorem: 

All the nets Ni obtained from N by transformations F deta- 
mined by the same Junction 0, and differing only in the additive 
constant of d'j are harmonic to the same congruence, and consequently 
their tangent planes form linear pencils. 

The coordinates of the point of intersection of the conjugate 
congruence of a transformation F and the hyperplane 
(cf. § 1) are of the form 



Since and x* are corresponding solutions of the point equations 
of N and JV', we have the result: 

The developables of any congruence meet a hyperplane m a net. 

In the above case the ith coordinate of N[ is 1, as follows 
from (1). Consequently also is a net in a hyperplane. 

18 . Tansformations F and radial transformations. 
Let N(^ be a radial transform of N{x) by means of a solution w 
of the point equation (6) of N, s(^that / — r/w. From § 14 we 
have that the point equation of iST is 

bH 8 , a dB , d , 

dudr dv (a du du 


( 23 ) 


h ^ 
ft) dv* 
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If d is any other solution of ( 6 ), then 6 = S/w is a solution of (23). 
Also it can be shown that if 9 ? is a solution of the adjoint of ( 6 ), 
then y == is a solution of the adjoint of (23). 

From (16) it follows that if r and <r are functions of the trans¬ 
formation jF of JV' by means of 0 and 5 P, these functi^s, r and cr, 
serve also for the transformation F of N into a net JVi(^j), deter¬ 
mined by e and y. Hence similarly to (20) and ( 21 ) we have 


(24) 

9 i 

1 

s i 

fl \ d la 

\ d 

/ 1 ^ 

1 9 

-- 

— 

t ^ r—- 


r do 


= <r-— 

du ' 


du ' 

[$' du\ 6 

U-i 1 

' dv 

(25) 

d 1 



( d 1X 

\ 9 


1 0 

du ' 

i / 

1 ^ ^ 1 

du 

ifl) aTt 


(e-^l 

II 


F'rom these equations and ( 21 ) we have 


(26) 






to within an additive constant of integration. If we define a 
function wi by 

equations (24) become 



Comparing these equations with (21), we note that wi is a soMon 
of the point equation of Hence from (26) it follows that Ni is 
the radial transform of Ni by means of wi. Thus by the cpiadrature (27) 
we obtain a net Ni which is an_F transform of N, Moreover, 
there are an infinity of such nets Ni, since coc= where 

c is an arbitrary constant, satisfies (27). Hence: 

If N and N are nets in tJw rdation of a radial transformation, 
and Ni is m F transform of N, there can he found hy a quadrature 
00 * nets Ni, which are F transforms of N and radial trans¬ 
forms of N\, _ _ 

When in jparticular e ~ at, then 0=1 and consequently N 
and the nets Ni are parallel, the functions <»i being cO^K Hence: 
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A transformation F is equivalent to live comhinatmi of a radial, 
a 'parallel and a radial transformation^^ 

19. Transformations F with a common conjugate 
congruence. Suppose we have two solutions ^1 and of 
equation (6). We seek the two nets obtained from N by trans¬ 
formations F determined by these respective functions and by 
a net N' parallel to N, We denote these nets by iVi,i and 

The point coordinates of Wij and A\>,i are expressible in 
the forms 


(28) 


Bi 


B'i , 


where ^ 1 , B[ and B 2 , B*i are pairs of corresponding solutions of the 
point equations of N and iV', that is B[ and Bz are obtained from 
Bi and B 2 respectively by quadratures of the form (5). 

We consider the functions 


(29) 


02 


B[' 


From (2) and (1) it follows that these functions are solutions of the 
point equations of iVi,i and iVi,i respectively, and their derivatives 
are in relations analogous to (7). Hence a transformation of A^i,i 
is given by 


(30) 


B^B[ — BvB^ , 

-77— 

^2 


By substitution we find that this expression is reducible to that 
of oc2,h given by (28). Henee is the transform of by 
means of A^i,i, and the functions (29). It follows then from § 10 
that A"i,i is obtained from Ar 2 ,i by the functions Bi — B 2 B[/B 2 
and B[/B-l 

20, Transformations F determined by the same func¬ 
tion 6, Let N' and W" be two nets parallel to a given net A 

*’) In fact Jonas developed the transformations from this ]»oint of view 
(see Preface); this theorem follows also from the first of § 16. 

In this notation the first subscripts refer to the subscripts of Bi and 
and the second to the subscript of common function, detennininp: the coii' 
ju^rate congruence. 
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which are not radial transforms of one another. The coordinates 
:/ and of N' and N" respectively are given by quadratures 
of the form 


(31) 


dx' _ 

J *dx 

dx/ 


du 


d V 

== h 

< 

dx'^ 

J dx 

a.r" 

---- u 

~du 


dv 


where hi, h and h 2 , k are pairs of solutions of equations (1,13). The 
coordinates x’ and j:*" are the direction-parameters of two congi'uences, 
G' and O'' respectively, conjugate to N, By means of them and 
<i solution of the point equation of N we obtain two transforms 
.Vi.i and .Vi ,2 of N, whose point coordinates are of the respective 
forms 

(.52) n 1 =- U' - -J ,K , .7;i,2 r- 


It is our puri)ose to show that ^i,i and Ni ^2 are in relation F. 

There is a net which is the F transform of -.Y" by means 
of 0i and N', Its coordinates are of the form 


(.*531 


.ri,i 



T)ifferentiating and making use of (19), (31) and similar equations 
for and ^1', we get 


(341 


a-rr/i 

dt( 

dxi[i 

dv' 




dxi,i 

9?< 


Ol 


'dr ' 


Hence as defined by (33) is parallel to 

We have seen that the solution of the point equation of A"i,i 
giving N by the inverse transformation is — Oi/Oi When xi^i in 
(34) is replaced by this value, we have by a quadrature a solution 
of the point equation of Ni[\. By means of (20) we find that the 

We have used the notation \ to mean that the net is parallel to 
j and determines a congruence G'" conjugate to 
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corresponding solution of (34) is — diVdi. Hence a transformation F 
of iVi,i is given by equations of the form 

(35) — -JrOc[% 


By substituting the above values we find that this expression is 
reducible to the second of (32). Thus JVi ,2 is a transform of 
by means of the same function, —which gives the trans* 
formation of into N. Hence we have the theorem: 

If a net N is transformed into two nets and hy 
mmns of the same function the latieft* two nets are in the relation 
of a transformation F; hmrcover, in the triad of nets N, iVi,i and 
any two are the transforms of the third hy means of the same solution 
of its point equation. 

Hereafter we say that three nets so related form a triad under 
transformations F. Now equation (33) may be inteipreted as follows: 

If the nets N, N^, and N 2 form a triad, and if N' and iV" 
are the nets parallel to N determining the transformations from N 
to Nj^ and Ni respectively, the net Ni*i determining the congruence 
of the transformation from to N% can he so placed in space that 
it is an F transform of N^', the cmijugate cmigmeyice of the latter' 
transformation being determined hy N*, 

As a particular case of this result, suppose we use for the 
coordinate Then the two transforms are the nets in which 

the hyperplane = 0 is met by the lines of the two congruences, 
and in accordance with the above theorem these two nets in the 
hyperplane — 0 are in the relation of a transformation F, 
In general, we have: 

If a net N is conjugate to two congruences 6?' and O", the 
developahles of these congrumces meet any hyperplane in two nets 
in the relation F, 

We shall prove the converse of the above theorem: 

If two nets Ni and N 2 , transforms of a net N hy means of 
congrtiences & and O', are F transforms of one another, the three 
nets form a triad, unless Ni and N 2 are parallel transforms of N, 

Let the coordinates of n and 0 C 2 of Ni and N 2 be given by 


/ 

Xi = X - -^x', 


X2 =" X—-^X 

B% 
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If these nets are to be in relation it is necessary and sufficient 
that on the lines joining corresponding points there be focal points, 
that is that there exist functions Ai, P. 2 , Mi, M 2 such that 

0 

+^i (a’l—a"*)] = Ml {xt—Xi), 

0 

—- [x, + Aj (xi — X,)] — M» (J^i —xt). 

ov 


When the above values are substituted in these equations, we get 
equations of the form 

4ix'+JSix"+C', ^ = 0 , + 

ati ov 

Evidently we must have 


These conditions are equivalent to 


(1 -j- Aj) oy— d[ — 0, 

+»t0" 

Ajffs +0.0 J'(ms——*) -0, 


(1 +Ai)<r,ej'—Aitf,e;=0, 

at" + ('* “ 


If -- 0*1 ~ T^=:(f^=~ 0, then const, and — /g = const. 

(§ 4), and consequently G' and G^" are not distinct. If and B^ 
are constants, then and are parallel (§ 16). Excluding these 
cases, we find that the above equations necessitate B^(B^ — const., 
that is iV, JVi, form a triad. 

21 . The theorem of permutability of transformations F. 
The equations (1) and (2) apply to any pairs of solutions of the 
point equations of N and iVi,i. Making use of (1), (2) and (18) 
we can show that any solution of the point equation of Ni^\ is 
expressible in the form 


^12 - 



bL 


(36) 
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where 6% is a solution of (6). Incidentally we remark that from 
(21) it follows that 



This function dn determines a transform of iVi,i such that its 
points lie on the lines joining corresponding points on iVi,i and jVi, 2 r 
that is, O"' is the conjugate congruence. From (33) it is seen 
that the corresponding function Bii is given by 

(38) e'i2 - #2—^,-02. 

Hence the coordinates of the transform are of the form 


(39) 






02^—0162 

0'i'e'i ' 


1 . 1 - 


The function O 2 and the congniences G' and G" detine tw(* 
transforihs of N, namely .V 2 ,i and whose coordinates are 

respectively of the forms 


(40) 



./'2 2 



Corresponding points of the nets A", Ni ^2 and N 2.2 lie on a line, 
and from (29), (32) and (40) we have that A^ 2.2 is a transform of 
A"i ,2 by means of the function 

(41) % e'i. 


In like manner it follows from (29) and (35) that Nu is obtain¬ 
able from A^i ,2 by means of the function Bn — BiBn/Bi, But by 
means of (36) and (38) we show that this ex])ression is reducible 
to (41), Hence ^ 2,2 and being transforms of A"i ,2 by means 
of the same solution of the latter’s point equation are themselves 
in relation F. We wish to show further that A '12 bears lo 
N 2,2 and A 2,3 a relation analogous to that born to A"i 1 and AVj 
used to determine A 12 . 
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Since and N 2 ,i are obtained from N by d*, they are in 
relation F. The corresponding net parallel to ^ 2,2 is defined by 
equations of the form (of. (33)) 


(42) 


•^ 2,2 




A solution of the point equation of A^ 2,2 is 


(43) ^21— 

iuid the corresponding function is given by 

(44) fli',"- 


The net obtained by this transformation is defined by 
e(iiiations of the form 

0 l »2 — 


(45) 


f 21 


f 2,2 ~ 


eie2 — 02 0i 


^ 2 , 2 . 


Making use of the above values, 
{4b) J 12 — ^ '^21— ^ ~ 

Hi'iice the nets N 12 and 
and fr"" are conjugate to A 2 , 

In view of the above result^s 
we have that when two nets A' 
and iV" i)arallel to N are known, 
and two solutions and 62 of 
equation (6) are given, the four 
functions Hi, Hi, 62 and H 2 (each 
involving an additive constant of 
integration) can be found by as 
many quadratures. When these 
are known, we have a group of 


we find 

--e^'ei)/+(H' 26 v HiH2)y' 

a' /T" 

“l”2 - ”1 "2 

[‘oincide and the congruences fi' 



*^) The mark indicates that tlie net is the parallel to 2 determininir 
the conjugate conjjruence G'"'. 

^'0 Cf. Jonas, Sitzungsberichte Berl. Math. Ge'tell. vol. 14 (1915), p loa. 
aNo Transactions, vol. 18 (1917), p. 111. 
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six nets pictured schematically in the fig. 4 by corresponding points 
of these nets. We say that any four nets as Ni^i, 
such that the first and fourth are in relations F with each of the 
second and third form a quaiern. 

We note that and determine the additive constants 
in Bi and dj', but that the additive constants of dj and di' are 
arbitrary and consequently there are oo® transforms JVi 2 of a given 
Ni^i and However, it follows from (33) and (42) that when 
one of these constants is fixed, the oo^ transforms are conjugate 
to the same congruence. 

We may gather together the foregoing results into the following 
fundamental theorem of permiitdbiUty: 

If Ni^i and are two transforms of N hy means of functions 
B^ and B% and congruences and G'\ there exist oo* nets N^, 
each of which is an F transform of and A 2 , 2 > their determination 

involving two quadratures; there are obtained incidentally two otJm^ 
nets N 2 ,i and Ni ^2 such that ^" 2 , 2 , N 12 is a quatern, and 

also F, N 2 ,\, Ni 2 ^ Moreover, the six nets can he associated into 
the triads N, Ni^x, Niy, N, N 2 ^i, iV 2 , 2 ; 1 ^ 2 , 2 , -M 2 ; -M,i» -M,i> -M 2 . 

Any set of corresponding points in the above configuration 
are the vertices of the complete quadrilateral formed by corre¬ 
sponding lines of the four conjugate congruences of the trans¬ 
formations. Each point generates a net which may be taken in 
place of N as the given net from which the configuration is obtained. 

With each net there are associated two parallel nets whose 
coordinates are direction-parameters of the two conginiences con¬ 
jugate to the former net. These twelve auxiliary nets may be so 
chosen that they may be constituted into four groups such that 
corresponding points of the three nets of a group lie on a line 
through the origin (cf. (1)). These four groups are M', Ml,i> M,i; 

M", mi:2, n[% n[% miy mu, mn, 

In consequence of (32), (36), (38), (40) and (43) equation (46) 
can be written 


(47) Ou X 12 - B2 X2^2^ + 1^12' -- - B21 - di 2 j X. 


In this notation Ni'j means that the radius vector is parallel to a line 
of 6r'" and the net is parallel to Nij, 
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From tlm expressions (36), (38), (43) and (44) we find 
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(48) ^5 ^12 — (^*1 02\ — (^2 ^21 4“ ^12-^12^2l)» 

VI V 2 

Henc(‘ the above equation may be written 
0'> 

(49) ^12 n ^^2 ^^21 ^1,1 ”h ^12 •'^2,2- (i^l2 ^2w)* 

Fiom (34) it follows that the functions /?i 2 and lv 2 of the parallel 
rranstormatioii deterininiiii*’ (71"the congruence conjugate to and 
have the values 

^ —<^*'2 —6^! 

(50) . <12 --. 

'1 


The functions nj, oj^,, of the transformations from Am into Nu 
.ire given by equations similar to (8) and (15), namely 

<i)l) <^12 (l 2 ^I 2 -f^l 2 » ‘Ml ^12 <^12 -<^ 12 » 


In consequence ot tlu' «ibove values these functions have the 
expressions 


(521 


'12 




*/lJ 


_ 1 


O2 1 

62 

, 4- ' , 

Z] 

fix 


o[ 


1 

o\ 

e” i 

^2 


'5 

0i 


oi 

^^21'^!+ 

1 

O'l 



1 

r/| ix 


(ZlO'i 


f 2 <^1 ^^2 1 


Jn an analogous manner the functions /cji and /ji of the trans- 
tfu'mation from A^j.^to N 12 are of the form 


(53) 


7/21 




1 2 


721 



and the values of the corresponding functions r 2 i, cr^i, fr 2 i, defined by 
(04) Tji “ 7/21^31- 02l\ Ooi-= 721 t?21- 02l\ ^21 ^21^^ ‘*^21-*^21, 


4 
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are reducible to 


Tg T 21 ■ 


(55) 


1 


riTi2, 

62 


0’20'21 


02^2 Si 




0’i(Ti2, 


Consider in particular the case when A 2,2 is a parallel trails 
form of N, If we take 


62 -^ 1 , $ 2 -^ 0 . 

then 

^ 12 = 1, 


and consequently A"i 2 is a parallel transfom of From (43) 

we have 

and consequently from (49) 

(56) —•''"2,2) ~ (^1—)(•''!, 1 —•><')• 


Since involves an additive arbitrary constant, we have the theorem: 

I/JVi is any transform of a wi N and Ng is parallel to N, fhet i 
are 00 ^ transforms Nu of Ni and Ng whirh are parallel to N\; vorre- 
spondiny points of tJiese nets lie on the line throuyh Mg parallel toMM^. 

Consider also the case wiiere Bg = + r being a constant. 

We have accordingly 


«2 - e\+v. e'l - e^i + e\ 


(57) 


, 

e{ ' ’ 






liffp _ tt__ __ 


where / and r" are constants. If e = 0, dv> is constant; it follows 
from § 16 that is parallel to Ai^. Also is parallel to AVj 
if c"= 0. 

In order to determine the effect of the additive arbitrary 
constants of <92 and e’f we replace them by Bgf-if —1) and 
Bi + (e—l) in (33) and (36). If we denote the new functions by 
fe'S and Bc 2 , we find in consequence of (1) and (19) 


(58) xj/i == xi'/i—(c-~l)4, dc 2 ©12 + (c-1) Bt\ 
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Hence the oo^ nets Nn obtained by varying c and holding e fixed 
are conjugate to the same conginience conjugate to iVi,! also; 
similarly as e varies and c remains fixed the oo^ nets iVi 2 and N 2,2 
are conjugate to the same congruence. 

The foregoing formulas are interesting also in another connection. 
Thus if we look upon N and a net iV^i 2 as F transforms of N 2 , 2 y 
there are cx>®nets, including each of which forms a quatem 
with N 2 , 2 , N and N 12 . The above results lead to a means of finding 
these nets In fact we replace iVlj by the transform of N 

by means of the functions 

(59) 6>c=- 0i4 (c —1)192, y-f 0 —l)y', 

the quantities being taken as direction-parameters of the con¬ 
gruence of the transformation. Now we have 


(60) 

dr 

, 9 ./ 


a,, -‘■ir 

where 

(61) 

he + 

ie - ^1 + (c —1)4; 

also 

(62) 

02+(P — 1)«". 

«!'+(<-i)C 




Wlien these values are substituted in the following expression which 
is the analogue of the right-hand member of (46), it is found that 
the result is reducible to the latter: 

{OcO^— 67 6c) + (6»<f> 6, — 6f 6 .).(" 

~6f 67-^761^^ 

Hence: 

Let Ni^i and F transforms oj N hy means of functions 6 ^ 

and 62 , f and f' being the direction-parameters of the congruences 
of the tramformations; if Nc^c is' the transform of N hy means of 
+ (c—1) 62 and a congruence of direct io?i-paramettrs y + (e — l)x", 
c and e being constantsy the 00 ^ nets N 12 forming quaterns with N, 
Ni^i and iV^ 2,2 form quaterns also inth N, Nc^e and iV^ 2,2 whatever 
be c and c. 


4 * 
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22 . Derived nets and transformations F. If N(x) is 
a net with the point equation (6), ai^ Si and dg are solutions of 
(6), they determine a derived net iV(.r) of N (cf. § 11), whose 
equations may be written 


(64) 


, 9.r 

,r - + 

d./‘ 

+ fr’ 


where 














(65)' 

1 / 

. 0fl, ^ . 

_ d»i 9 0, 

0 0^ do, 


h ^:7( 


0 « 0 r 

dv dn 


Let On be another solution of (6). and N' a net par allel to N, 
An F transfonn of N is <^ven by 




( 66 ) .r, 

The functions Osi and O 52 defined by 

(67) 
where 

( 68 ) 


Ost- —(/ = 1 , 2 ). 


dn 


j dOc 


dftl 

p (• 


,d0, , 

' tT 


1 , 2 , 


are solutions of the point equation of They dotormiiie a derived 
net Fn of Nny whose coordinates are of the form 


(69) 




fi>3 


9.rj5 
d If 


+ ga 


0 / .J 

dr ' 


where ps and qs are given by ((>5) when 0 ^ and O 2 arc replaced 
by (? 3 i and 6^2 respectively. 

From (66) and (67) we have 


dXB 

0slt — e» 

ix'^ 

du 


r 0M 

dXn _ 

0s f — 08 

U 

dv 

08* 

\ 9v 


d.^\ 

'dvl' 



22. Derived nets and transformations F 


53 



h — ^8 

/«' 

9^3 „ 

a* ^ 

dv 

98* 

(9. 

9?e 

- ^ 3 -^ 
dv 

9 Bgi 

9s /—95 

U' 

9^3 

OBi 

dr 


(9. 

dr 

-Bii - 

d r 



On substituting these expressions in (69), the resulting expression 
in reducible to 


(70) 
•''8 “ 


xM - 

.r+Af 


Oi 

B 2 

B, 


9i 

B'j 

9i| 


9d, 

dB2 

dOs 

9//" 

9. 

Bo 

I 

^3 i — 

1 

9.r 

dv 

du 

dv 

9 

dOi 

96>2 

9^3 



d02 

dOii ' 


9 r 

dr 

dr, 

1 

9r 

dr 

9 r ( 



e[ $2 ^3' 

I 

e, 9* 98 j[ 

d^\ 

dti du 9 u I 


wh(*re 


''Mar 


2 

d?( 


dOs f)Os] 


-1 + 9^ 

fjf( 0 ( 


r /9d3 9<9i 


0^3 96l^\ 

r)u dv I 


\ 9r du d?i dv 



bOi 9^j5 

9 r 9 ?r 


9(9i 9fili\ 
9 9 r ' 


Since and 0^ ai'e solutions of the point equation of A"', 

a deriv(»d net A"' of A"' is given by equations of the form 


'I f d j' . f 
' +^' 


9 ./ 
9r ' 


where p' and q' are obtained from (65) by leplacing 6 i and 62 by 
6 [ and O 2 , From equations analogous to (1, 68), we find • 


where 


9/ 

9 

9.r 
'' 9»- 

a'^ / 

0./’ 

dr’ 

90, 

, 09. 

01. 

0 ' 

®‘'0« 

0« 

a’ 

0tt 

„ 89, 

„ der 

„ 8fl. 

0ir 


Consequently N' is parallel to N, 
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0, 


The functions 0^ and B» defined by 

I = Oi p 


9«s , Sfls 

air+nr ’ 


I < 9 ^8 I f 9^8 


are corresponding solutions of the point equations of ~N and N\ 
Hence quantities of the form 



are the coordinates of an F transform of N, When the above 
expressions are substituted in this quantity, it is reducible to (70). 
Since e[ and ^ 2 , as given by ( 68 ) involve additive arbitrary constants, 
there ar^oo* nets Hence we have the theorem: 

If N is a derived net of N and is any F transform of N, 
there can he fraud hy two quadratures oo* '}iets N^, each of which 
is a derived net o,f and an F transfcnm of N, 

23 . Derivant net and derived net of two transfor¬ 
mations F, We note that the corresponding points of six nets 
in the relation of the theorem of permutability are coplanar. Prom 
the second theorem of § 11 it follows that these planes envelojx' 
a derivant net of N, Since the four congruences of the con¬ 
figuration are harmonic to N, it is a derivant net of each of tlie 
six nets. By means of (32), (40) and equations similar to ( 8 ) and 
(15) the expressions (1, 67) for the coordinates of iV^are reducible to 


(71) 


/ TjOg —'TgO'i , O2' \ - 




12(^1 , 

a a -' + - a 

f7| (7g U2 


1«2- 


From § 17 it follows that corresponding tangent planes of N, 
Ni^i and i\^ 2,2 meet in the point which generates the derived net N 
of N determined by the solutions 6^ and 6^ of the point equation 
of N. We shall show that the corresponding tangent planes of 
the 00 ® nets .^^12 pass through this point. In fact from (I, 66 ) it 
follows that the coordinates x of this point may be given the form 
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('onsider now the net Ni^i and look upon N and a net N 12 as F 
transforms of it by means of — Oi/e{ and ^ 12 . The corre¬ 

sponding formula for this case is 



t5y means of (9), (20) and (37) this is reducible to the preceding 
form. Hence: 

The corresponding tangent plam^s of N, cind the 00 - 

nets Ni 2 yneet in the 'point which generntoji the dec iced net of N hg 
weans of the fand ions and O 2 of the transformations of X into 

aiLd 

24 . The extended theorem of permutability. In this 
section we extend the theorem of permutability so as to involve 
three transforms of X Let Nx, and be these transforms 
of N by means of the functions Bi and (/ -^ 1 , 2 . 3), where 

f7] fi'i f71‘> f/21 

= . 

Applying the theorem of permutability to the three pairs of these 
nets, we get three families of nets Xyi, A 23 and iVsi, since iVi; ~ 
From (48) and (49) we have 


(72) 


Bi Bij il’i j 


Wij ~ Wj {Bj Bji -j- Bi B%j Bij Bji)s 
Xij ~~ Wj {Bj Bji j'i Bi BijXj Bij Bji x) 


{i + ,/)• 


Since a net A^i 2 and a net iV^s are transforms A7, there exist 
00 2 nets N for each of which Ni, Nv 2 , iVis and N form a quatem. 
It is oui* purpose to show that one of these nets N is such that 
Xjy Ni 2 , N 2 &, iV^fomi_a quatern; and likewise A/'a, .^28 and JV". 

We denote by Bij and Wij the functions by means of which 
Nij is Jransformed into N\ from their definition i^follows that 
and Wij — wji. According as we look upon N as belonging 
to the one or the other of ^e quatems, Nx, Nx 2 j Nxz, ~N\ Nv>n' 
JV;>8, N, the coordinates x of N are given by the respective equations 
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w?18 (^18 ^IZXn + ^12 OiiXn — ^12 )? 

W2S (^28 ^28^12 *4“ ^21 ^21 X2fi — ^21 ^28^’2)> 

which are analogous to (72). When we equate these two values 
for Jy the resulting equation is reducible by means of (72) to an 
equation of the form Axi + Bxi + Cx =- 0. Since Ay B and C are 
necessarily equal to zero, we liave the following equations of 
condition: 

l^iW’isdis— OsH's' ?ei3(^2 ^ " 4" dg/eas^>^28^^2.s - 0, 

( _ d‘> 0 ‘ \ 0 > 0 

02 ^V2Z 02% — 0% —/i —“ I d® W2B 02% 0^ ^2% 4“ dj /Cj,-{di3 d2 "~Z~ 0, 

02% ' 012 

0-t 0 

01 Wl2 d]2 (di ?r8 022 — d2 (Vq dgi) 01 Wis dj;{ 0^ il'i n ~ 4~ dg ?^28 02% dl ff ‘2 02% 

dl2 


(73) 


I di2di2M‘l2ar = 

I 021021 W 21 X • 


By subtracting the last of these equations from the tirst and adding 
it to the second w^e find that the above system is equivalent tfi 


(74) 


dl di2 ^/’l2dl2 — (dg dgi di3 4~ dl di2 dgu-djjdigdgi), 

dj diy Wi%0i% W2 (dg daidi2 4" dl 01% 0%2 —dg dia 031). 

02 d23 ^^'28 das l('3 {03 0fi2 ^21 4" dg 02% 0%1 ^1 ^2% djig). 


From (38) and (44) it follows that 

(75) U'l fl'u dl 012 — tt'2 0'21 dg dgj, 

so that the above equations are consistent with the requirement 
that 0ij ~ dj«. When ecyiations (74) are compared with the second 
of (72), it is found that 0ij is a solution of the point equation of 
which is a necessary condition. The analogue of the first of (72) is 


di2di2?ei2—- /ei8(diRdi8 4" diadig—djgdis). 


■ Substituting in the right-hand member the expressions for di® and 
from (74), we have 
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(012 028 + 018 082-082 023) 

-f- 02 (028 081 + 021018-018 08l) 

08 (081012 "f* 032 021-021 012) 

-- 012 028 031—021018 082, 

which in consequence of (75) is consistent with the requirement 
that Wi, (Vjt. By means of these results equations (73) reduce to 

'(!>,/ - /1 (02 023 081~l~ 03 032 021-01028 032) 

+ O’y. ( 03 081 012 + 01 013 032 02 081 013) 

(01 012 023 + 02 021 013 0.3 012 021) 

-^ ( 012 02.3 0 31 ~h 021 013 032) • 


</> — 


01 012?< ^1 2 012^^12 
if ^2 Wz 


Sinc(* this expression is symmetrical in the functions involved, it 
follows that N defined by (76) forms a quatem with Ni^ and 
iVoji and also with iVm and 

25 . Transformations K, We inquire under what conditions 
a net X and a transform meet the lines of the congruence in 
points harmonic to the focal points. From (I, 37) and (2) we have 
that the neccssaiy and sufficient condition is that 

(77) 0 ' \{Ji+i)e. 


When we require that this function satisfy (5), the resulting 
equations are reducible, in consequence of (I, 13, 18), to 


(78) 


--lo^ " 

dii " y dH 


dr ^ (f “ ar * 


Prom this it tollows that the point equation ot N is necessarily 
of the form 


(m 


__ 9 log I ^ 90 , 9 log I Q 9 0 
dudv dr du dn dr' 


where 0 is defined by 
(80) 


20. 
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Then from (I, 18) and (77) we have 

(81) = 7 + 

Now the equations (5) may by written 


e 0' 


a 

/d'\ 

__ 1^ 

d 6 


aw 

\ 0 I 


dn^ 

dv \ 


1 de 

\e I Q a?’* 


From (8) it follows that 

(83) r ^ - 
Hence equations (10) become 

dxi _ 1 ^ e I 

'dit ^ qY" ' 

(84) ' 

3j’i 1 0 /, 

ll^—eYr^- 

and the point equation of A’j is 


(aj-i _ i«/ M a 

'd„ jy\*''^'~‘'^Vu 

9 j’i 1 6 1. . d6 , ^ 'd.r\ 


(85) _ a log y (fi 3 0 i , a I qi p Oj 

dudi; dr da da dr* 

where 

( 86 ) 

We note that the invariants H and K of equation (79) are 
equal, or, in other words, N has equal point inrariants. Since the 
same in true of Wi, as shown by (85), we have the theorem: 

In order that a net N and a F transform Ni meet the lines of 
the conjugate congruence in points harmonic to the focal points, it 
'is necessary that both N and Ni have equal point invariants, 

Koenigs solved this problem for 3-space ^^). Accordingly we 
call a transformation of this sort for space of any order a trans¬ 
formation K, 

Comptes Eendus, vol. 113 (1891), p. 1022. 
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When two nets in the relation of the above transformation are 
parallel we say they are associate^% In all generality equations (84) 
are in this case 

dXi __L.^ __ 1 

^ di( Q dll^ dv Q dv‘ 


Suppose now that N has equal point invariants. The know¬ 
ledge of a parallel net gives h and I, and consequently a solution (f> 
of the adjoint (I, 20) of the point equation which in this case 
is reducible to 


( 88 ) 


d^__ 

dndr 


(f ) 


le 


d^ 

dll dr 



Since equation (79) can be written 


(89) 


/ (9 \ , /_! \ _0 

8//dr\l''^ I ~ ^ dtidr \ I'jT l/J’ 


a solution of this equation is given by (80). It is readily shown 
that (9' given by (77) satisfies (5), and thus we have: 

When N has equal point invariants, each parallel net N' deter- 
mines without quadrature a transformation K into a net Ni, the 
function 0 of the transformation having the value 9 *^/ 2 , B' being 
given by (77). 

2 

In particular, V = ^ is a solution of (88). In this case 

B - 1 from (80) and consequently is associate to N. 

Suppose conversely that we have a solution B of the point 
equation. From (88) and (89) it follows that y = 2 0/p is a solution 
of the adjoint equation. From § 4 we know that by means of y 
we find 00 1 nets N' parallel to N, of the form x^-{-kx, where x' 
are the coordinates of one of these nets and A; is a constant. 
Accordingly we have the theorem: 

When N has equal point invariants, each solution of the point 
equation deteimines by a quadrature, an infinity of transformations K, 

This is a generalization of the idea of associate surfaces in S-space 
[§ 155 and Ex. 22, p. 425]. 
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such that correspondmg lines of the coujttqate congrumvcs of the 
transformations which pass through a point of N are coplanar, 

26. Theorem of permutability of transformations K. 
Tf Ni and N 2 are two nets, each in the relation of a transformation K 
with a given net N, we apply the theorem of permutability of 
general transformations F, and seek the nets iVi 2 , which arc 7{ 
transforms of A^i and iV 2 . For this case we must have 


ri2- -*21 — - ^ 21 * 

Since 

(90) n- -<ri ro - - 

Q Q 

these conditions are equivalent, in consequence of (52), to 

( 91 ) - 0 . 

In consequence of (90) equations (37) for the case of trans¬ 
formations K are reducible to 



From these equations and similar ones in we find that the lelt- 
hand member of (91) is necessarily constant. Since each term ot 
this expression is determined to within an additive constant, there* 
are 00 ^ sets of solutions satisfying (91). In fact, in consequence 
of (36) and (43) we can put (91) in the form 

(93) -»!, 0. 

Prom (52), (86) and (93) it follows that 


yi2 - 



^21 “ 


2 


^21 

^2 


Hence each Nu for which (93) is satisfied is a iT transfoim of Nt 
and N 2 - 



27. Transformations F of applicable nets 


61 


Now equations (48) and (49) become 



By means of these results the coordinates (71) of the point of 
<*ontact Mot the plane of the quatern with its envelope are reducible to 

■' ()"o^—e[e2 ' e’KOi—o'ieh ' 


Hence iV is the intersection of the lines and ilfjJlfa; con¬ 

sequently the ])oints ilAa of the oo^ nets lie on a line, J/il/uj. There¬ 
fore in consequence of the theorem of i)ermutability of general 
transformations F (§§ 21, 23), we have the following theorem of 
permutability of transformations K: 

J,t Ny and aro K fra}}sforms of a nef y ivifh equal point 
nn uriunfsy there cun he found by a quadrature oo^ nct^ xVi 2 ivhich 
are K trayufform,^ of jV, and X.; (orre.^pondiny poniU Mxt of these 
nehi lie on a Intel through tlie (onesponding point M of N atid 
in the plane jt determined hg M and the (orrespondnig points Mi 
and of y^ and y^; the plane :r touches iU envelope at the Iniet- 
<c(fion of I and the line Mx M 2 ; the parametric lines on the envelope 
form a net to irhirh are harnwnic the congruences generated by the 
tines M^f^, MM 2 * MiMi 2 ^ M 2 M 12 * and the tangejits to this nef are 
harmonic to 1 and JAi/g. 

27. Transformations F of applicable nets. We say that 
a net in y^-space and a net y in jy-space are apjdicahle* when 
their coordinates r and if satisfy the condition 



which is equivalent to 




dj' 

di' 



dx d.r 
¥u~dr' 
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From (I, 3) it follows that the point equations of the two nets are 
the same. Henc^a pair of solutions h and I of equations (1,13) 
determine a net iV' parallel to as well as a net JV' parallel to iV. 
Moreover, it i^evident that and N' are applicable. Hence: 

If N and N are applicable nets, the knowledge of a net parallel 
to either enables one to find by quadratures a net parallel to the 
other, to which it is applicable. 

Suppose now that we subjective to a transformation F determined 
by a parallel net and a solution 6 of the point equation of N. 
From (9) it follows that the fundamental coefficients of the 
new net are given by 


- IS-x4:4: -z.-:: 4 + 4 . 


We transform iV" by means of the net A"', applic^le to A"', 
and the same function 6 used above. In order* that Ni and A’l 
shall_J)e applicable, the expressions for the fundamental coefficients 
for Ni must be equal to the above. Equating the corresponding 
expressions, we get three equations, which in fact are equivalent 
to the two 



By integration we find, to within a negligible constant factor, 
(95) fl' 

It is readily shown that this function is a solution oi the common 
point equation of the applicaWe nets N' and N', Consequently 
the F transforms of N and N by means of 6' and 0 given by 
the quadrature 
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are applicable. Hence 

If N and N are applicable nets, each^net parallel to N deter¬ 
mines a pair of applicable nets Nx and Ni which are respectively 
F transforms of N and N. 

We shall establish a theorem of permutability of these trans¬ 
formations. Let two applicable nets N and^ be transformed into 
pairs of applicable nets iV^i, J\\ and be means of parallel 

nets iV', JV' and iY" and functions 8 i and 62 given by 

(96) --Z-r'* 2^7"*. 

We a^ply the results of § 21 to this case and seek whether Nxt 
and Nu are ai)plicable. To this end we take 

Ok 02." 

Substituting the values of these functions from §§ 20, 21, we get 

(97) e’y' + e!,-2 iZ^' -Z ^-’") =- 0. 

In consequence of (96) we find by differentiation that the left-hand 
member of (97) is constant. We have observed that in the general 
case e\' and 8j involve additive arbitraiy constants. Hence they 
can be chosen in an infinity of ways to satisfy (97), and we have: 

Of the 00 ® transforms N 12 and N 12 , 00 ^ pairs are applicable, 
these cases arising when the (oustants in 8 ” and 82 are chose^i so 
that (97) w satisfied. 

28 . Nets corresponding with orthogonality of linear 
elements. Two nets in n-space are said to correspond with 
orthogonality of linear elements, if corresponding directions on the 
surfaces of those nets are orthogonal to one another. We say 
that two such nets are in relation O, A necessary and sufficient 
condition that N{jc) and ^(,1) are in relation 0 is [cf. § 153] 

^ y 9.r dx , dx _ ^ y 8.r _ 

dv '^^dv ^dr 'dv ~ 

Transactions, vol. 19 (1918) p. 170. 
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Let (6) be the point equation of N(x) and let 

d^e aio^g de . 9iog& ad 

dudv dv du du dv 


be the point equation of N(x), If the first and third of (98) be 
differentiated with respect to v and ii respectively, we have in 
consequence of the second of (98) that N and N have the same 
point' equation. H^ce: 

Whm N and N are two nets in relation O, they have the same 
point eqtiaiion. 

From this result and § 4 it follows that if h and / ai’e a pair 
of solutions of 

(99) I''- - 

9r dr da dn 

the nets xV'(,r') and iV'Cf'), whose coordinates are given by 


( 100 ) 


d./ 

dv 


j dx 9./*' _ 


dx' _ j _9r dx^ ^ . dx 
da ^ da^ dr di 


are parallel to N and N respectively. Moreover, from (98) it 
follows that N* and A’' are in relation O. If_we say that A' and N* 
are correqjondmy parallel nets of A" and A", we have: 

Tf N and A are two nets in relation 0, correspondhiy parallel 
nets are in relation 0. 

We seek transformations F of nets N and N in relation o 
into nets Ni and Nx in relational). Let N' and A' be two corre¬ 
sponding parallel nets of N and A, and let B and be corresponding 
solutions of the point equations of A and A' respectively, that is 


( 101 ) 


dF dB dB' ^B 

du “ ^ 9?f' dr ^ 9r’ 


The equations of the transformations are 

B B 

(102) X, — x—-^r, r, X — • 
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Fi’Oin the first we have by diffci’entiation equations (9) and similar 

if j 

expressions tor ^ and . 

dn d r 

When wo express the condition that these quantities satisfy 
equations of the form (98), the resulting equations give, to within 
a negligible constant factor, 

(103) ft' 2V,r'. 

Since X' and X' are in the relation O, this fuiictiou O' satisfies 
their common ])oint equation. 

Hence: 

// AM.r) rnifl X{.r} arr nets in rvlation O, mid X'(./) and 
X'(./"') (ur hro ('onvHxumdhig parnUel nets, the nets A\ and Ni which 
are F 1rnni<forms of X and X respectively hy means of the eqnntimis 


(104) 

a here H is yiren by 



(105) 


d H 19 -v ^ , , 

dll h dll ■' 


.r, - --- 


V ^ 


d f) 1 9 ^ y , 

dr I dr ' ' 


are in relation (), 

W e shall establish a theorem (»f permutability of these trans- 
foi-mations. Let two nets X and iY in relation O be transformed 
into pairs of nets AY Xi and X^, iXj by means of parallel nets 
A"', X' and X'\ A’" and the functions and ft'! given by 


(106) 


o\ 


^.r'r\ OV ^ 


Xe apply the results of § 21 to this case and seek under what 
condition AY and AY Jn'e in relation O. For this to be the case 
we must have 

Mlfft //f fff n'ff'— 


wh(‘re xi' and .r^'" are given by (33) and (42) and .Ff and xF' have 
analogous expressions. Substituting the values of Su and fi’om 
§21, we have 


(107) 


”t“ 0 '> — ^^(x'' .r' -\~ x\v'^) 0. 


5 
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In consequence of (106) we find by differentiation that the 
left-hand member of (107) is constant. We have observed (§21) 
that in the general ease of the theoi*em of pei-miitability the 
functions and 0* are doiermined to within additive arbitrary 
constants. Since these can be chosen in an infinity of ways so 
that (107) holds, we have: 

Of the oo^ F trmififorms A'la arisinf/ from fho ihvorom 

of permfttahiHiy of muj nets A' ai}d. F in relation O, fherv arc oo' 
pairs in rdaiion 0\ flnoj arise when the (onstants in O 2 and are 
chosen so that (107) is satisfed; all these 00 ^ pairs of transforms 
can be found hj two quadratures, when Xi, and Ag. A^g are 
known. 

Exercises. 

1 . If is a net of translation (cf. I. Ex. 6), the only F transform^ of X 
whieli are nets of translation are parallel to .V. 

2. If A’’ is a minimal net (cl. I, Ex. 7), the only F tran‘^torlns of S winch 
are minimal nets are parallel to X. 

3. If X is any net and A'l is the F transtoini defined by (‘i), and (A^)j, 
(Vj)i and iN')i are the first Laplace transfonns of X. Xi and X' rc^pectively. then 


where 


(ji )i — (< )i 


(O'h 


(aOi. 


(0)^ = 0- 


_ 

9lotf o 
dr 


oO 

~dv^ 


(0% -- 


J . 

h loir a It or ’ 
9 r 


4. If A^ is an F transform of a net X. nuy Laplace transform of X admits 
as F transform the corresponding Laplace transfonn of A"i, the equations of the 
transformation being 




where (d'),. and are the Laplace transforms of a, O' and i'. 

5. If X and Xt arc in relation F, and <p and <px are corre.^pondiiig solutions 
of their point equations, the Levy transfonns of X and A^i on the tangents to 
the curves r = const, of X and A"^, aie in relation F, and also the Levy trans¬ 
form on the tangents to the curves « — const.; moreover, the lines of the conjugate 
congruences of these transformations are tangent to the net which is the F 
transfonn of A by conjugate to the congruence ot the transfonnation from X 
into Xi. 

6. By means of Ex. 5 and S H show that if X and X\ are nets in relation F, 
and and are corresponding pairs of solutions of the point equations 
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of N and iVi, the derived net of N hy ^ and is in relation F with the derived 
net of ^Vi by and 

7. ^If iV and Ni are nets in relation and and are parallel to N 
and N} respectively in accordance with the second theorem of 21 , corresponding 
lines of the congruences of parameters and xn conjugate to N and Ni meet 
in a point describing a net fonning a triad with X and Xi. 

8 , Show that if in 24 we take tc, = 1 , ^3 = - 0, the nets jV., 

.Vas, X are parallel to Xi, X», X^ respectively. 

9. If A, X\, iVs, Xv> are nets of a quaten^ the respective functions ^ 2 , ^ 12 , 
— determine radial transforms X^ A'a, fonning a quatern 

under transformations F. Transactions, vol. 18 (1917), p. 123. 

10. If X is a net and 0 any solution of its point equation, the equations 
jTi = X — cO, where the c's are constants define a net -Vi which is a transform 
of X, the congruence of the transformation consisting of parallel lines. The 
tangent planes to X and Xi meet in the harmonic congruence of X determined by 0. 

11. If X and X are applicable nete, the equations .cj — x — rH. .c\ — 'c$ 

determine applicable nets A’t and A^, if 0 — 2 (—c x — — c.r)/(—P — 

12. When the functions a and h in equation ( 6 ) satisfy the fondition 


(i) 

the e(iuations 


d'(l j frh 
<i r, -0 , 

0 u V ()u 0 r 

(Hog]^/o 1 bb 

du a du’ 


are consistent, and the functions 


/j?_ h [ da 

\ b a I dv du^ 

()log]/^// _ 18 '/ 
dr h or 


(ii) 




_J_ 

V7a’ 


V,‘i> 


solution ^ (a^ 
dO' h de 


sati-ify equations (I, 13). The two nets A and A^'o parallel to a net A” with 
equation (6) determined by the solutions (ii) have equal point invariants, and 
are associate (§ 25) to one another. 

Conversely, if a net A"^' with point equation (3) admits a parallel net with 
equal point invariants equation (i) must be satisfied. 

13. When the condition (i) of Ex. 12 is satisfied, equation (6) admits the 

!/_•>_ ^2) yyQ put 0 — A y~p (u __ 2,) yyQ jiaye 

- du du 

g-- — y'~ 9 V' values satisfy (81), and consequently 6 and 6' and the 

congruence conjugate to X whose direction-parameters are the coordinates x' 
of X' determine a K transform of X. 

14. Let Af, Ml, Mi, Mu be corresponding points of four nets A", A^i, Xt, Xu 
of a quatern under transformations F. Show that a necessary and sufficient 
condition that another net Xu obtained by varying the additive constants of 

and 6^ be such that its jjoints lie on the corresponding lines MMn is that 
the transformations be K. 
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15. If N is a net with equal point invariants, iV*, iVs are K transfoniis 

of and A",s, are the nets with equal point invariants which together with 

the respective grou^A^ A"j, A'^a*, A\ Ni, A/*; N, A"*, form quaterns under trans¬ 
formations ST, then K defined hy (76) is a K transform of A^a, A^«, 

Transactions, vol. 16 (1915), p. 296. 

16. Determine whether transformations K are the only transformations F 
of a net with equal point invariants into nets with e(iual point invariants. 

17. In order that the Levy transforms conjugate to the tangents to the 
curves of parameter ?/ of a net N with the point equation (6) and determined 
by solutions 6 and 6i of (6) be K transforms of one another, it is necessary 
that Bdt — lyhere V is a function of r alone. 

18. If N and Nt are t^vo nets in relation K. their respective associate^ 
can be so placed in space that they shall be in relation K. 

19. If in (46) B'i and 6'^ are replaced by 0^ +c and 6'^—v. Avhere c is 
a parameter, the corresponding points of the cx* nets A"ia lie on a conic which 
passes through the corresponding points of A", A"x and A^; this conic is degenerate 
when the transformations are 1C, and only in this case (cf. E\. 14). 
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Sequences of Laplace. 

29 . Homogeneous point coordinates. Jt the cartesian 

coordinates of a point P are r\ -r”, the it +1 (juantities y, of 

which //* ^ j 0 . satisfying* the conditions 


ar(‘ called Itomoyoavon^ (ooithnates of P, If tlu' coordinates y are 
given, 7^ is determined, but if the cartesian coordinates / are given, 
the homogen(*ous coordinates y are defined only to within a factor. 

In homogeneous coordinates the equation of a hyperplane is 
of the form (§ 1 ) 

.... ^fp ^ 0 . 

Now j/ 0 (/ 1 .n) is the e(|uation of a coordinate hyper¬ 
plane. Also /p ^ 0 is taken as the equation of a hyperplane, 

namely the hyperitlane at htfinity. This hypei-plane likewise is 
a coordinate hyperplane in homogeneous coordinates. Thus we 
have + ^ hyper])lanes forming a coordinate +l)-hedron. More¬ 
over, a point all of whose homogeneous coordinates save one, 
say y\ are zero lies in all of these hypei-planes except the hy]ier- 
plane// 0 ; it is a retier ot the coordinate (y /+1 j-hedron. 

Suiipose now that we have any a ! 1 hyiierplanes, say 

oj' ^ - 0 (/ = 1..//HD, 

subject to the single condition that they do not have a point in 
common, that is, the determinant of the o’s is not equal to zero; 
thus If we put 

Qi' -4 n» hr * 


(/ 1 


?(+ 3 )» 
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where ^ is a factor independent of the quantities z* serve also 
as point coordinates. For when the are ^‘veii for a point the z'^ 

are uniquely determined except for a factor. Conversely, when 
the are given, the determination of the corresponding y’s requires 
the solution of a linear s^^stem of equations, whose determinant is 
different from zero. We call the ^’s (jemval Imnoijmeom iwint 
coordinates, and as such they are distinguished from the particular 
system of ?/s, coiTesi)Oiiding to the case where n of the coordinate 
planes are mutually perpendicular, and the other is at infinity. As 
in the case of tetrahedral coordinates in 3*space, the transffumation 
is not completely determined by the (n+ l)-hedron, but is defined 
when it is required that a particular point, not on the faces of 
the new (?i + l)-hedron is to have the coordinates (1,1 ,..., 1) in 
the new system. 

Since the steps used in the preceding are reversible, we have 
that there exist linear transformations l\) by means of which from 
a general system of homogeneous coordinates ’ we pass to a system y 
so that y^hf ^... y^!y^* ^ are cartesian coordinates. Hereaftei* we 
understand that when homogeneous coordinates are used they are 
of the general tyi)e. 

We are prepared to prove the theorem: 

The homogeneom coordinates of any point o)i the tine joining 
two points Pfzj) and Pt{z^) are of the fonn 

and conve^^sehj. 

Consider the i>oint with these coordinates and ai)ply a trans¬ 
formation Po (referred to above). The resulting expressions will be 
of the form + Hence the cartesian coordinates of the 
point are 

+/«//. ^ ,■ . „ . . 

’ .. 

wMch shows that the point lies on Pi Pa (cf. 1, Kx. 1). Evidently 
the converse also is true. 

In like manner it can be shown (cf. J. Kx. 2 ) that: 

The homogeneoas coordinate.^ of any point on the plane thrmigh 
three points P\(Z{)n Pt(^^) P»(^«^ ore of the fmin 
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Aj, + llZi + VZi. 

(ou/ ronverst'lf/. 

From § 1 the locus of a point whoso homoj^eneous coordinates 2 : 
ar(‘ functions of a parameter n is a curve. We wish to prove: 

The homogmeonH roordiifates of ang point on the fangmf to 
(t nirrez(n) are of the form 

do 

n)id eonrernehp 

If the coordinates of a i^oint are in this fonn, and we api)ly 
a transformation 1 % wo get for the new coordinates of the point 

Ig + Hence the cartesian c(K)rdinates of the i)oint are 




+ 


d I' 
(1 u 
d 


/i ' d H 


log//'* 


As these ai-e of the form / point lie's on the tangent 

(§ 1). Conversely, the cai’tesian coordinates of any point on the 
tangent being of this foi m are readily transformable into the form 
of the theorem. 

(’onsider a point on the tangent to a curve with its coordinates 

in th(‘ form Xi , Two functions 0 and i are detined by 

do 


Q 


df 

do 


/, Qf p. 


Jn terms of q and / the coordinates of the ])oint are of the form 

0 f (fz). Hence we have: 

(to 

'The hooiogeneomu point voordmates z of a eurve van he chosen 
so that the coordinates of a given point tm the tangent other than 

the point of contact are of the f(rrm~ '^^. 

The oscalatmg plane of a curve 2 (a) at a representative point is 
by definition the locus of points whose coordinates are of the form 
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Tf we apply a ti’ausformation Po to the 


coordinates and proceed as aboA’^e, we can show that the cartesian 
coordinates of any point of the osculating* plane are of the form 


^ 'd„ + >' 


d\v 

fhr 


We observe that this is the result pi*eviously found tor 3-spac(‘ |§ 7|. 

30 . Laplace transformations. We have seem in § 2 that 
a necessary and sufficient condition that a system of parametric 
ciUTes be a net is that any point on the tan^^emt to a curve 
r const, of a system moves in the tanj>*ent i)lane to the surface 
as r varies. (Tiven a net with a + 1 homogeneous coordinates ./•. 
The coordinates of any point P on the tangent to a curve r — const. 

are of the form Ij + m As /• varies, the ])oint moves in the 

tangent jdane, proAuded ^ ll.r + /< f M is ex])i'essible linearly in 
0 r \ 0 ti I 

9 / 9 /' 

terms of ./*, and , ’ . Hence a net is characterised analyti- 
9 H a r 

cally by the condition that its homogeneous coordinates aiv solutions 
of the same ecpiation of the form 

u^6 9logrt bO , 9log// dH 

( 1 ) - —- “4“ ~T~ / 

dlfdr dr dn d ti dr 


W(* call this the jwiuf equaiion of ihe nr(. 

If, in particulai’, the point P moves tangentially to the tangent 
to /• — const., that is if P describes the minus first Laplace trans¬ 
form of .Y, we must lunni 




0 . 


Since similar results follow for the first La})lacc tiansforin, we have: 

The com'dinates of the mimis fir.st and Jirsf Laplace fransfm'ntii 
of a net with the point equation (1) van he fahm in the form 


d.r 9 log// dx 9lqg^r 

da da ’ ^ dr dr 


(2) 
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In consequence of the fourth theorem of § 29 the equations 
of a Laplace transformation can be put in the simple forai indicated 
in the following theorem: 

The homogmeom ioordinates a' and //' of the fovat points of 
a eonpvnmve <an he (hosen so that 


(3) 


di 

dn 




br 


lit. 


Prom (2) we liave )>y differentiation 


(4) 


d /__i 


b log a 
br 


'-i-i 


bji 
b H 


, 4 - Mr 


where //and K are the irivanants ot (1) namely 


(r)) 


H 

K 


9“log« , 3logo Blogh 
bfidi dr di( 

b^logh , f^logo 8log/^ 
ba dt hi dll 


< , 


It K 0, we get on integration / i -- /"o, where U is an 
arbiti’ary function of ii alone. As the arbitrary function U varies 
with the integTal but a remains the same, the point M-i describes 
a curve, and not a net; we say that .Y_i is degenerate. Substituting 
in the first of (2) and integi-ating the resulting equation, we find 


((5) - 

V being an arbitrary function of r alone. 

In like manner, \i H - 0. the integral of (1) can be given 
the form 

(7) / a(u+j'~d,]. 

Hence we have the theoi*em; 

Whm either inrariant of an equation of Laplaie is equal to 
<ero, the equation van he integrated hy quadratures, 

31. Sequences of Laplace. When the invariants H and K 
of (1) are different from zero, by the iteration of the first Laplace 
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transformation upon a net N with (1) for its point equation, and 
also of the minus first transformation, we get a sequence of nets 

• • • * ^ —(/—• • •. -A— 1 , J\, -Ai« .. •A/. 


such that any net of the sequence is a first Laplace transform of 
its predecessor (sense being from left to right), and a minus first 
transform of its successor. We say that these nets foim a sequence 
of Laplace. 

We are interested in finding the Laplace equation of each net 
ot the sequence. In order to Avrite these equations and others 
associated Avith (1) in abbreviated form, wo denote by 


( 8 ) 

the equation 




[^/n O/. h,f C/1 


6“^/ 9logO/ 9^/1 9log/>/ de, 

du dr dr dtt dn dr 


! I Iao.. 0 loga dlogh \ 

, + (a /Tar ' T; ~ "a ~ + ~a7“ “ a // +' j '*'• 

Then from (5) it follows that 


( 10 ) 


H, 

U' 


a‘‘ . c, , a logo 9 log// , 


di(dt 

a- 


d r 


log 'j 4- 4- , 

dudr h, ^ dr du ^ 


If in equation (1) Ave put 


( 11 ) 


,r 

A’ 


where A is a function of n and c, the Laplace equation satisfied 

by /' is denoted by 

(12) |fl'; oA,/>A, A], 

Then from (10) we have if'— H, iT'— K, showing that H and K 
are invariants of (1) for transformations of the form (11). 
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In order to find the Laplace equation of Ni, we differentiate 
the second of (4) with respect to /*. Making use of (2), we find 
that the l^aplace equation of A\ is denoted by 

( 13 ) [«,■> >fH. h, 

and that 

"• 

Proceeding in a like manner with the first of (4), we find that the 
laiplace equation of A'-i is denoted by 

(15) [« A', 

and that 

(Id) //-I a; k 1 K- log^^^. 

dttdr a 

The coordinates ot are given by the equations 

(17) .c, ,, / ]0<:uH 

dr dr 

analogous to (2), and the point of equation of A's is denoted by 

(18) a H b. 

Jn geueial the coordinates of A’, are given by 

(19) 'V - ^ log(ff Wi/, ....H, _•>) .Cr-i, 

or or 


and tlu‘ point equation 

(20) [«,•; aHHi .... B,—i. b. . ^^t]' 
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The equations analogous to (4) and (17) art‘ 


( 21 ) 


9 h 
d H 

9/, 
0 r 


^ rr , 

9,r 


9/ 


]ng(aH....Hr 


The (•oordillate^ ot A-, are siveii by 
9 1 , 


( 22 ) / 
and the point equation ih 
(23) 


, ’ — ° los(hA'A'-,....A'-, ,)■-> 1 , 

d H d H 


(i,hKT\-\, 

...A' , 

a* 

1’ i > 


L 



..A'_, , ' 


Also wo have 
r 9 


(24) 


n ft d II 

d / —f 3 log (I 

dt 


0 I 


log (/>/!.... i)y 

+ K—, ^ 1 . 


32 . Periodic sequences of Laplace. ()idinanl,\ a sequence 
of Laplace is unlimited in both directions. It H, or > is zero, 
the sequence terminates in the positive or negative sense (cl Ill, 
Ex. 5). In the present section we are concerned with the case when 
the sequence is penocht, that is when a certain net coincides 
with X In this case we must have 

(25) Up m/, 

where m is at most a tiinction of ii and r which is the same for 
all n coordinates Since n is at least equal to 3, the coetticients 
of (12) and (20) tor r p must be equal. Hence we must have 

8 *_ _ bP_ _ 

'dud, aPHP-^HP-K...Hp-> 


(26) 

(27) 


0 . 
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Differentiating the first of (26) with respect to n and making 
use of the second, we find that 

(28) U\\ 

where V and V are functions of a and r i*esi)ectively. If we change 
the independent variables in accordance with the equations 

// (p(ft'), r 

we find that the invariants — Hj,oi the transfoi med equations 

of the nets .V. A’,. Kp are given by 


where (/' and ij*' denote the derivates of (p and to. Hence (p and t'' 
can be chosen so that (28) becomes 


(21)) 1. 

Then from (26) it follows that m in (25) is constant*®). 

Suppose now that (27) and (29) are satisfied for equation (1). 
Applying (10) to (20) for r - />—1. we get, in consequence of (27), 


(30) 




H- 


a* . b 
, - log 
dndr (t 


K. 


In like manner, making use of (27), (29) and (30), we obtain 


Iip-2 H 


/w'-" 


//— --log 

dndr ® (r 


K~ 


a* , bK 


A'_, 


Of. Tzitzeica, Coinptes lieiitlus, vol. 157 (1013), p. 908, also Haiumoiul. 
Annals of Mathematics, ser. 2, vol. 22 (1921), p. 240. 
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Hence in ^eneial we have 

(31) 1. 

If we differentiate (25) with respect to n, <iiid make use of (2) 
and (21), we can reduce the resiiltins: equation to 

(32) 1 

which gi\es the analytical lorm of the condition that the nets Xp -i 
and N-i coincide. Again diffeientiating (32) with lespect to //, 
we get, in consequence of (21), (24), (30) and (32), 

Up — >p—* 

And in geneial because of (31) we lune 

(33) fp -/ m t „ 
which in consequence of (29) is equhalent to 

(34) /i/ 7/^,.... _i / .. 

Finally Ave ha\e 

(35) / m t 

showing that A and X-p coincide. 

Conversely if we differentiate (35; with lespect to / we get 
(34) with I - In general, if we ditferenti.ite (34) Avitli respect 

to tj we get (34) Avith / replaced by / — 1. Hence according as 
we differentiate (33) or (34) with respect to h or ? Ave increase 
or diminish / by 1. In older to point out the significance of this 
observation, Ave note that the expressions (19) and (22) foi /> and 
x-t are expressible in the forms 


d^x 

+ A, 


di^ 

'-1 g-r-l 



j 


■ZT+-+ /, 



32. Periodic sequences of Laplace 


79 


where id's and are determinate functions of the derivates of a, 
h and c obtained by repeated use of (19) and (22). Hence equation 
(33) involves the derivatives of x with respect to r of orders 

1,_— f, and of j with respect to a of orders 1 ,.... If 

this equation is differentiated with respect to a and all denvatives 
with respect to a and v are eliminated by means of (1) and the 
equations obtained by differentiating (1), we obtain an equation 

involving derivatives of / with respect to / of orders 1,_ p—i — 1 

and with respect to h of orders 1,_+1, which necessarily is 

(33) with / replaced by t — 1. 

Suppose now that we consider a periodic net of odd order, 
and write p 2>/ + l. It in (34) we put n and in (33) 
/ >« + K 've get 

( o# 1 m II H \.... Bti / —11* 

(30) \ 1 

I -1 HtnUin — I • * • • llv > n* 

I m 

9^* ^ / 0 '* 

These two equations express j and ^ —p linearly in terms 

of the 2rH 1 quantities 

9 ^^; di f) I 

9. 9 /.. 01 ^ 

We have seen that the consistency ol (36) and (1) leads to other 
equations ot the series (33) and (34), by means of which and (1) 
Ave can express all the derivatives ot ordei’ higher than n in terms 
ot (37). Since m docs not appear in (27) and (29), for each value 
ot m there exist p inde])endent solutions ot (1), (33) and (34) 
including the condition (25); and not more than p independent 
solutions. 

AVhen p is even, and Ave put p 2u, we have in place of (36). 

jti 771 mil ., •. H)i—i j'—Hi i—ii—i— JE/gyi—1... jfiT//a rt—1. 

m 

Then all the derivatives of order n and higher are expressible 
linearly in terms of the quantities 

dj dx 

8m"’ ' dll’ 8y’ 
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Hence we have the theorem: 

Whm an egmtmi of LaplcuT ( 1 ) mtisfies the amditimis (27) 
and (29), an inf nlfy of sequences of Laplace of myle)' p e^rist in 
space of order p — 1 . 

33 . Harmonic congruences. We wish to establish the 
theoi'ein : 

Tlw homoyeueoas coordinates of a net S can be so cJtosen that 
homogeneous coordinates of the focal points of any harmonic con- 

yrfience are “ and respectirely. 

Let be a net with homopfeneous coordinates ./* satisfying (1). 
Let Fi and be the foci of any harmonic congruence, thes(» 
points being on the tangents to the curves /• const., a - const., 
respectively. Evidently j‘ can be chosen so that the coordinates 

of Fi are (§ 29). Then the coordinates of F^ according as 
0 a 

it is looked upon as on the tangent to the curves a const, at il/ oi* 
on the tangent to the curves n = const, at Fi are of the respective' 

forms ^ ^ • These forms must be pro- 

' ^ dr da ‘ dadr ^ 

portional to one another in consequence of ./* being i\ solution of 

the coiTesponding equation (1). Expressing this requirement, we 

find that both of these must be proportional to -f rj\ 

0 a or 

Evidently ^ 0 , otherwise F^ and M coincide. Looking upon 

Fi as the minus first Laplace transform of F 2 we must have 


dx 

'da 


, 9 log If dj , 

1 - - — - 4- C.JC 

'da dr 


I ^ 

+ m -— 
' da 


I d l og h d.r 

\ '~~d~ '9 r 



As this equation must be satisfied identically, we must have either 

c — 0, or F' ~ -=r V(\ where T"is a function of /• alone and V' 

da 

its derivative with respect to /•. In the latter case the coordinates 

g 

of F^ can be chosen of the fom 7-- (Vj')- Replacing Vj' by .r, 

9 r 

which does not change the formof the coordinates of Fi, we 

dll 

have the result stated in the theorem. 
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Furthermore, when the coordinates of and F% are of the 

^ OC 9 5C « 

form and —, in the point equation of N we have c = 0. 
ou ov 

If we put d = 00 where Bq is any function of u and v, in 
equation ( 1 ), the function Bi satisfies an equation of the type ( 1 ), 
and for this new equation c = 0 in case 0 o is a solution of ( 1 ) and 
only in this case. As a result we have the corollary: 

The homogeneous coordinates of the focal points of any con¬ 
gruence harmonic to a net Nix) are expressible in the form 


(38) 


du xer 


_d_ 

dv 



in which case 6 is a solution of the point equation of N, 

We have also the converse theorem: 

J/e is any solution of the point equation ( 1 ) of a net N, the 
points whose coordinates are of the form (38) are the focal points 
of a congruence harmonic to N 

For, as v varies the direction-parameters of the path of the 
first of these points are of the form 


Jv Uw U// aw \T/ 


which evidently are the parameters of the line joining the two 
points; similarly when u varies. 

We have also the theorem: 

When 6 ~^aix\ where the a's are constants, the points of 
coordinates (38) lie in the hyperplane = 0. 

34 . Levy sequences of the first order. If e is any solution 
of the point equation ( 1 ) of a net N, from ( 2 ) it follows that the 
functions 


(39) ^ ^ 

du du dv dv 


are solutions of the point equations of N-i and Ni respectively. 
We call them the minus first and first Laplace transforms of 6 , 


0 
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The points of coordinates (38) are the Levy transforms of N 
by means of 0 (cf. I, 53). In consequence of (2) and (39), we can 
take as homogeneous coordinates of these respective points 

(40) xo.i — xi—~x. 

u—1 u 

Moreover, the net of coordinates Xo,\ is the first Laplace trans¬ 
form of the net of coordinates 

By differentiation and reduction by means of (2), (4) and (39), 
we find that the point equations of these nets are denoted by 
(cf. § 31) 

(41) h-'i »!.-]■ 

(42) 

From the form of (40) it follows that N-\^i and are 
Levy transforms of N-i and JVi by means of O-i and 0,. More¬ 
over, from § 10 we have that the tangents to the curves of para¬ 
meter V of No,i are harmonic to iVi, and consequently this harmonic 
congruence Gi is determined by the solution Bi of the point equation 
of iVi. Its focal point of the first order generates a Levy trans¬ 
form of Ni whose coordinates are given (analogously to (40)) by 

(43) a 1,1 ~ ^2 ~ 

where 6 ^ is the second Laplace transform of 0 , In like manner 
the function determines a congruence G-i harmonic to N 
w^hose focal nets are and where 

(44) JC- 2 ,\ = 3C-1 — 4^ 

B—2 

6-2 being the minus second Laplace transform of 6 . 

Continuing this process we obtain a sequence of Laplace whose 
focal nets are Levy transforms of the nets of the Laplace sequence 
arising from N, We call it the first Levy sequence of iV'determined 
by 6 , The coordinates of the nets Nr,i for positive and negative 
values of r are of the form 
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(45) Xr,i = av^ J - Xr, 

“r 

where Sr is the Laplace transform of 0. 

35. Levy sequences of higher order. Derived se¬ 
quences. Let 0 and d' be two solutions of the point equation (1) 
of N linearly independent of the coordinates of K By means of 
e and S' we determine two fii‘st Levy sequences Nr,i and 
These nets are the focal nets of two sequences of congruences 
Gr and Or harmonic to the nets Nr respectively of the Laplace 
sequence obtained from N From § 11 it follows that the point 
of intersection of corresponding lines of Or and Or describe a derived 
net of iVr. Moreover, from the results of § 11 it follows that 
these derived nets form first Levy sequences of the sequences of 
Nr,i and Nr,i and consequently we call them Levy sequences of the 
second order. We shall obtain the analytical expressions for their 
coordinates. 

We consider first the derived net of N by means of S and S', 
The functions and 0o,i defined by 

(46) ^- 1,1 =- s '— So,i^S'i — 

o — 1 u 

where S'^ 1 and S{ are the minus first and first Laplace transforms 
of S'y are evidently corresponding solutions of and iVo,i, which 
as we have seen are Laplace transforms of one another. Hence 
the coordinates of the Levy transform of by means of 
are the form 

(47) a'_i ,2 -- — x_i,i. 

In consequence of (40) and (46) this is equivalent to 


x~ 


1,2 — 


S—i S- 1,1 


S-i S'^i .r- 
S S' x 

Si Si Xi 


_1 _ 

S—i S-i,i 


S -1 s' Xi I, 


if we make use of the following lemma concerning detenninants: 
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K D = II aim II (Z; w — 1,.... n) is any determinant of the 
order, and we write 

Ofr-\-\^S - ^^^8y 

dr,! 


- -^^Sy 


D — an 


-^ 1,2 -^ 1,8 . Ai^n 

-^ 2,2 -^ 2,8 .-< 4 . 2 , n 


I An-^i,2y .. An—I,n | 


Hence the coordinates of can be taken in the form 

(49) :r-i,2= I ^-1 0' ri |. 


From the symmetry of this expression it follows that N-i ,2 is also 
a Levy transform of iVi- 1 , 1 , which shows that it is the derived 
net of N for the functions S and Evidently the derived net 
of Nt for 0i and and of for O-i and oLi are given by 

(50) *ro,2 i ^ *^2 1» •i'- 2,2=^ 1 ^—2 1 ^1* 


Since iV- 1,2 and No, 2 are the Levy transforms of No,i determined 
by 00,1 they are Laplace transforms of one another; similarly iV- 2,2 
and iV_i ,2 are the Levy transforms of iV- 1,1 determined by 0-i,i, 
Hence the solutions 0 and 0' deteimine a Laplace sequence of nets 
Nr, 2 which are derived nets of the nets Nrnj and a first Levy 
sequence of the nets Nr, 1. The coordinates of Nr, 2 are of the form 

(51) Xr, 2 I 0r 0r 4-1 t 2 S 


for r positive and negative, and where No — N, 

If 0 " is another solution of (1) independent 0, 0' and the 
coordinates of Nj the functions 


solutions of the point equation of N^i,iy determine a derived net 
of N^i,i, Analogously to (49) we have that the coordinates of 
this net are of the form 

1 0-2,1 0-1,1 Xo,l\» 
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Applying the lemma to this case, we have that the coordinates of 
the net may be taken in the form 

(52) 00-2,3 2 OU s''00,1 

Hence the functions 6, S' and 0" determine a sequence of Laplace 
whose coordinates are of the form 

(53) 00r,3 \Sr 4 1 ^r4 2 Xr-i3\» 

We remark that from the symmetry of (52) it follows that the net 
N- 2 ,z is a derived net also of the Levy transforms and W" i, i 
determined by S' and S" respectively. 

In general m independent solutions 0 , S', _^(w-d of ( 1 ) 

determine a Levy sequence of order m whose coordinates are of 
the form 

(54) = \ Sr 4 l Or -f 2 • • • • —Xr ^ m, 1, 

for positive and negative values of r*^). 

36 . Periodic Levy sequences. Suppose that we have 
a Laplace sequence of period p. We seek under what condition 
the Levy sequence of the first order determined by a solution S 
of (1) is also of period jp. It is necessary that Xp^i — ^xo,i, where A 
is at most a function of w and v. In consequence of (40) and (45) 
this condition is equivalent to 

(55) u — 

From (19), (25) and (29) we have 

9 0 9 

(56) a^+i =- mxi, Op 11 = V 

OV OV 


Consequently from (55) it follows that 


m. 


9 . Sp ^ 
-S^log^-O. 


Cf. Hammond, 1. c., p. 252. 
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In like manner the condition Xp^i,i = is equivalent in 

consequence of (21) and (32) to 

9 , A 

M = -^log-- =0. 

Hence we must have 

(57) 6p ~ wii 0, 

where mi is a constant. We have seen that equation (1) admits 
solutions of this type. If we have such a solution, the Laplace 
transforms of 6 satisfy equations (33) and (34) with m replaced 
by mi. Hence we have 

S 

(58) Xp-i^i = Xp-^i^i — — Xp-i = mH ,... Hp-i 

“p—1 

Therefore: 

If N is a net of p&>'iod p in (p — si(ch that Xp — mx 
and B is a solution of tlie point equation of N such that Bp ~ mi B, 
where mi is a constant, the Letnj ^sequence determined by B 'is of 
period p; when mj = m, B is necessarily a linear functicyn of the 
x's and the 'nets of the Levy sequence lie in ip — 2yspare, 

The latter part of the theorem is a consequence of the last 
theorem of § 33. 

If we take two solutions B and B' of (1) satisfying the con¬ 
ditions Bp—miB, Bp~m 2 B', the first Levy sequences determined 
by B and B' are periodic. Also in consequence of (56) and (33)* 
we have from (51) 


Xp, 2 = m mi m 2 Xo, 2 , 

Xp-i^2 == mmxm^iHHi .... Tlp-i-if Hp^iHp—iJri x-i^2* 

Consequently the second Levy sequence determined by B and d' is 
of period p. 

Similar results hold for the Levy sequences of higher order. 
Consider in particular, the case of the Levy sequence of order p 
determined by the p independent solutions B,B',..,. of (1) 
for which B^^ — miB^^{i = 0,... .j? — 1). From (54) we have 

Xo,p =\B B[B'i,... B^fz^'^xpl = (m — mi) Id di... . x. 

Similar results hold for Xr,p. Hence: 
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If N ts a net of period p in (^p — ly space, such that Xp^ mx 
and 6, 0",,,., are p independent solutions of tJte point 

equation of N such that 6^^ == =-= o,.... jp— 1), (he p^ Levy 

sequence coincides with the given sequence^*), 

37. Transformations F in homogeneous coordinates. 
When two nets N and Ni are in the relation F, the tangents to 
the curves v const, at corresponding points M and Mi meet in 
the focal points of a congruence harmonic to both N and Ni (§ 17). 
In accordance with the first theorem of § 33 the coordinates of N 
and Ni can be chosen so that we have 


(59) 


dxi _ dx __ dx 

du ^ du’ dv ^ dv^ 


where tq and ob are functions of n and v. Hence the equations 
of any transformation F can be given this form. As previously 
remarked, in this case r = 0 in (1) and likewise Cj = 0 in the 
point equation of Ni. 

When r 0 in (1), the equation can be reduced to this special 
form by replacing x by xO, where 0 is any solution of (1). Hence 
when the point equation of the net N has the general form (1), 
the equations of a transformation F are 



In order that the conditions of integrability of (60) be satisfied 
for any solutions x and e of (1), it is necessary and sufficient 
that r and a be solutions of 


( 61 ) 


di 


= (^ ■ 


dv 

or in other form 


. d , e da . . d , e 

■'>-8,.“’ST- 


d , ra a d . a d . ab r d . b 


**) Of. Hammond, 1. c., p. 256. 
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If we put 

(63) % — or = (jf d, 


we get equations (II, 16), and find that y is a solution of the 
adjoint of (1), which is denoted by (cf. § 31) 


(64) 


1 J-i 

a' h' abi 


Suppose we have any pair of solutions of (61), and the net Nt 
whose coordinates Xi are given by the corresponding equations (60). 
The points Fi and whose coordinates y and z are of the forms 


(65) 



Z — — O' 




lie on the line joining corresponding points of the nets iV^and iVi. 
Moreover, as u, or v, varies the point Fi, or moves tangentially 
to this line. Hence Fi and Ft are the focal points of the con¬ 
gruences of these lines, and N and Nx are in relation F. 

With the aid of (61) we show that the point equation of Nx is 


( 66 ) 


9*^1 _ 9 , ra d St , 9 . ah d Ox 

dudv dV' 


When we put e = 1 in (61), we get the conditions of inte- 
grability of (59), namely 


(67) = 


9 Oq 
du 


(ro — (ro)-^logb. 


As a consequence of these results we have: 

W7ie?iever the homogeneous coordinates of two nets are in either 
of the relations (59) or (60), the nets are in relation F, 

From the manner in which equations (59) were obtained it 
is evident that the transformations F obtained by taking all possible 
solutions of (67) possess the property that all the corresponding 
tangent planes of the nets pass through the line of the congruence 

9 00 9 00 

whose focal points have the coordinates and Hence in 

ou ov 
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order to obtain general transformations F, especially in dealing 
with two such transformations, it is desirable to take the equations 
in the form (60). However, when a solution of (1) is known, we 
can write (60) in the form (59), and then the analysis of the 
transformations F in homogeneous coordinates is the same as that 
of parallel nets in cartesian coordinates. 

38. Transformations F with the same conjugate con¬ 
gruence. Triads of nets. Suppose we have a transformation in 
the form (59), so that the new net JV'(a;') is given by 


( 68 ) 


dx^ 

dx 

dx' 

dx 

du 


dv 

II 


Now the point equation of N is necessarily of the form (1) vrith 
^ = 0. If ^ is any solution of this equation and B' is given by 
the quadratures 


(69) 


de' 

___ de 

de' 

___ de 

9m 

ou 

d%) 

1 

c 

o 

1 

<2 1 


then the functions defined by 
(70) xi=^x — 

u 


are the homogeneous coordinates of a net Ni, since 


(71) 





From the form of (70) it follows that corresponding points M, 
M', Ml on the three nets N, N', Ni are collinear. Hence not 
only is Ni an F transform of N, but also of N'. In the latter 
respect it differs from the case of § 15 (cf.m, Ex. 24). 

As an application of the foregoing results we prove the theorem’*) : 


”) This theorem for S-space is due to Bibaoconr, Comptea Bendus, vol. 74 
(1872), p. 1491. 
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If a net N lies on a hypet quadric 


= 0 , 


each congruence conjugate to N meets the hyper quadric again in 
a net, which comequsntly is an F transform of N, 

We assume that the given conjugate congruence is conjugate 
to a net N' whose coordinates are given by ( 68 ). From the above 
equation we have by differentiation 



du dv 



- 0 , 


since the coordinates x satisfy (1) with c = 0. In consequence 
of this result it follows readily that 6 given by 

is a solution of ( 1 ), and that 6' where 

s' = y^.aihx'^^x'^^'^ 

satisfies (69). If Ni denotes the corresponding transform of N 
with the equations (70), it is found that lies on the quadric. 

If Ti, (Ti and 0*2 are two sets of solutions of (61) for the 
same S, by means of equations of the form (60), we get by quadratures 
two nets, Ni and transforms of N, From their equations we find 


dx^ _ X2 9^2 _ 0*2 dXi 

du du' ' dv <r, 9i; ’ 


Consequently Ni and are in relation F, and form with F a 
triad (§ 20 ). 

39 . Theorem of permutability. In view of the remarks 
of the preceding section it follows that the results of §§ 20 , 21 
can be translated at once into analogous forms for transformations F 
in homogeneous coordinates. 

Suppose then that we have two solutions Si, 6^ of (1) and 
two solutions yi, 92 of the adjoint of ( 1 ), so that by quadratures 
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of the form (II, 16) two pairs of functions r^, at are to 

be found. Transforms Niirt) and Nticct) are given by 


(72) 


dxi _ 9 

dti ^ ~du 


I oc \ dXi d j X \ .. . 

dv ~ dv\l^)’ 


Solutions of the point equations of Ni and are given by 



The coordinates of the transform Ni 2 (xi 2 ) are given by (it being 
understood that Ni 2 and N 21 are the same net) 


(74) 


9 Xij 9 / Xi \ 

du 


dv 




Comparing these results with (60), (71) and with (II, 21, 37) 
we have from (11, 52, 49) 


(75) 


and 

(76) 


'*'1 ^12 ~ ^2^21 

=r 0'g02i 

yi 2 


^ 2 ^ 21^1 I ^ 1 ^ 12'^2 ^ ^ 

i- 2 vi2 0ai. 


Oi 


02 


O 2 ^21 I ^1 ^ 12^2 ^ ^ 


OgCTiri 


(02l02fl 4" ^1^2 ^2*'l)» 


$ 12 X 12 — ^ 2 ^ 21^1 H“ ^ 1 ^ 12 ^^ ^12^SlX *^). 


Exercises. 


1 . The homogeneous point coordinates of any point of the tangent plane 
to a surface are expressible in the form 




9jf 

du 


-f 


djX 

dr ’ 


2. Show that equations (3) hold for the special homogeneous coordinates 
such that and are cartesian coordinates of the foci; also that if 

the direction>parameters of the congruence are taken in the form 


^*) In making this comparison it must be noted that the quantities x^$^/$^, 
$^j$^$if oci 2 $iil$i 2 of Chapter 11 must be replaced by — x,-, — — xi 2 respec¬ 

tively in order to conform to the usages of the present chapter. 
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IIL Sequences of Laplace 


y* _?L 

yll+1 ’ 

we have 

d^X aiogy"+" dX dlogi^^ dX 

dudv dv du du dv 

3. The invariants of the Laplace transforms Ni and N^i of a net X are 
given by 

fft = 2H-K~^^loglT, K, = E; 

S-. = JT, = 2 Jr- H-^iog ir. 

Darboux, Legons, vol. 2, p. 28. 

4 . The invariants of the Laplace transforms Nr and N-r of a net N are 
given by 

Hr = Er-x + S-K-j^logff....Hr-x, Kr = Er-X', 

9* 

jH— r = JT—r+1, K-r = K^r-ht N — IT -« k —logjBT .... K—r+X. 

ouov 

Darboux, Lemons, vol. 2, p. 30. 

5. If jff» = 0 for a Laplace sequence, then 

X = ^ (i; +/ V/J in) + 4. (u' +/ r do) +.... + (I7«) + / y 1'^ dv], 

where y?, A,At are determinate functions; U and V are functions of u and v 
respectively, and 17(0 is the derivative of U with respect to u. 

Darboux, Leyons, vol. 2, p. 33. 

6. When an equation of Laplace admits a solution of the form 

x=:AU + Ai U'-h .... -h^.f7(0, 


where the .4’s are functions of u and v and 17(0 is the i"* derivative with respect 
to w of a function U of w, then Hi = 0. Darboux, Legons, vol. 2, p. 35. 

7. If Hi = 0 and K-j = 0 for a sequence of Laplace, the point equation 

for N admits solutions of the form 

x = AU+Aim^ + BV+ 

where the .4’s and i5’s are determinate functions; U and V are arbitrary functions 
of u and v respectively, and and denote i"* derivatives with respect to u and v. 

Darboux, Legons, vol. 2, p. 38. 

8. A necessary and sufficient condition that the point coordinates of a net 
can be chosen so that the coordinates of the minus first and first Laplace trans- 

937 9 37 

forms are and respectively is that the point equation of the net have 
equal invariants. 

9. If the parametric curves on a surface 8 form a net H, the tangents to 

the curves defined by dv*= 0 meet the lines joining the points 

and Ml of the Laplace transforms of N in points harmonic to and M\, 
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10. Show that if a point equation (1) satisfies the conditions (27) and (29),^ 
it satisfies also the conditions 


I .... K^p+i — 1, 




log 




dudv ® b^K^'^^KLV,...K_p 


: 0 . 


11. Show that if equation (I) admits solutions of period j?, so also does its 

adjoint equation [cf. § 37]. Hammond, Annals, vol. 22 (1921), p. 260. 

12 . The point equation of ^ defined by (4.3) is denoted by 



This may be obtained from (13) by multiplying the second term by di/di, retaining 
the third term, and multiplying together the third and fourth terms of (13) and 
dividing by 8u Show that the same method applied to (1), denoted by \0\ a, 6,1] 
gives (42). 

13. Apply the method of the preceding exercise to (20) and obtain for the 
point equation of JV,. ^ the following 






_^_ 1 


Verify this result directly for r = 2. 

14. The poiut equation of -V _2 ^ is denc^ed by 

r ^ -1 1 

[^-■ 2 , 1 ’ “ 0 —- 


Hammond, 1. c. p. 249. 


This may be obtained from (15), by multiplying the second term of the latter by 
2 ’ retaining the third term and taking for the fourth terra the product 
of the second and fourth ot (15) divided by Show that (41) is obtained 

from (1) by the same method. 

15. Apply the method of the preceding exercise to (23) and obtain for the 
point equation of 


L ■ 


Hammond, 1. c. 

16 . Show that for the derived net N_g for m>s the coordinates are 
expressible in the form 

r 9 *e „,s) a"-*i 

L9U*’ ..».•••- 

Tzitzeica, Comptes Rendus, vol. 156 (1913), p.375. 

17. If two nets N and Nx are in relation F so also are the nets resulting 
from a projective transformation of N and Ni. 
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18 . Show that equation (66) is denoted by 


L. n 

r*’ 6 > e ' 0 y 


19. From (65) we have 
du ~~ dv 


= -(®), 


du 




dz 


where (jr)i and (x)_j denote coordinates of the first and minus first Laplace trans¬ 
forms of Ny and and fp _2 are first and minus first Laplace transforms of *p with 
respect to (64). Show that the coordinates of the first Laplace transform of F\ 
and the minus first of are of the forms 

9 9 

logaf>_i, (x)_ip —r log&Pj. 

20. If N and are nets in relation Fy the lines joining corresponding 
points of their first Laplace transforms (minus first Laplace transforms) meet the 
corresponding lines of the conjugate congruence of the transformation in the focal 
points of the first (second) order (cf. Ex. 19). 

21. When two nets K and iVi are in relation F, so also are their Laplace 
transforms of the same orders; the equations of these transformations are 


_d_ 

du 


Mr 




9 < ^ _ 9 



where 


rr = rr-i4- 


Or^-r 




ffy =. Tr_i, 


for r positive. Hammond, 1. c., p. 260. 

22. If the coordinates of a net N of period satisfy (25), and 0 is a solution 
of its point equation (1) such that Bp — nii 0 and $9 is a solution of the adjoint 
(64) of (1) such that ^ = n<p^p^ where Wi and n are constants, the transform 
of F by means of 6 and is a periodic net of the same period as N. 

Hammond, 1. c., p. 261. 

23. If N{x) and Ni(xi) are nets in relation F on the hyperquadric 
2anx^^= Oy then ^aik{x^^x^P-= ky where fe is a constant. When 

i.k <.k 

fc = 0, the congruence of the transformation consists of generators of the hyper¬ 
quadric [cf. § 38]. 

24. Show that if corresponding points of three nets in relation F are 
coUinear the relation between their coordinates may be put in the form (70). 

25. Show that for a net with the point equation (1) with a ~h =VV 
the equations of a transformation K (§ 25) are 


dxi _ ^ (-f \ __ ^ 9 / a* \ 

du p du \ dv p dv \ Br 

26. Let N he Sk net in 3-space and Ni an F transform of N given by (60). 
Let corresponding points M and Mi of these nets and the two focal points Fi 
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and Ft of the harmonic congruence of the transformation be taken as the vertices 
of a tetrahedron of reference of homogeneous coordinates a?, y, to such 

3f(0,1,0,0), (0,0,0,1), ^,(1,0.0,0), F, (0,0,1,0). 


Show that the pencil of conics tangent to the lines MFj and MFt at the points 
(3f)-i and (M)i of the Laplace transforms (N)-i and (N)i of N are given by 


(g--log -.X- - + —loe-.z), 


where /i is a parameter; also that according as A is or JT, the conic osculates 
the curve u = const, of (N)-i at (Jf)-i or r == const, of (N)i at (M)t. 

Annals, vol. 18 (1916), p. 11. 

27. A necessary and sufficient condition that a conic of the pencil of Ex. 26 

osculate the curve u = const, at (AT)-! and v ~ const, at (A/)i is that N have 
equal point invariants. Darboux, Lecons, vol. 4, p. 38. 

28. Show that the pencil of conics tangent to the lines M\Fi and MiFt 
at the points of the Laplace transforms of N, are defined, in the coordinates 
of Ex. 26, by 



that this pencil and the pencil of Ex. 26 determine involutions on the line Fi Ft] 
and that a necessary and sufficient condition that the two involutions be identical 
is that the transformation F be K. Annals, 1. c., p. 12. 

29. If N and iV^i are two nets in relation K, any two conics of the two 

pencils of Exs. 26 and 28, meeting on the line Fi Ft determine a pencil of quadrics 
which cut the line MM, in an involution whose double points are the focal 
points of this line for the congruence of these lines, and the two cones of the 
pencil are the quadrics tangent to MM^ at these focal points. 

Annals, 1. c. p. 15. 

30. If F and Ni are nets in relation K. the doubly osculating conics of 

the pencils of Exs. 26 and 28 meet on the line F, Ft, and the vertices of the 

two cones in the pencil of quadrics determined by these conics are the corre¬ 
sponding focal points of the conjugate congruence of the transformation. 

Tzitzeica, Comptes Kendus, vol. 147 (1908), p. 1036; also Annals, I. c., p. 16. 



Chapter IV. 

Surfaces and congruences in 3-space. 

40 . Nets in 2 -space. It is evident that any three functions 
of two parameters, u and satisfy an equation of the form 


_ 9loga de dlog b dS 

dudv dv du du dv 


Consequently any two families of curves in 2 -space form a net. 
It is likewise true that we can find two equations of the form 


"r ^*1 


9^ , . 90 , ^ 


which the three given functions satisfy. 

Conversely, we seek the conditions which must be satisfied 
by the coefficients in ( 1 ) and ( 2 ) in order that they admit three 
linearly independent solutions. To this end the following conditions 
of integrability must be satisfied: 

d / 9 ^ 0 \ a / 8^0 \ a / 8^0 \ a / a*0 \ 

dv\du^J du\dudi^r dv\dudv/ du\dv‘/ 


Reducing the resulting expressions by means of ( 1 ) and ( 2 ), we 
get two equations of the form 


/ON i 90 , ^ 80 , ^ ^ 


* du ^ * 


-f C2 0 = 0 , 


where J5i.... 62 are determinate functions, which must vanish, 
if equations ( 2 ) are to hold for three linearly independent solutions. 
Putting them equal to zero, we get the following conditions: 
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dai _ 8 loga 8log6 . 8 *Ioga 
dv dv 9m dudv ’ 


dlogb , 11 , , dbi 9 loga 1 , /alog&\*, a*log 6 

“■-5^-+‘‘*■ +"'+-sr "-jf-»■ + (-jl-)+-rf-- 


( 4 ) 


ai c hi C 2 -\- 


9 Cl 
dv 


dloga , 9log6 , dc 


Otbi -t 


dbt 

du 


dloga dlogb . ■ a*log6 

dv du + dudv ’ 


, aloga I . , aoj 

-f ffllOg-l-Cs-i- 


dv 


du 


9log6 ^ , /9loga\2, 9*loga 
du dv dv* ’ 


^8 c + Cfs Cl + 


9r2 

du 


9 log 6 
du 


C2 + 


9loga . 9c 
dv dv‘ 


When these conditions are satisfied, the system (1) and (2) 
is completely integrable and there are at most three linearly in¬ 
dependent solutions. For, the derivatives of the second and higher 

9 0 do 

orders of 6 are linearly expressible in terms of —, —, and 0. 

Hence all the integrals are expressible as linear functions, with 
constant coefficients, of three solutions. Therefore we have the 
theorem: 

When the homogeneous coordinates of a net satisfy equations 
of the form (2), the net is in 2-space; and all nets tvhose homogeneous 
coordinates satisfy the same equations (1) and (2) are projective 
transforms of one another', 

41. Temgential coordinates of a surface in 3-space. 

Let Xj ijf Zj w be the homogeneous point coordinates of a surface S 
in 3-space referred to any system of parametric curves u = const, 
v = const. Since the tangents to the parameteric curves at a point 
of the surface lie in the tangent plane to the surface at that point, 
the equation of the tangent plane must be satisfied not only by 
Xy yy Zy und Wy but also by the coordinates of any point on these 
tangents, that is by expressions of the form 




x + p 


dx 
^ 9w’ 




dx 

dv^ 


7 
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for any values of Aj, ^2 and Hence there exist four functions, 
X, Y, Zf Wj of u and v, the tangential coordinates of the surface, 
[cf. § 67] satisfying identically the three conditions 


(5) 


Xx-^-Yy-^Zz+Ww^O, 
dx ^ ^,rdx 




2a- 


dv 


0 , 


where ^ indicates the sum of four terms obtained by replacing x 
and X by y and Y; z and Z\ w and W respectively. 

In consequence of the last two we have, on differentiating 
the first, the two equations 


( 6 ) 


V 9X 
dn 





0 . 


42 . Asymptotic lines. An asymptotic line on a surface is 
characterized by the property that its osculating plane at a point 
is tangent to the surface at that ])oint [§ * 00 ]. Hence along an 

asymptotic line must equal such a function of if and r that 

the equation of the tangent plane is satisfied by fidj -f 

for all values of A, and v Icf. § 30]. Hence we must have 

0 . 


Eliminating X, Y, Z, and W from this equation and (5), we have 


(7) Ldn^ + 2Mdudo + Ndv^-- 0 , 

where 


dx 

dx 

d^x 

~du 

dv 

9?t* 


dy 

9V 

dn 

dv 

9 m* 

dz 

dz 

9*2 

du 

dv 

du^ 

^ dw 

dw 

d^w 

' dn 

do 

9 w® 


dx dx d^x ' 
^~du dv dudv 

y - 

3 




^ dx ^x d^x 
^ dll dr dv^ 
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(10) 


This is the equation of the asymptotic lines on 8. We have 
immediately the theorem [cf. § 77]: 

A necessary and sufficient condition that four functions Xj y, Zy w 
he the homogeneous jmnt coordinates of a surface referred to its 
asymptotic lines is that x, y, z, w he four linearly independent solutions 
of two partial diffeft'ential equations of the form 


( 9 ) 


du^ 

d-e 

0r 


de , , ds , ^ 


du 

96) 


dv 




We seek now the conditions upon the coefficients of equations (9) 
so that two equations (9) shall have four linearly independent 
solutions. Tt is necessary that the following condition be satisfied: 



^y]\en the above expressions are substituted, the resulting equation 
is reducible by means ot (9) to an equation of the form 


.4 

dudr dr 


0, 


where A, U. C and I) are determinate functions of the coefficients 
of (9) and their dei-ivatives. These functions must be equal to 
zero, otherwise we can have at most three linearly independent 
solutions of (9) [cf. § 40]. 

Putting them equal to zero, we obtain the four equations ot condition 


9ai 

9V 


T ‘ = 0, 

du 


9®U2 


^ax 


du^ 9?'* ' 

d%_ d% 




(h 


9*Ci I 9^2 • ^ 


-h 

9 ('2 
du 


dhi 

dv 

9r/2 

9u 


,J (,.».)+ 2 |i. = ( 


o 7 17 ^^ 1 

■ 202 —- hi— rlh-—- 

dr ^ dv dv 


7* 
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When these conditions are satisfied, the system is completely 
integrable, and as all the higher derivatives are expressible linearly 

d cc 9 cc 

in terns of a;, —, and -r — - there are four linearly inde- 

du Bv BuBv 

pendent solutions, and only four. Hence we have the theorem: 

A necessary and sufficient condition that a system (9) admit 
four linearly independent solutions is that the coefficients satisfy ( 10 ). 
All surfaces whose four point coordinates satisfy the same system (9) 
are projective transforms of one another. 

When the surface S is subjected to a polar transformation with 
respect to the quadric 
( 11 ) 

the point and tangential coordinates of S are tangential and point 
coordinates respectively of the transform 8', Since asymptotic 
lines are transformed into asymptotic lines on 8' [cf. § 84], we 
have the theorem: 

Any fmr linearly independent solutions of the system (9) are 
tangential coordinates of a surface referred to its asymptotic Ihies; 
all surfaces whose tangeyitial coordinates satisfy the same system of 
equations (9) are projective transforms of one anoihm\ 

43 . Nets in 3 -space, Point coordinates. Consider a sur¬ 
face 8 referred to any system of curves, u ~ const., v ~ const., and 
upon it a net, or conjugate system. Any point P on a tangent 
at A/ to a curve of a family of tlie net has homogeneous 
point coordinates of the form 

A necessary and sufficient condition (§ 2 ) that two families of 

curves determined by and form a net is that, as M moves 
du ou 

along the curve of the second family through it, P moves in the 
tangent plane to the surface at M, Hence the point whose 

9 ic B 00 

coordinates are of the form x-\-dx~x-\-~ dw-]- dv must 

Bu dv 

lie in the tangent plane. This gives the equation of condition 


Xdx+Ydy^Zdz^ Wdw -- 0 . 
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Combining this equation with the identities (5), we get 

(12) Ldudu-\- Mdudv)-\- Ndvdv — 0, 

where i, M and N are given by (8). This is in keeping with (7) 
which defines the asymptotic or self-conjugate directions, and could 
have been inferred directly from (7), since these dilferential equations 
in the parameters are independent of the point coordinates and 
consequently should be equivalent to the similar equations found 
when cartesian rectangular coordinates are used [cf. §§ 54, 55). 
As an immediate consequence of these observations and the results 
of [§ 56| we have: 

A necessary and safficient amdition that the curves defined hy 
Rdu^-{-2 Sdudv Tdv^ — 0 form a conjugate system is 

(13) RN+ TL — 28M = 0. 


From this result, and from (12) also, it follows that a necessary 
and sufficient condition that the parametric curves form a net is 
that M = 0. But from (8) this means merely that x, y, z and w 
are linearly independent solutions of an equation of the form (1). 
In this case the equation of the asymptotic lines is of the form 

(14) + 0, 


where r = NIL is a function of u and v. Comparing this equation 
with (7), we have in consequence of (8), 


djr 

du 

y 

z 


dv ^ du^ dv^ 


0 . 


IV 


Hence we have the theorem: 

The homogeneous point coordinates of a net in 8-space are 
simultaneous solutions of two equations of the form (1) and 


dv* 


d*e , ,de , ^.do , . 

== ^ "o'"*' + 

aw* aw dv 


(15) 
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17) 


Conversely, we shall show that two equations of the form 
(1) and (15) admit at most foui’ linearly indcpeudeiit solutions. 
In the first place in order that they admit a common solution it 
is necessary that they satisfy the condition of integrability 

d / \ d /d^ 0 \ 

dr \ dudri ” du \ 3>/‘ 


When the expression from (1) and do) are substituted, the resulting 
equation is reducible to 


(16) 

where 


d^e 


dir 


A 9*0 , 90 , 30 , 


. d . h OL J. 1/1 I / 9 - h w9log« 

- 7 - ' 7 (a 8 ? ‘ Sr 

r \ dndr dv I 

I i / 8loga M, , »,■ _ 8/1 

I r \ 9r dii dt du I 


where K is one of the invariants ot (1) (cf. I, 44). 
From (1) we have also b}^ differentiation 


(18) 

where 

(19) 


, d*e , ^ dft . ^ de , ^ „ 


A,-- 


9log0 


n - ffj V, f. 1 9*'^ 


dudr 
d^e 


Ih 


du 


\ogh(. 


Also from (15) we obtain ^ and ^ « expressed linearly in 

find r 0 r 

9 0 9 0 3*0 

terms of 0, and There remains the condition 

du dv dir 
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By means of (16) and (18) this condition is reducible to the form 


( 20 ) 


d^e 

d7i‘ 


:i+Qll+li-7..+Se 


0(9 

'0~/' 


where P, Q, B and IS are determinate functions, 
in (1) and (15) are not such that 


0, 

If the coefficients 


(21 j 


P-=(i:=rR^IS^0, 


we have a system to be satisfied similar to (1) and (2), which, as 
we saw in § 40, admits at most three linearly independent solutions. 
Hence we must have (21) satisfied, in which case the third and 

0 B 

higher derivatives in 6 are linearly expressible in terms of d, —, 

oil 

d B 0^ (9 

T a* Since all further conditions of integrability are satis- 

OV 0 71 

fied, we see that there are at most four linearly independent solutions 
of a completely integrable system of equations of the type (1) and 
(15). Accordingly we have the theorem: 

The homogeneoiif^ point voordinates of a net in S-npace satisfy 
a system of equations of the foi'm (1) and (15); iwirersely, a net 
whose coordinates satisfy such a system lies in 3-space. Any fo\ir linearly 
independent solutions of the same system of equatmis (1) and (15) 
are the homoyeneous point coordinates of a net project ice with the 
given net. 

When the expressions P, Q, B and S in (20) are calculated, 
it is found that equations (21) reduce to 


(22) 


d_A^ 

dr 


+ C\r- 


dA, 


dBi 


di 


^--t AJJ,+ a'C\ 


du 

du 


0loga 


+a 


0^ 

~dv 


d log h 
d u 


+ A,C\ + yC, + A = ~ ' + A,L\ + ft 


0 r 

dC^ 

du 




0log?> 

du 


0^1 
0 V 


+ ArD»+B,c+C7=~+A,D^+C\c. 

dll 
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When the point coordinates of a net N are cartesian, we have 
from (14) and [(40) §55] that r = D"/D. Consequently by the elimi¬ 
nation of X from the first and third of the Gauss equations [(7) § 64] 
we find that the cartesian coordinates of N satisfy an equation of 
the form (15) with 






0 . 


From (14) and [§ 82] it follows that a necessary and sufficient 
condition that N be isothermal-conjugate is that r — f7/7, where 
U and V ai^e functions of u and v alone respectively. As a con¬ 
sequence of the preceding theorem, we have: 

An isothermal-conjugate net is transformed into an isothermal- 
conjugate net hy a projective transformation. 

44 . Ray congruence and ray curves. Consider a net N 
in w-space, and the system of lines joining corresponding points 
of the first and minus first Laplace transforms of N. If this system 
of lines is to form a congruence, there must be two points of a line 
generating curves to which the line is tangent. The coordinates 
of any point are of the form + Hence it must be possible 
for u and v to vary in such a way that px\) is a linear 

function of x-i and Xx, From (III, 2, 4) we have 


f dx-1 __ 

_ d*x 

1 9*& 

dlogh 

dx-i __ 

1 du 

0M* 

b 9m* * 

du 

~dV ~ 


9 log 6 

Xi + Hx, 

dxx d^x 

1 d^a 

1 du 

du 

dr 9?’* 

a dv^ 


a log a 


dv 




9r 


where H and K are the invariants of (1). Expressing the above 
condition, we get equations of the following form to be satisfied 
by the coordinates x: 






dx alogg 


dv 


dv 




where v and <r are to be determined. 
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Equation (24) is linear in 4^ and x. If n :> 3, 

ou ov ou ov 

this equation must be satisfied by five or more linearly independent 
functions x, which is possible only when the coefficients of the 

quantities—g-,- ,x are zero. This gives Xdu — iidv = 0, which 

from (24) is seen to be impossible. 

When by means of (15), (24) is reducible to an ex¬ 
pression linear in-^-^, x. The coefficients of the latter 

^ dll' dv' 

expression must then be zero, which gives the four equations of 
condition 


(25) 


^^dn-\- /Lirdv — Oy fia' dr-\- V 0, fih'dva — 0, 

du dv 


Eliminating A, v and o' from these equations, we obtain 
Edn^+Rdudv—rKdr^= 0, 
r d^h 1 8^of , , , ,8log/> , ,,8loga 

-r—y--7- (* "f- fl —r-r 0 —r-. 

h dxi^ a di'^ du dv 

Hence the system of lines forms a congruence. Following Wilczynski*®) 
we call it the ray congruence of the net N, and the curves on 
the surface of the net defined by (26) the ray carves. Since any 
one parameter family of lines in a plane has an envelope, the 
developables of such a congruence for nets in 2-space have no 
significance. Hence we have the theorem: 

The lines joining coi'responding points of the first and minus 
first Laplace transforms of a net form a congruence only when the 
net lies in S-space. 

From (13), (14) and (26) we have the theorem of Wilczynski*®): 

Transactions of the American Mathematical Society, vol. 16 (1915), p. 318. 

*») L. c. p. 319. 


(26) 

where 

(27) U = 



106 


IV. Surfaces and congruences in 3-space 


A necessary and sufficient condition that the ray mrves for 
a net N form a net is that N have equal point invariants. 

In consequence of the fourth theorem of § 10 we have: 

The ray congrmnce of a net ivith equal point invariants is 
harmonic to the vorrespmidiny net of ray curves. 

45. Nets R, We determine the condition that the tangents 
to the curves r ~ const, of a net iV form a W congruence, that 
is the asymptotic lines on the surface of N and its minus first 
Laplace transform correspond (§ 172]. 

From (23) we have by differentiation, making use of (16), 


d^X-i 

du^ 



9log?;\ 

Ju I 


dx—i 

du 


+(i^i 


dj 

■ ^ 2) « ‘h t 1 
on 


OJ 

dr 


m 



dC, 

di( 



d log_/> 
du 


9nog6\ 

9n* / 


9*a:-i _ 9log a 9,r-i , 9*logr/ 

dr* ~ dr ~dr Tr ”9r' dr* 


If we replace x and by the linear expressions for them obtained 


from (ni, 2, 4) and then eliminate ^ - from these two equations, we 

dr 

obtain for the net W-i an equation of the form (15), whow‘ r-\ has 
the value KICi . 

From this result and (14) it follows that a necessary and 
sufficient condition that the asymptotic lines correspond on the two 

surfaces is that (7i/ == K, which by (17) is equivalent to 

*» 


(29) 


,, 9MogJ^_ dl/ 
dndv du 


In like manner a necessary and sufficient condition that the 
tangents to the curves u — const, of N form a W congruence is 

dudv dv \ r I 


(30) 


0 . 
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Tzitzeica*^) has defined an i? net to be one for which the 
tangents to the curves of both families form W congruences. 
Equations (29) and (30) are the analytical condition that be an 
E net. When these conditions are satisfied, the first of (22) reduces 

to ^ logr— 0. Hence we have the theorem of Tzitzeica: 
An R net is 'isothermal-ronjugate. 

By means of the first of equations (22) we establish the con¬ 
verse theorem due to Demoulin^®): 

If the tangents to the curves in either family of an isothermal- 
(onjugate net form a W (ongruence, it is an R net. 

Since an R net is isothermal-conjugate, the parameters can 
be chosen so that r -1. Since a and b in (1) are determined 
only to within factors, which are functions of u and v respectively, 
these can be chosen so that (29) and (30) may be replaced by 

ar du 

Hence: 

The tiro differential equations satisfied by the homogeneous point 
(oordinafes of an R net are reducible to the form 

fHog^_a_0 , ^0^ a_0 , 

dv du du dv ' 

a log a do dhgli^O . 
du du dr dv 



We return to the consideration of the net A-i. From (23) 
we have by differentiation 


_ 9losi« 9_j 

ana?' a? a« ^ a?^ ^ a?’ 


aiogA^ a log a 


+ C .r_i. 


^') Comptes Kendus, vol. 152 (1911), p. 1077. 
Comptes Rendus, vol. 153 (1911), p. 592. 
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Since r = —1, it follows from (17) that Ci— — K. Making use 
of (in, 2 , 4) and the third of ( 22 ), we find from (28) 


(33) 


d^X-1 




dv^ 


du^ 


^ dl oga dx-i , ^ dlogKh dx-i , , 
du aw dv dv~'^ " 


iCC-l, 


where c~i is a determinate function. Comparing equations (31) 
and (33), we see that N-i is an B net. Similar results hold for 
the first Laplace transform of N. Consequently: 

TJie Laplace transforms of an B net are B nets. 

Making use of the terminology of [§ 165], we have: 

If either of the first derived congruences of a IF congruence is 
a W congruence, then all of the derived congruences are IT*®). 

46 . W congruences. Let S' be a surface referred to its 
asymptotic lines « = const., ^ const. The cartesian coordinates, 
x^'^\ x^^\ x^^\ of 8 are given by the Lelieuvre formulas of the 
form f§ 79] 


(34) 


'"dcT' 


^2 

"3 1 


^2 

^3 

dP2 

9 1^3 f 


dp2 

d Ps 

dec 

dec 

8/S 



where vi, V 2 j ^8 are proportional to the direction-cosines of the 
normal to 8, such that the total curvature of 8 is given by 


(35) 


K= 


1 


(vi+vi+vir 

The functions Pi are solutions of an equation of the form 

d^e 


(36) 


dadfi 

where is a function of a and fi. 


-=Me, 


*•) Cf. Dexnoulin, 1. c., p. 691. 
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If 0i is any solution of (36), the equations [cf. § 172] 
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(37) 


9 (^1 yf) 
da 


Ot t’i 
d 6i dvi f 

da da 


9(^1 Vi) 

dfi 


0i n 

dSi dVi 

dfi dfi 


are consistent, and the functions vi are solutions of 


(38) 


/Mq 

dadfi ^dadfi \ej ■ 


The equations of the form 


(39) i'<i> — rs r 8 

define the coordinates, , of a surface Sy such that 8 and S are 
the focal surfaces of the congruence of lines joining corresponding 
points on 8 and 8; this is a W congruence, since the asymptotic 
lines are parametric on 8, Moreover, any W congruence with 8 
as a focal surface may be obtained in this way. We shall give 
this result another form. 

From (9) and the first of equations (10) it follows that the 
coordinates satisfy equations of the form 


(40) 


d^e 

9 


dcf de , . 9 ^ 9*0 _ 90 9^ 90 
da da dfi’ dfi’‘~^'^da~^ dfi dfi' 


Differentiating (34), we obtain 


(41) 


9a* 


^2 \ 

aV” 

1 

>'8 

9*?^a 9*a^,H 

’ dfi* 

1 9*^2 

aVg 

aa* aa* 

"9/9* 

dfi* 


The functions Vi satisfy three equations of the form (1) and (2). 
From (36), (40), (41) and the first, second and fifth of equations (4), 
it follows that these equations are 
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(42) 


a a* 


9y dp, 

da da 


b 


dy, 

d/3 




y>, 


d‘y, _/ aV 
dad/S^ldad/S 





d^v , 

a/J“ 


«! 


dr, ^ d^ 
da d/3 a/J 



V,. 


We write 

(43) o,f;== //y,-I-/-f-m 


and seek the conditions which /c, / and m must satisfy in order that 
this expression may satisfy equations (37) for / 1, 2, 3. By means 

of (42) we find 


(44) 


dl 


dm 

a 


0 , 


(45) 


and 


(46) 


//- 


1 

2 



e, = — 


1 / 

2 \a« 


dm 

9/S 

dm 

9/S 




+( 


. 

d cc 




drf \ 

dfir 

9cy\ 



Conversely, if I and m are any pair of solutions of (44), the 
functions k and 0i, defined by (45) satisfy (46). Furthermore, if 
equations (46) are differentiated with respect to and a respectively, 
and the resulting equations are substracted, we find that 6^ is 
a solution of the second of equations (42), in consequence of (46) 
and the equations for (42) analogous to the third and last of (4). 
Hence »«): 

The determination of the W congruences with a given focal 
surface S is equivalent to the solution of equations (44), in which ai 


Cf. Jonas, Jahresbericht der deutschen Mathematiker-Vereinigung, vol. 29 
(1920), p. 52. 
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and h are the functions appearing in the equations (40) of the sur¬ 
face; when a pair of solutions is Imown^ the coordinates of the 
other focal surfaie of the congruence are given hy 


(47) 


r(0 


./<'>+ 2 


da 


dm 

dti 


di 

da 


— I 


d^ 


— m 


da 


-j- m 


9/J 


This expression follows from (39), (43), (45) and (34). 

47 . R surfaces. In § 45 we established the conditions to be 
satisfied by a net N in order that it be .in R net. A surface is 
said to be an R snrfaie when it contains an R net. In this section 
we establish an analytical characterization of R surfaces. 

Let S be a surface referred to its asymptotic lines a = const., 
jS - const. Its cartesian coordinates satisfy equations of the form (40). 
Any isothermal-conjufj:.'ite system ol curves on Sis, defined by [cf. § 821 

(48) A{a) + B(/3), f — 


when A and B are arbitrary luiictions of « and respectively. 
If we effect the tran.>tormation of vaiiables (48), equations (40) 
become 


dH 

dti^ ar^ 


(A'4 L) g" +{M+A’) 


dO 

dr' 


where 


dudv 


I (K-L) 


de 

du 


+ 


1 

2 


(j/—A) 


do 

dr’ 


K=^ 

M= 


2 4'* \0« 

i 

i 4.'* \9a 


A'+ 

A'—bir—A"^, 




the primes indicating differentiation. 

From (31) it follows that a necessary and sufficient condition 
that the net of parameters u and r be an R net is that 

4 (A-L), (M-AT) = (Jlf+A), 

017 0?l OV OU 
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or in terms a and ^ 

1 dK IdL 1 dM . 1 

dfi A' da B' dfi A' da 

Substituting the above expressions for K, L, M, we are brought 
to the single condition 

( 49 ) ^*11 b = +A'A''ch»^). 

op oa 

Since the quadrics are characterized by the condition that 
= we have the theorem*®): 

Every isothermal-conjugate net on a quadric is an B net. 

If the condition (49) is satisfied fo£^ two sets of functions 
Ay B and Axy Bx, it is satisfied also by Ay By where 

A!^^A!^+hAx\ 

Zr being a constant. Hence we have the theorem of Demoulin**): 

If a surface is an R surface in two waySy it is an B surface 
in an infinity of ways; that is an infinity of nets B lie upon it. 

If the condition (49) is satisfied by a surface, the parameters 
of the asymptotic lines can be chosen so that B ~ 

Consequently: 

A necessary and sufficient condition that a surface he an B 
surjace is that its cartesian coordinates satisfy equations of the form 

9 ^ dB , dip dd 
d^'da 

dip dB , dfp dB 
Jfi 'd'a'^~dj~dfi' 

When the conditions (10) are applied to (50) we obtain the equations 
to be satisfied by and ipy whose solution gives the complete 
determination of B surfaces. 

®‘) Of. Demoulin, Comptes Rendus, vol. 153 (1911), p. 799. 

Of. Bianchi, Rendiconti dei Lincei, ser. 5, vol. 22^, (1913), p. 5. 

«’) L. c. 




48. R congruenceB. Tran8forma.tious 0i. 
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F’or this case equations (44) become 


i)/' &U' 

M 8/* 


0 . 


dw __ ^ 

da da 


of which a solution is I - m — Making use of (45), the 
equation (4*3) becomes in this case 


(51) 


[gNv+'")- 


d_v, 

da 


dVf 


48. /? Congruences. Transformations By definition 
the IF congiuence of tangents to the curves of either family of 
an 7f net is an H (onynanm. In this section we show that when 
an B sui’tacc is known, a congruence B can be found by quadratures, 
whose lines an* i)ai*allel to the normals to the given surface 
Kquations (50) can be written 




do 

9 



de 

' da f 

da 

9/?' 

9/* 

d/3l 


d a 


Henc(' it we put 


(53) 


d 

da ' 

l—’l, 

3 r''* 

2,-? 

9/* 

we iiavc 





(54) 

da 


9 / 

9« 

9 V’- 

, dll' 

9 ^' 


Diflerentiating these equations with respect to and a respectively, 
we find that 


(55) 


Sad/3 ' ® da8/3 


dad/S 




'**) Deinouliii, Comptes Rcudus, vol.ir)3 (1011), p. 798, also, Jonas, 1. e., pp.G7 
et seij. 


« 
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Since equations (54) may be written in the form (37) witli replaced 
by and by iy., it follows tliat the surfaces and ^ of 
coordinates and given by equations of the form (34) in and 
analogously to (39) by equations of the form 


(56) 


wi) - 




are the focal siu'faces of a IF congi*ucnce /’. In consequence of 
(53) we have 


2; (?»'>—§>')) 


0a 




0 


- 0. 


Consequently the lines of the IF congiaience arc parallel to th(‘ 
normals to the given B surface. 

From (53) we have 


(57) 


n,=- 




0J-^> 

a’a 


0,5 I 


It we differentiate this equation with r('sp(H*t to a and /5 and add 
the resulting equations, we find in consequenc(‘ of (50) and (53) 


(58) 




.f+ 


0^ 1 

d/S 2 


2 


('onii)aring this result with an equation analogous to (43) \vritten 


(o!t) 




^dij 


df 


we see that I — fi, and hence from equations analogous to (44) 
and (49) it follows that is an li surface, and consequently the 
congruence F is JK. Moreover, from (53) it is seen that the normals 
to ^ and are parallel to the tangents to the curves of the R net 
a —fi const., a 4-/5 const, on S* 

The equations for 2’ analogous to (50) for S are obtained from 
(50) by replacing y and ip by functions yi and i/A, where I —n 
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as follows from equations analogous to (44). From (58) and equations 
similar to (51), we find that yi can be chosen so that 

+ + y+ 0. 


Also from (54) we have that ~ e Hence equations (53) can 
be written 

'^1 %) 


.fpi 






Suppose conversely that we have an R congnience for which 
one ot the focal surfaces is aV whose point coordinates satisfy (50), 
and for which the functions are given by (51). In consequence 
of (37) and (51), the equations 


d(c 




^ ijf) 


d^> 




are consistent, and are solutions ot 


a^^ 


a 

da 


(log<^i— 


oH 

da 


dH 

c a a /? ’ 


aiog3_ , _f) 

dfi da dfi 


(logf^r-V —«/') 


a_6i 

dfi' 


Hence aie the coordinates of a surface //. 

Accordingly we have the theorem of Demoulin: 

Wlim cm R st(iJa(o fs known, an a.^MwiaM R compiienve <an 
he found hy quadratures, and eonrersdij: the lines of the compnience 
are parallel to the normuU of the ast>oviated R surface, and the 
normals to the Jocal surfaces of the eongruenco are parallel to the 
tangents to the R net on the R surface, 

Demoulin has called this reciprocal relation a tranfm mation 6»i. 
49. Reciprocally derived nets. Transformations W of 
nets R, In § 11 we remarked that if and are solutions of 
the point equation 

d^e ^ a_lo^a ^ , ^og^> a^ 
dudv dr dll du dr 


m 
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of the cartesian coordinates, of a net N(r)j they determine a derived 
net N(1) of iV, whose coordinates are given by equations of the fom 


( 61 ) 


where 







d i 
d r' 



3 0 , 

)■ 

1 

|o. 

df)i 


' ^ d?' 

- dt 

/ 

1 ■ 

dll 

df( ’ 


dll 

8 0 , 

di 

dOs 
d i 

8 0 , 
9 H 

• 



From these equations we ha^e 


(HH) 


dK 


d6^ 

'> a, 


8^3 d». 


Ordinarily A' is not a deiived net of A. W'hen it i^. we s.i} 
that A" and A" aie teapiocalJn deined Jt A’ and A are 

reciprocally derived nets, the tangents planes at corresponding points. 
M and A/, must pass through M _and M respectively. Hence the 
surfaces. S and A, on which A'and A^lie aie the focal surfaces of the 
congTueiice (i of lines MM. Smce the lines of G aie not tangents to 
the curves of A’ or A", theie exist U])on A and S coiresponding nets 
to w^hich these lines are tangent, namely the focal nets. (Consequently 
S and S are surfaces in 3-space (§ 3). and since two nets on S 
correspond to tw^o nets on S. the asymptotic lines coirespond on 
aS and iS. Hence G is a Tf congruence. 

Since and ai-e solutions ot (60), wt have iiom (62) 


du 

aiogrt 1, /8*o, 

8/ /\8«* 

80. _ 
8 1 

fJ^O^ 

8«* 

8 0, i 

8( /' 




dp 

3log(( , 1 /„ n®0s 

-p d, './r‘8,*- 

<:■) 

l> 

/do. 

9-^1 

0 Hi 

8*03 

df ~ 

! 

' dll 

9/* 

dti 

86-*' 

- 

8l0gi , 1 j 8*0, 

^ dti +.yr8«“ 


1- 

/cO, 

9-192 

9 H^ 

8*0, 

du 


' / 

\ 8/ 

9?r 

9 1 

8»«* 

di 

1 , 4. 0 /d*«s 

^ d?i /Uv 

! 9^1 
du 

8*0, 

8/'* 

8« /' 





Cf Tzitzeica, Comptei Kendus, vol V)Q (1913), p fiOfi 
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With the aid of those Pxi>ressions we .show that the point equation 
of N is 

dnhr 


m) 


^ , of) c , do 
,, ]ofi;ap . -f , lofi; Iff/ ^ . 
or f)?f OH ^ 9r 


(Ht)) 


If jV is to b(‘ a (lorivod net of A', we must have 

d.r 


j .Lp j q 

' ^ dH ' ^ 


dr' 


and the point ecpiation of A' is, analogously to ( 6 . 0 ), 
(67) 


d^O 
dff d r 


d , bO , d , , do 

a„+i, 


Comi)aring this equation with (60), we have 

(6S) pp T7, qq r, 

where I' and V are I unctions of k and r alone. From (61) and ( 66 ) 
it is seen that the j)aranioters can be chosen so that 


(60) 


PP q(l 


where r is a constant. 

When the expression (61) for ./ is substituted in ( 66 ), th(‘ result 
is reducible' to 


(70) 
Avhei’(‘ 

(71) 


9 -./ d\r 

d 9 r- 


, d,r , d.r 

a ^ . 

dti dr 


9 log// 


-// 


+ H- 

, I . 0log(/ 

+ - 9 -;- 


+(;+;;) 


9logee , 1 0 /> 
dr '^'q dr' 


e;\ ^iog6 , 1 dq 
pi dn p dn* 


Hy means of (64) equations (71) are reducible to 


a/)2 


+ 

d^o, 

, dO, 



1 9”»2 

+ 

8 *«s 

, dfh 

dr 

\'9u* 


dH ' 

ae 

(s,,- 

&e - 

du 

dOi 

/S*(9, 

1 

dH, 


-•»i) 

dOi 

|8*fls 

1 

8 *0i_ 

, dO, 

dn 

\ 0»* 

1 

dr^ * 

— 0 

9 r 

dn 

\ dir 

-r 

8 r* 

-'‘-dT- 


-rOi 

-cOt 
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from which it follows that 3| and Oj are solutions of 
(72) 


9“6» d*» 


9»;* 


,99 ,,,9d . „ 


111 order that equations (60) and (70) sliall admit three inde¬ 
pendent solutions, Ave must have equations (22) satisfied Avitli 
c ~ c ' 0. Wlieii we make use of these results in obtaining 
equation (20) for the system (GO) and (72), we find that P Q ~E - 0 
and consequently 8 0. But this is the last of (22) and it 

reduces to 

dh' _ ^a"log/> 

du ^ dIf dr 

Then from the first of (22) we have 

9f('_ a-iogrt 

9/ dHdr 


From the results of § 45 it follows that \ is an P in't. Avhose 
cartesian coordinates satisfy equations which can be written in 
the forms 


(73) 


dff^ ar 
dud I 


9 

du da df '()}' 

a logo 9 . a log/f 0 H 

Of Off da af * 


Now equation (72), to be satisfi(‘d by and is 

f74i 4- - 2 4 9 4-,fl 

97-* - ^ 9« -9,/+- 9T' 9, +'"• 


Since (60) and (74) satisfy the corresponding equations (22), the^ 
admit four independent solutions. 

If in (Gl) the expression (66) for j is substituted, av(* find in 
consequence of (69) and (71) that ./ is a solution of 


(75) 


^ a«6i 
aif* + ar"^ ■ 


„ a , I o 1 7 

2 


do 

ar* 


Hence N is an E net whose equations are (65) and (75). 
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In § 50 it is shown that, if 8^ and 8j are two solutions of 

(GO) and (74) independent of 0, and the functions 6^ and 

d(‘lined by 

(7G) 0, 

are solutions of (6,5), and that, moreover, the functions^ and q in 
(66) are expressible in terms of dg and in the fonn analogous 
to (62). Hence .V is a derived net of A", and consequently is 

reciprocally derived We say that N is obtained from N by 

a tramformaffotf ire Since any solution of (60) and (74) is ex¬ 
pressible linearly in terms of four independent solutions, it follows 
from the form of (62) that there are oo'» transformations Wt for 
each value of diffeient from zero, in (74). Hence; 

Auf/ lit iipf ((f/nufs of oo" transformations 11^,. Into It nets, for 
eat If vat no of the (onstant c different from 

50. Theorem of permutabiiity of transformations W, 
L('t d{ and d, be two solutions of the equation (60) and 

r)-d , d-8 alog^t dB , . a log/; dB . 

dll ~ hi- hii dll ^ dr dr ^ 

iiiid coiiNider tlie fiinctioiis (76). An;)l()!>’oiisl.v to (I, 68) wc have 

(3“0, , 1 Ide, IdSi d^ 0 ,_dj, d-es\ 

I 0 O' ' / L 9 0 ' 0 ( 8 di 0 (r ' 

_ do, idOi 0 - 0 , __ do, 8^ga\n 
0r ' 9o dii‘ dll 9/(’ / J| 

fdy, , J I 90/ / 9»3_ 9^», _ 0=‘_«s\ 

I 0c* *” . / 1 00 \ 0/' 0/‘* 0!' 0r* ^ 

_ do, Id^ 0_*«, 9*_M1) 

0/' \ 0» 9c* 00 0c*/Jj’ 

at;+(‘'-'■)«' +'4 

‘*®) Annals of Mathematics, vol. 22 (1021), p. 170; these transformations are 
given in a different form by DemouUn, Bulletin de la Olasse des Sciences, 
Academie Royale de Belgique, 1020, p. 226, and by Jonas, Jahresbericht, vol. 20 
(1020), p. ,58. 


dB, 

da 
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Differentiating the first of these equations with respect to a, we get 


9^, 

a ssS 


dO, 1 

a 

'dH [ 

dll 


CO 

du 


8?< 




Making use of the exj)ression (64) for and (76), we reduce this to 

0 t{ 


d[e, _ ds 

dv^ du 


Also we find that 


I' 


V P 
dlogb L , 


do, 

() H 


~^P I T ' 1- 


di( dr 


a o0,,d j 0 Of 

, - JOgr/n ^ + r loghq ^ . 

dr ^ ^ du OK ^ ^ a/‘ 


From the second of (77) we get 


d'^o, q alo^ 

dr^ j) dr dn 


a logy 

a r 


q dU)^hq 

j) 0 H 



h 0, 
dr ’ 


AVith the aid of (71) and (77) we obtain 

d*e^ , d% _ dlogap do, . dloghq dO, . 
aw*’'"ar*“'^ a^f dn'^^ d~r ar’*'"^" 


Hence the functions 0, determine a TFc transformation of A\ The 
coordinates of the transform N are of the form 


- » I 

•'■+» +« 


dx 

J? 


(78) 
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where (ei. J, 68) 


d.r 

ftf 


Id^j . 1 \dj IdOi 

r{-,„.-+ .1.-1 


t\dii\dv dii^ 


a <9, 

dr 

dx IdJ^ 

ar\a;( ft(^ 


de 

a?/ 


,'2: 111" 


a /• 

dv 


J a / , / a./ , dx 
- p 9»+''U^»+nr 

and 


/\*'''9r '’•drh ® 

(79)* 


^ _ 1 904 90;,_ 



U a / 

Fi’Oin 

(77) and ((>3) wc have 


1 

''r a« 9« - 


1 /« 
J r 


0e,i 

' Su I 


f)r dn 


1- 


(80) 


/ 


jC? 

dOi 

dr 

a/ 

dtf ) 

(0. 



'of^s 

' ■' 9« 

a?f /' 

i ar 

if). 

_ 

I 


r" 9, 


ar M 

i a 


a«a 

a (94 

d6s\ 

|\a» 

ar 

a?’ 

dttj 


f a /f M ® a ^ d frj 


r(h\ 


dO^ d%\ 
dt d((^l 

2/J 


djj 
~d ft 


+ <• 




. a'Oiil 

' 8?r*/j 

) ('■ S!*-*' 


d% 

()(? 




9 0,\ jd»t S% 
,dr dn‘ ' 


9 fl, d% 
dr 9((® 


L aOs „ a0,\/9e4 9*01, 9039*0411 

r 9r -9rM9» 9«* 9«9«*/])- 
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IV. Soifaces and congruences in .l-space 


By means of the above formulas equation (78) is reducible to 

* _ I >' —el/ 0j" . / 90, 30,o 1 3-'' 

•e--.e + !? g,, -«< g J+«»* 0.-«4 #») 



dH. 
’ 0r 

“ dr 


i 

— Oy 

— («» 


d^] 

1 (». 


)1 

dr ' 

dv i 

^ 9 /(■ 

■ 9/(“* 

'1 

dx 



3»i\ 

3“», 

3’«8l 

dv 

dn 

— 

s,M"‘ 

9//* 

8„-) 

— (fl« 

9 i( ^ 

d6,\ 

dtf 1 

' 9 /r 

d-0, 

9/(=“ 

)] 


+ 


»*■_' 1/^ 

d(h 

1 

_ ft 

OOy 

,\/„ 3 0, 

/i 

3«.\ 

9/(* [\ 

' 9r 

- u*2 

br 

a„ 

f7; 

' 9// ' 

Ifl 

\ ’ 9 // 


3«,\ 

dll' 

(«, 


30,1 
9 r 1 

Ir 


111 couseciiieiice ot (80) this expression is symmetrical in r and r\ 
and the paiis of functions di, 0^ and Oy. Hence the net .V can 
he obtained also by applyinj^ to X the Wc transformation deter¬ 
mined by 6^3 and and then to the resulting- net A' th(‘ trans- 
fomation determined by the functions 




"h 


In 3«« 

fl 30,1 

1 df^, 

In 30, 

n 30.1 

hO. 

V^‘ dr - 


' 9» - 

r'dii 

-"“aJ 

dr 


do, de, 'ddn de^ 


dit dr dr dit 


(/ 


irJK 


Avhich are analogous to (76). 

If c'~ c, the net A' coincides with A\ Hence if a net X is 
a transform of A' by means of functions Oy and ^ 2 , solutions 
of (60) and (72), and 0^ and di are two other solutions linearly 
independent of^ 6 >, and 6 I 2 . the functions (76) determine A" as a He 
transfomi of A\ 

A\'hen c c, we have that X is a Wc transform of N and 
a Tfe transfoim of X, Hence: 
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If N is an R nd, and and Ni are obtained from N by 
transformations M'd cf,nd Wct) there can be found directly an B net 
jV ,2 which is a transform of Ni and a We^ transform of Aj®’). 


Exercises. 

1. If ,x\ (i = 1, 2, 3, 4) satisfy equations of the fonn (9), from the first of (10) 

and the first and fourth of ( 4 ) it follows that j*!, .r.j, .rs satisfy an equation of 
the form ( 1 ) with equal invariants. Hence the projection from a point upon 
any plane of the asymptotic lines of a surface is a plane net with equal point 
invai’iants. Koenigs, Comptes Rendus, vol. 114(1892), p. 55. 

2. If .r,, /•«. .r., are the coordinates of a planar net satisfying equations (2) and 

_9 logo- 9^ 91og<r dd 

diidr 9r 9 m 9m dr ’ 

the equations 


1 / 

9./. 

9.ra \ 

^.Vi 1 

1 h.x, 



9 m 

''' 9m /* 

9r “ 

|a*2 ^ 

\ a r 



are consistent. In like manner we obtain by quadratures two functions f/i and 
by permuting the subscripts of the .rs cyclicly. 81iow that the function 


« 4 — .Jf 1 //l + I't Ih + ' 3 .V’S 


satisfies equations (2). Hence u, (/ = 1, 2, 3. 4) are the coordinates of a surface iS’ 
referred to its asymptotic liucN. Annals, vol. 18 (1917), p. 224. 

3. The functioiH //i, — 1 in Ex. 2 are the homogeneous point coor¬ 

dinates oi the a>ymptotic lincd of a surface which is the polar*reciprocal of S 
with respect to the quadric a 'f 4-*^! + >3 -r.<i = Annals, 1. c., p. 225. 

4. A necessary and .sufficient condition that the surface 8 ' who.se coordinates 
satisfy (9) be a ruled surface is that Ut “ 0 or hx — 0; in this case the curves 
u = const, or r = const, arc straight lines. 

5. It in accordance with the first of (10) we put Oj - 2 o , 

^ 9 m dr 

then the coordinates jr' - j*//. satisfy equations of the fonn 


dy 

a tr 


de 

'9r 






de 

M2o“ 

9m 




called h.> Wilczyii.ski the canonical form of ( 9 ). Trans., vol. 8 (1907), p. 247. 

6 . Let S be a ruled surface for wdiich m = const, are the straight lines and 
the equations are in the canonical fonn (Kx. 5). Now at -- 0, and from (10) we 
9 Ca 

have g The tangents to the curved asymptotic lines at points of a generator 

H — con.st. form a ruled surface i?„ whose coordinates are given by 

, dx 

•<' = ’"+0V 

®^) Annals, 1. c., p. 172. 
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TV. Surfaces and congrueucos in 3-8pace 


It is readily found that the y's satisfy the equations 


r)’ 1 / 
dv^ 




d\y 

dtr^ 


- 0 . 


Hence JB„ is a quadric, whicli osculates along the given generator. 

7. If two surfaces S and iS in 3-si»ace are so related that each net on S is 
a radial transform of a net on 8, then 

d ' 

where a^, d are coinitants. 

8 . If two parallel nets ia 3-!s])ace have ar(‘as preserved, the total curvature 
is the same at corresponding points. 

Guiehard, (\miptes Uendiis. vol. 136, p. Inl. 

9. The focal points of n ray congruence are given hy ^ + where 
Kk^-i-RXpL — rBfj.^ — 0: they are the intersections of the lines of Die con¬ 
gruence and the tangents to the curves 


7\ dR di( d c — rff d r‘-' (). 

10. A necessaiy and suftieient condition that the taiments to the ray curves 
of a net N pass through the corresponding focal points of the ray congruence 
is that V have equal point invariants. 

Dreen, Amer. Jouni., vol. 38 (1316), p. 313. 

11. Let N be a net with equal points invariants on a surface 8’ and .Vo its 

associate net on a surface So (S 25): also let ^ and A’,, be the surfaces corre¬ 
sponding with orthogonality of linear elements to S and So as determineil hy No 
and N respectively [§ 157]. If N\ is a K transform of X, it is possible to place the 
associate, iVio, of Ni so that No and iVio are in relation K (II. Ex. 18). These nets 
determine surfaces and ^lo corresponding to S\ and Nio hy orthogonalit,^ of 
linear elements. Show that the pairs of surfaces A’l; N, 2',, and^m^i are 

the focal surfaces of W congruences: that is the K transformation from X intf) .Vi 
determines a quatern of IT congruences. Trans., vol. 1.5 (1314), p. 415. 

12. Four nets X, .Vi, .Y12 forming a quatern undi'r traii-sfonnations I\ 
determine twelve W congruences, forming six quatems. Trans. 1. c., p. 41(). 

13. The focal nets of the congruence of normals to a surface of constant 
curvature are M nets. Tzitzeica, (/omptes liendus, vol. 152 (1311), p. 1078. 

14. The lines of curvature of a surface of constant curvature and tlie normals 
to the surface are in relation 61 . Hemoulin, Comptes Rendus, vol. 153 (1911), ji. 79H. 

15. An isothermal orthogonal system on a sphere and the normals to the 

minimal surface, whose lines of curvature admit this system 'for spherical 
representation, are in relation Oi. Demoulin, 1. c. 

16. An H net JV admits parallel nets detenuining congruences G of trans¬ 
formations F of N into R nets Ni ; when such a parallel net is known, each 
tjolution 0 of equations (60) and (74) detines a transform Ni. 

Annals, vol. 22 (1921), p. 176. 
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17. If A''is au H net, and N\ and A 2 are two F transforms of AT by means 

of functions 0i and 6 ^ whicli are solutions of equations (60) and (74) for the same 
constant c, all of the oo* nets Na which are F transforms of Ki and A* (§ 21) 
are F nets and their determination requires two quadratures; when the constant c 
in ( 74 ) is different for 6 \ and 6 I 2 , there is a uni(jue net A ^2 whicli is an R net and 
it can be found without quadratures. Annals, vol. 22 (1921), p. 178. 

18. If N ih a W transform oi au R net N by means of solutions 6 \ and 6 ^ 
of equations (60) and (74), and A’a is an R net, which is an F transform of N 
by means of a solution Si of (60) and (74) with c rejilaced by c\ there can be found 
directly a unique net Nn which is a W trans^rra of Ns and an F transform 
of when c =- r', there are such nets obtained by two quadratures. 

Annals, vol. 22 (1921), p. 181. 

19. From the equation (15) of a net N(x) on a surface S it follows that 
3 ^./ , a' dj 


the point of coordinates 


9 «- r 


dn 


lies on the intersection I of the oscu¬ 


lating planes of the curves of N at the corresponding point. This line generates 
a congruence whose focal points are determined by functions X and p such that 
d(Xx-i-/Jz) is a linear functions ot r and z. Proceeding as in 44, we show 
that the d(*v('loi)able.^ of the congi'uence are determined by the equation 


(i) 


(• ( <l m'^+ <1II il r — I " ’ : 


: 0. 


where H is given bj (271. I’lic cune^ on S defined b\ (i) are called the axia 
curves and the congruence the ncift cnngnieuce of A’. By means of (22) equation (i) 
may be written 

(ii) }'(\ dir j- H (In dc — t —/i-)~r(’i— ^ log d= 0 . 

Wilezynski, Trans., vol. 16 (1915;, p. .016; 

Green. Amer. Joiini., vol. 38 (1916), p. .008. 

20. A nece&sary and sufficient condition that the axis curve‘< form a con¬ 
jugate system is 

H — A — o ^ = 0. 

0 u 0 r 

Green, 1. c., p. 311. 

21. When a net has equal point invariants and is isothermal-conjugate, the 
ray curves and the axis curves form nets, and conversely. 

Green, 1. c., p. 321, 

22. When a net is subjected to a polar reciprocation the axis and ray con¬ 
gruences are interchanged. Wilezynski, 1. c., p. 317. 

23. Show that at any point on a surface S the tangents to the two systems 
of curves defined by the equations 

a\ d 2 b\ (I u d c + Ci d -- 0, 
fti d ?r-f- 2 du dr -j- Csdr^ =- 0, 
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are separated harmonically by the tangents to the curves of the system defined by 

ai du + bi dVy bidu-^-ad r 
Otdu’^btdr, b^du-^ Ctdv 

24. If the parametric curves on a surface /lS* fonn a net N with equations 
(1) end (15), the curves defined by 

dw* — r 0 

form a net, whose tangents at a point separate harmonically the tangents ot N 
and the asymptotic tangents. 

25. A necessary and sufficient condition that a net .V(/) on a surface be 

0 ^ 

isothermal-conjugate, that is ^ ^ log r = 0, is that the tangents to the axis 

curves, the curves defined by Ex. 24 and the curves defined hy H du?— li du dv 
— rKdv^=0 be pairs of the same involution, provided that the double lines of 
the involution are not the tangents of the net. 

Green, Amer. Joum., vol. 38 (1916), p. 323. 
Wilezynski, Amer. Joum., vol. 42 (1920). p. 216. 




Chapter V. 

Transformations IV Congruences. 

51. Tangential coordinates of a net. Laplace trans¬ 
forms in tangential coordinates. In (§ 84] we found that 
a necessary and sufficient condition that the parametric curves on 
a surface in 3-space form a net is that tlie tangential coordinates 
A\ Z, TC satisfy a Laplace equation 

0 log« 9^- I 9log/5 9A . 

^ 'bufr 


From 122, § 66 ] and [34, § 67] it follows that the tangential coor¬ 
dinates satisfy also the equation 


m 


0*A 

0r* 


/ 9A , dl , ,3 


where in terns of the spherical representation of the net 

/>" , 1221' jlll' (221' (111' 

( 6 ) y _ - 1 ] I - r , J J , /» V> f “ I 2 r 


{'onvcrsely, if two equations of the form ( 1 ) and ( 2 ) admit 
four lit^early independent solutions, the latter may be taken as 
the tangential coordinates of a net iV, whose homogeneous point 
coordinates ,/*, ?/, w are given directly by the equations 


(4) 


2xj 


0 , 

’ du 


_ ypdX 


We have also the following theorem analogous to the thii’d theorem 
of § 43: 



128 


V. Transformations W congruences 


Any four linearly independent solutionis of equations (1) and (2) 
are the tangential coordinates of a net which is a projective trans¬ 
form of the given net N. 

We call (1) the tangmtial equation of the net A'. If this 
equation has equal invariants, we say that the net has equal tangen¬ 
tial invariants. 

The homogeneous point coordinates ./,//, z, w and the tangential 
coordinates X, y, Zj of a net in 3-si)ace, satisfy respectively 
« equations (IV, 1) and (1), and also the relations (TV, 5). If the 
' second and third of the latter be diherontiated with r(\spect to 
V and i\ we have accordingly 


(5) 


^ du^ dn dll 


0 . 




9 A' dj 
du dr 


0 , 


2’ 


^A' 9/ 
9 / dit 



+2 


9A' 9./ 
dr df 


0 . 


0. 


From the first and last of (5) we have in consequence of (IV, 5) 


( 6 ) 


9 A 9./ d X dj 

^~dr dt du du 


When the ^econd and third of (5) are differentiated with 
respect to r and u resi)ectively, the resulting equations are reducible 
by means of (1) and (5) to 


* (7) 




y\ 

du I dr- 
9loga \ 9^ 
dr ^1 9 ?/* 


0 , 

0 . 


The minus first and first Laplace transforms of equation (1) 
are given by 


(8) 


9X _ dlogfi 
■ ’ du du 


9A^_9log« , 

9r 9r“ ' 
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From § 30, (6) and (7) we have 




Xx 

dxi 


0 , 


Z^iX-i=0, 








Hence we have the theorem: 

When the Laplace transformations are applied to the tangential 
coordinates of a net N, the resulting functions are the tangential 
coordinates of the Laplace transforms of N, but in opposite sense. 

52 . Transformations F in tangential coordinates. 
Since the analytical processes of § 37 are independent of their 
geometrical interpretation, it follows that if A is a solution of (1) 
and p a solution of its adjoint, namely 


(9) 


9V 

dudv 


d logQg dp 
dv du 


9 log/d dp 
du dv 



9* 

dudv 





there exist two functions t and defined to within additive con¬ 
stants by 


( 10 ) 


3r , 3 , . 3* 3,1 


du 


= —kp 



da 2 9 , 


Consider now a net N with tangential coordinates Z, F, Z, W 
satisfying (1). Then the functions Xi, Yi, Zi, Ifi, given by quadra¬ 
tures of the form 


( 11 ) 


9Zi _ -_9_^ IX\ aZi 9 (X\ 

du ^ du\kj^ dv ^ dv \ ^ 


(which are consistent in consequence of (10)) satisfy the equation 

a*Ai . a a 


( 12 ) 


dudv 


, k dki . t d . k dki 


9 
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V. Transfomatioiis Q, W congfaences 


and consequently are tangential coordinates of a net Ni* It is our 
purpose to show that N and Nt are in the relation jF, and further¬ 
more to find A in terms of the functions defining the transformation 
when and -A^iare given in terms of homogeneous point coordinates, 
X and Xi. 

On the supposition that N and are in the relation F, their 
homogeneous point coordinates are related as in (III, 65). Necessarily 
we must have 

(13) = 


which in consequence of (111,65) and (11) lead to 


dX 

d log A _ dti 

From (III, 60,65) it follows that 


d lo^ 

Yr~ 


• 




Zxi“- = o. 

^ dv 


Hence, to within a constant factor, the integral of the above 
equations is 

In consequence of (5) we have by differentiation 

9A_ dX dX _9*A _ d^X 

SO that A is a solution of (1). From (III, 65) it follows that 
(14) i=^ZyX=^Zz^- 


The analogues of equations (HI, 65) are 

Xt = -STi—4- 


(15) 
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These functions Xj, and Xt satisfy the equations 


(16) 




9u 

dXt 




V ^ 1 ^ 

8» 

We must have also 


eXi 

dv 

dXt 

dv 


^ 9 , X 

X/i-^logMcc. 


(17) 


ZXi 


\r ^ ■^'l 

du 


0, Zx. 


8i; 


0 , 


which by means of (III, 60) and (15) are reducible to 

dx ^ dx 


8 log (9 
du 


yx^ 

Zx\x 


9logd 




dv 


ZXto 


iX 


From these we find that we may take 
(18) «=^ZXiX=-ZXiJc. 


Moreover, this expression for S satisfies equation (III, 1). 

As a consequence of (13) and (17) we have that^AiXi is 

a constant. However, we wish it to be equal to zero. Substituting 

from (III, 65) and (15), we find with the aid of (14) and (18) that 

this is accomplished, if the additive constants of integration 

of 7 and or are chosen so that 


r+-^-ZyX^ = o, 
a+a—ZzXi=^ 0. 

Thus we have established that the net Ki whose tangential 
coordinates are given by (11) is in the relation F with iV. More¬ 
over, when the transformation is given in point coordinates, the 
functions A and follow from (14), (11) and (10); and conversely, 
when the transformation is defined in terms of tangential coordinates. 

In consequence of (HI, 65) and (15) the expressions for A and S 
can be given also the forms 

(20) A e =ZXiX. 


(19) 


9 * 
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y. Transformations Q. W congruences 


By making use of the results of § 39, we can obtain the 
equations of the theorem of permutability of transformations F 
from the standpoint of tangential coordinates. The functions Aj, 
andAsi must satisfy 


du 




9 

dv 




= 1, 2, i 


The functions Cis, 0 * 21 , ruj are given by 


( 21 ) 


Ao A< 


tiXit - ^2^21- 


-2 ^21^1 


Ai A^ 


12^2 


'^12^21> 


— — _ — — _ ‘^2^210^1 I AiAia<T2 - . 

O iff 12 - ff 2<^21 - ^ I 3 ^12^2 


and the tangential coordinates X 12 of iVi 2 are of the form 


( 22 ) 


A^ Ajg X12 — Ag Ag^ Xi " 4 " Aj Aj^g X2 — ^12 ^21 


If equations similar to (20) are to be satisfied, we must have 

f ^ 2 X 1 X 2 ^ 21 1 

l ^^X2Xi2 ~^X2Xx ^12. 

When these equations are differentiated, we find that the resulting 
equations are satisfied in virtue of the preceding formulas. Also 
we find that 0 : 12 , given by (III; 76), and X 12 given by (22) satisfy 
the condition ^Xi 2 X 12 = 0. Hence we may take Ajg and Agj as 
just given. 

Equations similar to (III, 65/ and (15) are 


yij = xij—--^xi, 
ffij 


Zij == Xij ■ 




0: 


Xi, 


IJ 

^1. ij = ^ij - F ij = ^ Xi, 

^ij A,ij 


ihj 1> 2, 


From these equations, (20) and (23) we obtain 

ij Vij "^ij iJ 0, iJ Zij ffij ffij = 0. 
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Consequently when In and have the values (23), the expressions 
(22) are the tangential coordinates of whose point coordinates 
are given by (III, 76). From the form of (22) we are led at once 
to the theorem of § 23, namely: 

When N, Ni, N 2 aud Nnform d qiiatern undei* transformations F 
four corresponding tangent planes meet in a point 

When the point coordinates are cartesian, we make use of 
the preceding results by taking w = —1, and assuming that X 
F, Z are direction-cosines. Then we have 

(24) Xx+Yy + Zz==Wy 

so that W is the distance of the tangent plane from the origin. 

From (in, 60) and (II, 20) we have in this case Wi = &le 
and in the formulas of Chapter 3 must be replaced by — 
so as to obtain formulas of Chapter 2. From these results, (II, 2) 
and (20) we have h = ^Xx' ®®), so that 1 is the distance from 
the origin to the tangent plane to the net N' determining the 
conjugate congruence of the transformation. If we call it w and 
denote by w~^ the corresponding tangential coordinate of M, 
parallel to JVi, and determining the same congruence, we have 

(25) l=2Xx'=tv, ^Xix[ — w'~^f 


where Zi, Fi, Zi are the direction-cosines of the normal to Ni. 
If Wi denotes the other tangential coordinate of Ni, we can write 
(11) in the form 


(26) 


(27) 


d 1 Xr d IX\ 

du / * dll \wl’ 

8 IX\ 
8v 

II 

8 / \ 8 IW\ 

8 1 W,\ 

_ _ 9 

du \w^^J ^ du 

' 1 

^ dv 

i this case equations (15) 

become 



z,- - 

-X 
^ . 


-^8- 

W ^ 

0 • 

w 


When we are dealing with cartesian coordinates, the symbol S denotes 
the sum of the terms in x, y aud z. 
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V. Transfomations Q. W congruencea 


From these expressions it follows that if « denotes the angle be¬ 
tween the tangent planes of N and iVi, a necessary and sufficient 
condition that the harmonic' congruence of the transformation be 
normal is that 

(28) — ww~^ cost(7+5) +0. 


53 . Transformations n of nets with equal tangential 
invariants. From (15) it follows that a necessary and sufficient 
condition that the focal planes of the harmonic congruence of the 
transformation be harmonic with respect to the tangent planes to 
N and Ni is that (cf. V, Ex. 8) 

i: + =0. 


In this case we have from (10) 


a 

du 


1 1* ^ ^ 



d 

a?; 


log a. 


Recalling that « and are determined only to within factors which 
are respectively functions of u alone and v alone, we see that in 
all generality the tangential equation (1) can in this case be WTitten 


(29) 


9*^ ,1 9iog yy I diog y Q =-. 0. 

dudv dj; du ' du ' dv ' 


If we put ~ —2 ^m;, w being the solution of (29) determining 
the transformation, equations (10) can be integi'ated in the form 


(30) T ~ —cr == — 

Now the tangential equation of Nt is 


(31) 


dn, 

dudv 


‘A iQg -^log V^QIV^— 

dv ^ ^ du du ^ dv 


0 . 


Thus the tangential equations of both N and have equal invariants. 
We say that N and Nx are in the relation of a transformation i2®*). 

Bendiconti di Palenno, vol. 39 (1915), p. 161; cf. also Demoulin, Bull. 
Acad, de Belgique, 1919, p. 273. 
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If we put 


& = IVq, 


» 


V^qw' 


equations (29) and (31) are transformed into 

^ \ = ^ J_W 

dudv \l/^ 9„0i; aM8t> V dudv Vqwi’ 

These equations are satisfied respectively by 


(32) 


Vi=^v qX, Vi—Vq Y, V) =- V qZ, 

Xy Y, Zy 

\'^u' 


Vqu’ Vqw' 

In terms of these functions equations (11) are reducible to 


(33) 


9 , i. 9i> \ 

(v ,>) =- ~ —L — v — , 

au^' ’ \ an ‘an/ 


(i -- L2. 3). 


Since 'N has equal tangential invariants^ its spherical represen¬ 
tation is the spherical representation also of the asymptotic lines 
on a surface J whose point coordinates, S, £, are given by the 
Lelieuvre formulas [§ 79J, namely 


__ dt^s 9 ? 

9m ^^ 9m ^* 9m ^ 9r 


9 , 9 t's 

■”* ar +"*-a7- 


Similar equations in the functions give the point coordinates 
Si, Cl, of a surface with the same spherical representation 
of its asymptotic lines as the curves of the net Moreover, 
equations (33) express the condition that 2 and 2i are the focal 
surfaces of a TT congruence [§ 172]. The surfaces 2 and ^i are 
associate to the respective nets A" and A\ [§ 155]. 
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V. TransfonnationB Q. W oongraeaeeB 


From the theory of W congruences [§ 172] it follows that if 
X, T, Z and Xi, Yi, Zi are direction-cosines of the normals to 2 


and ^ 1 , then 
(34) 


V, = VqX, 


Vl- 


VqxXu 


where — 1/$* and — VqI are the Gaussian total curvatures of S and 
respectively. Prom these expressions, (26) and (32), we have 


(35) 


M) * = 




Hence equations (26) become 


A ( g), A ( g) 


and we have the theorem: 

Each solution w of the tangential equation of a net with equal 
tangential invariants leads hy quadratures (36) to the determination 
of a net Ni which is an Si transform of N. 

From [72, § 172] we have that the coordinates of the surface 2^ 
associate to Ni are given by equations of the form 

(37) ?, = ? + - ZY). 

In [§ 172] it is shown that direction-parameters of the normals 
to the focal surfaces of any W congruence satisfy equations of the 
form (33). Since these are of the form ( 11 ) with 7+^ — 0, 
we have 

Jf two nets N and Ni with equal tangential invariants are in 
relation F, and if the surfaces 2 and 2^ with the same spherical 
representation of their asymptotic lines as the curves of N and Ni 
respectively can he so placed in space that they are the focal surfaces 
of a W conyruence, then N and Ni are in relation Si, 

54 . Theorems of permutability of transformations Si 
and of W congruences. Let be a net with equal tangential 
invariants, and Ni and be Si transforms of N by means of 
solutions Wi and w^ of equation ( 1 ). 
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(38) 


The functions Wtt and wn defined by the quadratures 


d 

du 

J 

0 




{i,j = 1,2, 


are evidently solutions of the tangential equations of Ni and 
respectively. It is clear that taj as thus defined is determined to 

Ci 

Within the additive function —. The constants a can be 

y QQiWi 

chosen so that there are oo^ pairs of functions wn and W 21 satisfying 

the condition _ 

( 39 ) y QQi Wi Wii-\-yQQ2 W 2 ^21 “ 9 ^®). 


By applying the results of § 52 we shall show that each pair of 
functions determines a net which is an Q transform of Ni 
and Ni, In fact, the tangential coordinates Xn, Yu, Zu, Wu of 
Nu are given by Jhe following equations analogous to (22): 


(40) 

where 


(41) fts = Q 


h 


_ 2 cos cos + 2 -M. 

W12 wh tvii W21 Wu Wii 


Zxt z.) 


It is readily shown that, in consequence of (36) and (39), the 
functions (40) satisfy the equations 


(42) 


Xii) 


» ^ \ 

fc): 


(i,J= 1,2, j+y). 


Hence we have established the theorem: 

If N has equal tangential invariants, and Ni and N 2 are two 
transforms of N, by a quadrature we can find 00 ^ nets Nu, which 
are Si transforms of N and Ni, 


The reason for this choice is to be found in (21). 
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If 2, 2i and 2, are the surfaces associate to N, Ni and JV* 
so that 2 and 2^ are the focal surfaces of a Tf congruence, and 
also 2 and 2^, the associate 2it of a net Nit can be so placed in 
space that 2t and 5i* are focal surfaces of a TT congruence, and 
likewise 2t and Prom equations analogous to (34) and (37) 
we have for the coordinates, I,*, fin, fu, of 

(43) (Yi Zt —Yt Zi). 


Hence we have the theorem of Bianchi^^): 

If 2 and 2^ are focal surfaces of a W congnimce and 2 and 2^ 
of a second W congmefncej there can he found hy quadratures an 
infinity of surfaces 2 i 2 such that and ^la are focal surfaces of 
a W congruence, and likewise and -la. 

55 . Nets permanent in deformation. When the hannonic 
congruence of a transformation Q is normal, the focal planes of the 
congruence are perpendicular, and consequently the angles between 
the tangent planes of the nets N and Ni are bisected by these 
focal planes. Now from (28), (30) and (35) we have q = ^ 1 . Hence: 

A necessary and sufficient conditum that the harmonic con- 
p'uence of a transformation Si be normal is that the associate 
smfaces 2 and 2^ of N and Ni have the same total curvature at 
corresponding points; moreovo', the focal planes of the congruence 
bisect the angles between the tangent planes of N and Ni, 

H Q = Qu we have from (34) 


(44) 


'^Vivi = QCOSe, 




Multiplying the first of (33) by y, and summing; and also by r. and 
summing, we get 


-i; 


d7i 


1 9^ 


2 du 


- + ^(cOSff — 1) 


9 logi> 
du' ' 





- cos s) 


9 log^ 
du • 


**) Lezioiii, vol. 2, pp,71—74. 
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Adding; we have 



0 £ 

du' 


Differentiating the first of (44), we get 


(45) 


_3_ 

du 


cos f = — (1 + cos e) 


8 logg 

du 


In like manner from the second of (33) we get 


(46) 


9 /I 

cos € — (1 — cos 
dv 


«) 


aiogg 

dv 


Expressing the condition of integrability of these two equations; 
we find that 


(47) 




where U and V are functions of u and /; alone respectively. Now 
the integral of equations (45) and (46) is 


(48) 



]f 


U—c 

v+c: 


where c is an arbitrary constant. 

From [§ 141] it follows that in this case both K and Ni are 
nets which admit an infinity of applicable netS; which we shall call 
neU permanent in deformation. 

If D and D" are the second fundamental coefficients of N, 
the coefficients Dk and Dk of the nets Nu applicable to N are 
given by [cf. § 1411. 

(49) Dk — tanh y A A' == coth 9 2>", 


where ^ is defined by 


9y 


aiogK^ 


du 


tanhgP; 


d \O^VQ 
dv 


COth9>. 


(50) 


du 


dv 
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Moreover, 

the Christoffel symbols being formed with respect to the linear 
element of the spherical representation of N, namely 

(52) da‘=(&du*+2%dudv+(&dv\ 


From the formulas of [§ 83], namely 


@ = 


GD* 
H* ’ 


FDD" 
H* ’ 


® = 


ED"* 

~W~’ 


it follows that the coefficients (ik, %ic, ®k of the linear element 
of the spherical representation of Nu are given by 


(53) 6fc = tanh*sp®, gk = ®k — coth* 9 >@. 
The integral of equations (50) for p given by 1(47) is 

(54) tanhy 


where A; is a constant, such that when ^ = 0 we have the net 
N, that is No — N. ^ 

If we form the Christoffel symbols j^j^j^and with respect 
to (53), the equations analogous to (51) are 

(alogpk _ U' l+ft7 

I 9 m I2ffc u+Vl—kU’ 

^ ^ I 3log?fc „ (121' r 1-kU 

dv ~ Mfk U+V l-\-kV’ 


from which it follows that we may take 


(66) 


U+V 1/1 1 \ 

(1—&17)(1 + AF)“ & \l—fcU- l+fcFj' 
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56. Transformations Si of permanent nets for which 
C^:{:0 and @4^0. We write the linear element of the sphere in 
the form 

(57) d(^-=^du*+2VW®cos2ududv + ®dv*, 


where 2«» is the angle between the parametric curves. 

We denote by JT', Y',Z'; X", T', Z' the direction-cosines of 
the bisectors of the angles between the parametric curves on the 
sphere, so that we have 


(58) 


= |/e(sino.Z'+cos»X"), 

ou 

M = 1 /® (—sin ft> A" 4- cos ft) A"). 


If these equations be differentiated with respect to v and u 
respectively and we make use of [(22) § 66], we find 


du 
dX^' 
du 

where 

(60) 


= —AA"—KgsincoX, 
= AX'— l^cosft)A, 


9A' 

dv 


= BA"-|-K@sinft»A, 


== —BX'-V&cosa>X, 

dv 


du ' @ dv ’ 

dv “ ® du 


The direction-cosines, Xi, Yu of the normal to an Si trans¬ 
form Ni may be written in the form 


( 61 ) Xi == Xcose + sinf(sinaA'^'—cosaX")- 


Since q = equations (36) become 
(62) = 

When the expressions (61) are substituted in (62), we find the 
following equations: 
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ll~W+Sin 2 « +Kesin(« + «)cot| = 0, 

' — 1 aioge ^ 


—coty K® cos (o+“)+ y; 

-^^^ + tan-^V^cos(a—<») + Y". 

dv 2 l + cos« dv 


■COS€ du 
1 9logg _ Q 


The condition of integrabiKty of the first two equations is satisfied, 
and by means of them we show that the last two are consistent, and 
that w satisfies the tangential equation of N, namely (29) with 
y = 1/g @ cos 2 w. Hence: 

If N is a 'permanent net 'with the spherical representation (57), 
each pair of functions ct and w satisfying (63) leads by quadratures 
to an transform Ni which is a permanent net; and the associates 
surfaces 2 and of N and Nt have the same total curvature at 
corresponding points and can he so placed in space that they are 
the focal surfaces of an W congruences^). 

From (37) it follows that the coordinates h, Hxy of are 
of the form 

(64) = ? + sin€(cosaZ'+ sin«Z")- 


Since w in (63) is not a general solution of (29), we say that 
the permanent nets whose tangential coordinates are X, F, Z and 
a function w defined by (,63) is a special permanent net. 

Suppose that Ni and Nt are two Si transforms of N by means 
of functions a*, Wt, {i— 1,2). Ih order that one of the oo^ 
Si transforms Nit shall be a permanent net, it is necessary that 
^12 = Q. From (39), (41) and (61) we have in this case 

Wit (cos fi—cos €t) — w’2 [1 — cosfi cos €2—'Sinfi sinf2 cos («i~“a2)]. 


It is readily shown that this function Wit satisfies the corresponding 
equations (38), namely 

The existence of such W congruences was established by Biancbi 
Lezioni, vol. 2, pp. 74—80, 
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(66) = ■^(e».“’«)-6»l|r(^)- 


Hence we have the following theorem of permutability: 

Jf N is a permanent net and Ni and are permanent nets 
which are Si transforms of Nhy means of functions «!, Si and 
« 2 > Wtj of the oo^ X> transforms Ni^ one is a permanent 

net and it can he found without quadratures. 

Incidentally we have established the theorem of Bianchi^*): 
If 2 and 2^ are focal surfaces of a W congruence and 2 and 
2^ are focal surfaces of a second W congruence such that the total 
curvatures of 2, 2^ and 2^ are the same^ there can he found without 
quadratures a surface 2^^ of the same total curvature such that 2^ 
and 2 i 2 are focal surfaces of a W congruence, and likewise 2^ and 2^^, 
When in particular q •= const., N is the net of geodesics on 
a surface of Voss [§ 141], In this case 6 is a constant. Each set of 
solutions of the corresponding equations (63) determines an Si trans¬ 
form Ni which is a net of geodesics on a surface of Voss. Moreover, 
these transformations admit a theorem of permutability. The associated 
W congruence is pseudospherical, and the preceding theorem is the 
theorem of permutability of transformations of Backlund [§ 121]. 

57 . Transformations Si of a sequence of permanent 
nets. In § 56 we saw that in order to obtain an Si transformation 
of a permanent net N into a permanent net Ni, it is necessary and 
sufficient to take for the net N* parallel to N one of the special 
permanent nets determined by a pair of functions satisfying (63). 
Suppose now that we consider one of the deforms of N (§ 55). 
The equations for the Si transformations of Nk analogous to (63) are 


dan . V 

du du'^^ 


^sm2u)-^\og VQk-\- yWkSin (afc+«) cot-~ = 0, 

_y^ sin 2 ft) ~ log Kpfc —VWk sin («*— ft)) tan -^ == 0, 
dv dr f ®ft ^ 

-cot y Kgfc cos (afc+ 6)) + - 


du 


cose* du 
1 9log^^ 


+ tan-^ V cos (cf/c—ft)) + . 1 ^ 

dv 2 1 + coSffc dv 


0 , 


Lezioni, vol. 2, pp. 80—82. 
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where ®jt, ®/c and Qj^ are given by (53) and (56), and analogously 
to (48) we have 



When the expressions for 6 *, ©a and are substituted in the first 
two of (66), we find that «* = « is a solution, if 

coth 5 P • tan ~ == tan 
2 ^ 

which is consistent with (67), if we take 
JcCk (1 — ck) = 1. 


On this hypothesis the last two of (66) are reducible to 

dlogw 1 U'k 

du '2'l-k& 
dlogw I 1 V'k 

~~di 

of which the integral is wu = (SwV{I —kU) (l + kV), where cr is 
a constant. We shall show that when 0 = (1— kc)-'^ the corre¬ 
sponding net Nk parallel to Nu is applicable to N'. To this end 
we remark that the second fundamental coefficients (D*)' and (2)*)' 
of the net with the spherical representation (53) and determined 
by Wk are given by [cf. § 67] 



(69) 



0M* 



dwk 

du 

diVk 

du 



where the symbols |are formed with respect to (53). When 

we put A: == 0 in these expressions, we obtain the expressions for 
the coefficients (2))' and (2)")' for JV' by definition. 
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When the epressions (66) are substituted in (69), we deduce 
the relations 

{Duy i-ku {py (D)[y i+w ^{p^'y 

Wk 1 —kc w ^ Wk 1 —he w 

Prom (49) and (54) it follows that we must have 




(w')'-= 


V- — {D")'. 
r \+kV^ ’ 


Hence 

(70) 


Wk- 


l'' a ^hU) (l + AT) 
l~h( 




In § 27 we saw that if iV'(.r) and are applicable nets, 

and and are a paii* of applicable nets parallel to N 

and Nk respectively, the F transforms, and Nk, i of N and A & deter¬ 
mined by the nets N' and N/c and the function O' ^^Xk — 
arc applicable to one another. In order to apply this result to 
the present case we calculate the expression for 6', Prom [§ 67] 
we have 


wl 4* 


dv dr ^ dr I I 


«:)■ 


Substituting the values from the preceding equations, we find that 


e'- 


(Z7+F)sin2a 

—®cot-^siii(a — w) i/'4-® y "® tan-^sin(a + «>) F'j, 


h sin 2 at 

'l^hF 


We note that h appears in this expression only in the factor 
jfc/(l— kc)j and consequently it does not appear in the equation 
0 

xi ~= X — -^x', since d also involves this factor. Hence as h 

u 


10 
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varies and consequently Nky we find that all the transforms 
are applicable to i\V*)- 

58. Transformations SJ in point coordinates. Nets in 
relation 0. In § 28 we saw that if NCr) and are two nets 
corresponding with orthogonality of linear elements, that is are in 
relation 0, they have the same point equation, say 

{71) ^ ~ 9l oga de , 

' dndr dr 9?/ du dr* 

Moreover, if h and I are any solutions of equations (1, 13). the 
corresponding parallel nets y\y) and are in relation 

and given by 

(72) 

is a solution of the common point equation of A"' and iV' (cf. § 28). 
Furthermore, if 6 is the solution of (71) corresponding to e', then 
the nets AV-A) and NiQ\) defined by 

(73) ri .r-/j r— .r 

are in relation 0 and are respective F transforms of N and A\ 
Suppose now that F and N are nets in 3-space. Then, as 
follows from [§ 157] they have equal tangential invariants; similarly 
A"i and Ai. It is our pur])ose_to show that N and Ni are in 
relation and likewise N and and thus obtain the equations 
of trans^rmations in terras of the point coordinates. 

If A'(^) is any net with equal tangential invariants, and N{,v) 


is in 

relation 

0 ivith 

A', we have. [cf. § 

157] 



(74) 

9./' 

- du 


dz 

dd 

- dy 


dz 

dn 

— ' 2 () - 
d a 

- Uo 

diC 

Yr ~ 

1 

-Vo 

dv ' 

and 









(75) 

dx 

dy 


dz 

dx _ 

_ ^1/ 


dz 

dll 


— //o 

diC 

~dr ~ 

dv 

-yo 

dr‘ 


Cf. Transactions, vol. 19 (1918), p. 179. The existence of transformations 
of permanent nets for which 6 = 0, © 4= 0 is established also; the restriction in 
the theorem of page 183 is not necessary, since the second of equations (61) 
should include the term — F'/(l + cos o) V. 
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where Uot the point coordinates of the 

surfaces 2 and 2 associate to N and iV, and the asymptotic lines 
on 2' and 3 are parametric. From (74) and (75) wc have also 


(76) 

dll 

0, 

b.r 

0, 

(77) 


0, 

X'» b.r 

- 0. 

Consequently 

^0. Un- io il'ld 

■^0} Uoi 

^0 are direction-parameters of 


the normals to A and A' respectively. Furthermore, if the ex¬ 
pressions for the derivatives ot // and ? as given by (74) are 
substituted in (75), we have in consequence of (77) 

(78) -{- f/o!/o-\ ^0/^0+1 0. 


Hence 2 and ^ are polar r(*(‘ii)rocal with respect to the imaginary 
sphere^*'^) 

(71)) + / + 0. 


If y' and A" are nets parallel to A and y by unmans ot the 
same pair of solutions If and / of (J, we have ^ 


(80) 


dj' bi/' bz ' 

dff ■ bf( ' 


d,/ r//'_ dz' 

d( or or' 


For the F transtorms A’, and A', dolined by (73) we have 


(81) 

9a'i 

du 

. 

^01 ,, 
dff 

C'i, 

^ If 01 „ . 

On 

0 '1 
dr 

. 0//i 

-'i>i 

d 1 

, 9^. 

(82) 

du 

, byi 
du ~ 

o^^ 

du- 

d r 

. 9.'A 

8r 



where xoi,_ ^oi, zm and jlo\j you ^oi are the point coordinates of 
surfaces and associate to A\ and A\ witli their asymptotic 

Darboux, Lecons, vol. 4, p. G7; also [Ex. 15, p. 391]. 


10* 



148 


V. Transformations ii. W congruences 


lines parametric, and they are direction-parameters of the normals 
to and Ni respectively. Moreover, we have analogously to (78) 


(83) . 7:01 ->^1 + //oi yai + ^oi + 1 0. 

From (81) we have 

(QA\ __ dzA 

^ ^ 9 ?( dv 9 ?’ du dv dv duj 


On differentiating (73) we obtain 



When these expressions and analogous ones in ?/i and ~zi are sub¬ 
stituted in (84) and d' is given the value (72), the resulting equation 
is reducible, by means of (80) and the tact that are direction- 

parameters of the normal to N\ to the form 


(85) ^ ^01 

wSimilarly we have 

(86) eo, 


^_yo—f/xo—z 

V ' 

,/o 


rjfo—y'.to~z' 

Jo 


From (85) and (86) wo have 


(87) acb^Toi+yo^oi+^o^oi + l - 0, ^0 •roi + .?/oyoi+^'o ^ 01 +1 ^ 0. 


Consider now the surfaces ^ and The quantities xqj yoj Zo 
and ~xou you ^^ou arc direction-parameters of the normals to these 
respective surfaces. Moreover, from (78), (83) and (87) it follows that 


2 xo (xoi a^o) = 0, 2^ Xoi (a^Joi—iTo) == 0. 

Consequently 2 and ^’1 are the focal surfaces of the congruence of 
lines joining corresponding points on these surfaces, and it is 
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W congruence, since the asymptotic lines are parametric on 2 and ^ 1 . 
Hence from the last theorem of § 53 it follows that N and Ni are 
in relation «and_also N and Ni. 

When a net N with equal tangential invariants is known, the 
associate surface 2 can be found by quadratures [§ 78]. Then by 
equations (74) we obtain a net W, with e(iual tangential invariants, 
which is in relation O to N, Each net N' parallel to N leads by 
a quadrature to an transformation of N and JS,\ Hence: 

Each net paraUel to a net iV tvfth equal tangential invariants 
fletermines an Si trnnsformatfon oj N, and the determination of 
the point coordinates oJ the trafisfonn requiyes only quadratures^^), 
59 . Transformations Si and K of the focal nets of 
a W congruence. We have seen that the surface 2 of the 
preceding section is associate to the surface 8 on which N lies. 
kSince this relation is I'eciprocal, there exists a surface 8 in relation 0 
to its coordinates, j, g, J, are given by quadratures of the form 
(analogous to (75)) 

9./* 9^0 9-2o 9.r bijo 9^0 

~ -- 2 _ - q ^ r ^ r. - q X • 

OH ou du or dr dr 

From these equations and (75) we see that 8 can be so placed 
in space that 

( 88 ) ^ + 2^1/0 —g^o- 

From [§ 157] it follows that the asymptotic lines correspond on 8 
and 8 the surface on which E lies. Also since .ro, go, ^^nd x, y, z 
are direction-parameters of the normals to aS" and 8 respectively, 
it foliow^s fi'om (88) that 8 and 8 are the focal surfaces of a IF 
congruence. 

Since 8 and - an' in relation (), there can be found by means 
of equations analogous to (74), the coordinates xq, Jjo, ?o of a sur¬ 
face 2 associate to 8\ moreover, from [§ 156] it follows that the 
parametric curves on 8 and 2 fom nets with equal point invariants. 
Furthermore, since 2 and 8 bear to 8 and 2' relations analogous 
to the relations of 2 and 2 to 8 and 8, it follows that 2 and 8 
are polar reciprocal with resimet to (79). 


^®) Cf. the first theorem of § 53. 
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When the net N is subjected to a transformation in accord¬ 
ance with the preceding section, we get surfaces 8i 

and related to one another as in the preceding paragraph. 
Since S and 2, and Si and are polar reciprocal with respect 

to (79), it follows that and S', are in the relation of a trans¬ 
formation K (V, Ex. 11). Moreover, S and Si being associate 
to S and ^1 respectively are also in relation K (11, Ex. 18). Further¬ 
more, and Si are the focal suilaces of a IF congruence. 

From |§ 172] it follows that if S and S are the focal surfaces 
of any W congiaience, it is i)ossible to lind by quadratures two 
surfaces S and 2 associate to one another and in relation O with 
S and S respectively. If is referred to its asymptotic lines, the 
parametiic curves on S and S form nets with equal tangential and 
point invariants respectively. Hence: 

A W congruence admits of tramformntions into W congramccs 
such that one pair of corresponding focal nets are in relation S2 
and the other pair in relation 

6o. Nets with equal point invariants and equal tan¬ 
gential invariants. In consequence of |(38) § 83] equations 
[(36) § 83] can be wiitten in the form 

g^logT) ^ /-log//' - g/logM. 

Hence: 

When a net has to o of the foJluicing properties, it has the third 
also\ equal point invariants, equal tangential invariants, isothermal- 
conjugate. 

We consider such a net, and put 


( 12 | _ 1121 d\o^V f> 

11 dv ’ \2f~ dn ’ 


From [(3) § 63] and t(13') § 64] we have 



9 , H 



d 

du 





J) 

y? 


m 

l•2^ 


9 , H 
,-log- 
dv y ^ 


Cf. Demoulin, 1. c., p. 276. 
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Consequently the point coordinates of the net satisfy the equations 


(89) 


where 


8^0 d\e alogr , dlogr do 
aw* aV’ du aw dr dv' 

dH_ _ alo^l^^~ de a log V q de 
dadr dr du du a?;’ 


~ Q 

From § 25 we have: 

Jf N{.r) rs a net with equal point and equal tangential m- 
rm iants, a puraUet net of the same land /s* qiven hg the quadratures 


0./_ __1 

aw Q df dr Q dr' 

In order to establish transtorniations F of a net N of this 
type into nets of tlie Name kind, we consider A" expre&sed in terms ot 
homogeneous coordinates, the point and tangential equations being 


(90) 


d^e , a log I 0 96^ a log 1 q d_o_ 

d udr a r aw du dr 

a*A a log I ^ ^^'' 4 . 9 log 1 ^ a A 
dudr dr du du aw 


It is readily shown that the equations 



and similar equations in y^, Zi, Wi, Fi, Zi and IF form a completely 
integrable system. For each set of solutions the function^XiXi 
is constant. Consequently each set of solutions, for which 
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— 0 , 


(92) 

defines a net Ni for which these functions are the point and tangen¬ 
tial coordinates. Furtheimore, for a set of solutions the functions 

(93) fl - I 

are solution of the respective equations (90), so that equations (91) 
are equivalent to (III, Ex. 25) and (36). Consequently is both 
a K and X? transform of A", and therefore has ecfual i)oint and 
equal tangential invariants. Hence, since (92) is bilinear we have: 

A net with equal j)oint and equal tanqeniial inrarianU ndmih 
oo® transjormations K and SI into nets of ilw same kind. 

If Ai and are two of these transforms of X from (HI. 73, 75) 
it follows that for a net Aj 2 to be a if transform of Ai and As, we 
must have 612 + <^21 - 0. In like manner for A"i 2 to be an SI trans¬ 
form we have from the equations preceding ( 21 ) that + - 0 . 

Hence from (23) we have — 0. It is readily 

shown that the left-hand member of this expression is constant. 
Only when it is zero is there a net AV 2 which is both a K and 
an SI transform of A"i and X, and then there are an infinity of 
such nets, since 612 is determined only to within an additive constant, 
but O 21 , and Ly are then completely determined. 

Exercises. 

1. If are the cartesian coordinates of a net A’ in 3-bpai e 

9j.O) 9y«) 

and 6 is any solution of the point equation of A, then . 

dS 

^ are tangential coordinates of a net. 

2. A necessary and sufficient condition that the curves v = const, of a net 
be plane is that the minus first Laplace transform be a developable surface; the 
analytical condition is that the invariant If of the tangential equation of tlie 
net be equal to zero. 

3. A necessary and sufficient condition that the curves of a net be plane 
is that the tangential coordinates can be taken in the form 

X=l7i-fKi, JS=U,-hV„ 

where the U'a and F's are functions of u and v respectively. 
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4 . When two nets N and in relation F are subjected to a polar reci¬ 
procal transformation, the resulting nets are in relation F\ and the conjugate 
and harmonic congruences of the given relation F are transformed into the 
harmonic and conjugate congruences of the resulting relation F. 

9 iX.\ 9 /'W^\ 

5. In a transformation F defined by (11) the functions ('T")’ * * * ’ 'W~ (t") 

9 iX\ 9 /'W^\ 

and -g— I ..., I are tangential coordinates of the first and second 

focal surfaces of the conjugate congruence of the transformation. 

6. A necessary and sufficient condition that the transformation defined by 
(11) be radial is that aX+hY+cZ-\-dW^ where a, 6, c, d are constants. 

7. When in (26) we take w = aX-]rhY-\-cZ^ where o, h and c are con- 
‘.tants, the conjugate congruence of the transformation consists of parallel lines. 

8 . Show that the functions Xi and X 2 given by (15) are tangential coor¬ 
dinates of the focal surfaces of the harmonic congruence of the corresponding 
transformation F. 

9. Each solution of the adjoint of the tangential equation of a net determines 
a congruence harmonic to the net (cf. Ex. 8). What is the dual of this theorem? 

10 . If the direction equation of a congruence G is the same as the tangential 
equation of a net N, the determination of nets harmonic to G and congruences 
harmonic to N are equivalent problems, namely the solution of the adjoint of 
the given equation. 

11 . When a polar reciprocal transformation is applied to two nets in 
I elation the resulting nets are in 1 elation K, and conversely. 

12 . A necessary and sufficient condition that the axis curves of a net X 
form a net is that N have equal tangential invariants (cf. rV, Ex. 20, 22). 

13 . If four nets iV, Ni, Nn form a quatern under transformations 

determined by wi, w-i, and tC 2 i, the four nets parallel to them determined by 
?Ci, «’i, W 2 \ and l /]//>2 fh-* w^i form a qu atern; likewise the four nets 

determined by mv, wn and l/]/V'i pn w’t 2 . 

14 . Let iV^(.r) be a net with equal tangential invariants an^A^(x) ^e net 

of the same kind in relation 0 to and X" (x') and N'(x‘), N"0c”) 

corresponding parallel nets to N and X. If we put 

then the nets Xi{xi) and where 

Xt'^-X— X . X2= X— x" 

are Q transforms of X, If we draw through points of A’l and X 2 lines with 
direction-parameters of the respective forms (cf. § 21) 



X 2 




X , 


where and are solutions of the point equations of N" and N' corresponding 
to 0i and 0^, the point ilfi 2 of intersection of these corresponding lines generates 
a net Nn. Show that this net Nn will be an Q transform of N\ and N 2 if 
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15 . Show that all the conditions of the preceding example are satisfied, 
if we replace and^i by S'l-j-c and^a—c, where c is an arbitrary constant, 
and consequently tliere are oo^ nets Ni 2 in relation Q with Ni and N^; that 
corresponding points of these nets iVi 2 lie on a conic through the corresponding 
points of N, Nx and ^ 2 ; also that the tangents planes to these nets N 12 at 
corresponding points form a pencil (cf. § 26 and II, Ex. 19). 

16 . Let iV be a net with equal point invariants, Nx and JV 2 be K trans¬ 
forms of Nf and Nx 2 one of the K transforms of Nx and N^ in accordance with 
the theorem of § 26; show that the tangent planes to the nets Nn at 
corresponding points envelop a quadric cone (cf. Ex. 15). 

17 . Prove directly that the surfaces /S' and/Sh of 4? 59 are in relation K. 

18 . Two nets N and N with equal tangential invariants which are in 
relation 0 determine twelve surfaces forming a closed system of Darboux [Ex. 19, 
p. 391]; similarly two nets Nx and Nx which are transforms of N and N deter¬ 
mine a second system; find the relations between the two systems of surfaces 
other than those treated in § 59. 

19. If 5^ and S two surfaces in relation 0 are referred to their common 
nets, N(j[') and N(x), the equations of the form 


a? ~ X 4- cjc, 


where e is an infinitesimal, define a surface S which is an infinitesimal deform 
of /S', and the parametric curves form a net N [cf. § 158J. If N'{x') and 
are corresponding parallel nets to N and N respectively, the equations of the form 

.V — .r'-f* ex' 

define a net N' which is an infiuitestimal deform of N'. Then equations of 
the form 

. . 0 
x'l = X — , 

where 8 —define a net .^ 1 , which is au F transform of N and an in- 
finitestimal deform of Nx whose coordinates are given by (73). 

20 . When the .spherical repre.s^tation of a permanent net is such that 
@4 0, @ d= 0, the parameters can be chosen so that either (i) a constant; 

(ii) p := v; (iii) p = u-\-v. In these respective cases the coefficients of the 
spherical representation can be given the respective forms 


(i) 


(£ = 

II 

g = COS 2 w; 


(ii) 


V ’ 

3 = 

-K. 

t. 

V ’ 

(iii) 

ou 

(w-f ?;)”■^ 

3 = - 


_ 

”” dv 


(w-fv) ^ 


Determine the conditions which 


and fp must satisfy in each case. 
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21. When the curves v = const, of a permanent net are represented on the 
gaussian sphere by isotropic generators, the coefficients of (52) are reducible 
to the form 


® - 0, S : 


2 


(1 ’ 




2V ' _ 

Vv (1 -\-uv) 




where V and V\ are functions of o alone; also the tangential coordinates of 
such a net are given by 


+6i, 

I +HV 


WY l'= 2 


<h 
1 -{-uv 

I -{-un 




~ + ba, 


_^ 

1-^uv 




where fp and 4' are arbitrary functions of u and v respectively, and the a’s and b’s 
are functions of r alone subject to the conditions: 



the primes indicating difi’ercntiation. 

Draoh, Ann. de Toulouse, ser. 2, vol. 10 (1908), p. 135. 



Chapter VI. 

Orthogonal nets. 


6i. Nets O and p, O. Congruences I and p, L A net 

N{x), whose cartesian coordinates x satisfy an equation 

_ aloga ^ 

^ ^ dudr ar du 9?/ 


is called an orthogonal nvt, or for the sake of brevity an 0 if 



F-'-Zl-l- 

"aw ar 


0 , 



The second of these conditions is equivalent to the requirement 

that w, defined by 

(3) 2 0) 


is a solution of (1). We say that a net N is p, O, if its point 

equation (1) admitsp — 1 solutions, //,,_ yp-\ linearly independent 

of the a’s, such that 


( 4 ) 




yi ^x_ ^ _ V ^ „ Q 

^ da dv ^ du do 


We call the p’s the complementary functions*®). This means that 
a solution of (1). It is understood that none of 

The results of §§ 61—65 are due to Guichard, Annales de L’Ecole 
Norm. Sup., ser. 3, vol. 14 (1897), pp. 467—516; vol. 15 (1898), pp. 179—227. 

Note that if each y be replaced by iy, where = — 1, a net p, 0 is 
the projection in »-space of an Onet in (»4-p—l)-8pace. It is this point of 
view that Guichard takes in considering these systems. 
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the //’s are constant. Hence if we have a net so that the and 
[i — 1 functions y satisfy const., we say that the 

net is Pf 0 and not j? 4* 1, 0. 

We say that the equations 


(5) atiyi +...{t — 1), 

define an orthogonal substitution, when the constants a^j satisfy 
the conditions 

jt—i 39—1 

(6) 0+ft). 

/=1 ?=1 

When such a substitution is effected upon the complementary 
functions y of a net p, 0, we have ^y^ -"2y^ and consequently 
the functions y serve equally well as complementary functions. 
When there is a linear relation between the //’s, such as 

(7) aijji + ... ‘ ap^i yp-^ - «, 

where ^ af ^ 0, that is, when the relation is non-tsotropiCy we can 
assume that 1, so that in the new variables y, we may take 

yp-\ ^ ^ where a is a constant. Hence the net is ^ — 1, 0, 

If, however, ^ at — 0, that is, if the relation is isotropic^ we 
can choose the orthogonal substitution so that (7) is reducible to 

Up —2 2/p—24" (X'p—i yp~\ u, 

where now «*;,^j4u®p~i ~ 0. Hence 


2 /p-i— db?2/p-24^9 

where I is a constant. Since any complementary function may be 
replaced by itself with an additive constant, we have 

2/? 4 — 42/p-i + — 4^p-8. 

Hence the net is p —2, 0, and we have: 

When for a net apparently p, 0, there is an isotropw linear 
relation between the complementary functionsy the net is in fact 
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jp— 2,0; when there is a non-isotropic linear relation, the net w 

p-1, 0. 

We say that a congruence is I, when its direction-parameters X 
satisfy the conditions 

2x^=0, 

( 8 ) 




Since the A'^’s satisfy an equation of the form 
d*0 


(9) 


du dv 

it follows from the first of (8) that 

dX dX 


diogA de dlogli de 

Sn'^~d,r 


( 10 ) 


^ dll dv 


It is readily seen that these conditions are satisfied also when 
each X is replaced by A A, where A is any function of ii aud r. 

A congruence is p, I when there are p —1 innctions V satis¬ 
fying (9) such that 


( 11 ) 


2x*—2y*-o, 


The functions Y are called the complementary functions of the con¬ 
gruence p, I. We have also 


( 12 ) 


dX _ 

^ TuTi' 


9?/ 9? 


= 0 . 


When a congmence is 2,1, we may choose for the parameters 
the Z’s divided hy the single complementary function. In this 
case we have 


(13) 




dX 0A_ 

~du~dv ~ 
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so that a congruence 2,1 is the generalization of the normal con¬ 
gruence in 3-space. 

63 . Nets conjugate to congruences I and p, I. In § 5 

we saw that if 0 is a solution of (9), the functions vc defined by 


(14) 


are the cartesian coordinates of a net iV' whose radii vectores from 
the origin are pai allel to the lines of a congruence O of direction- 
parameters X, 

If G is a congruence I, we have from (8) 

(15) 0 


and 



Hence A"' is a net 0. In consequence of the second theorem of 
§ 5 and the last of (HJ) we have: 

All nets eonjuf/tffc to a conffriience 1 are O. 

If G is a congruence p, 1, the p —1 functions y' defined by 


are solutions of the point equation of In consequence of (11) 
and (12) we have 


(18) 


^ dll dr ^ dll dv 


Hence in general N' is a net p, 0. When, however, 
(19) ^ cip-Tiyp-h 


(2;a? + 0) 
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there is a non-isotropic linear relation between the functions y', 
and JV' is p—1, 0 (cf. § 61). When in (19), 

(20) Za! = 0, 

there is an isotropic linear relation between the functions y, and N' 
is — 2, 0. 

We have shown that the nets conjugate to the given con- 
gi’uence are parallel to nets of the type (14), and are givpn by 
equations of the form (I, 12). By means of the same equations 
we obtain p — 1 functions y from the functions v/. It is readily 
seen that these functions satisfy equations of the same form as (18). 
Hence the nets conjugate to the congruence are of the same tyi)e 
as the parallel nets iV'. In accordance with the fifth theorem 
of § 5 there are oo^ of these nets parallel to each net N\ If we 
call them a parallel family, we have: 

Of the nets conjugate to a cofigrmnce p. 7, flure are 
parallel families of nets p — 2, 0, 
oor —2 parallel families of nets p — 1, 0, 
the others are p, 0, 

In particular, we have: 

Of the nets conjugate to a congruence 2, 7 there is one parallel 
family of nets 0, and all the others are 2, 0, 

The nets 0 arise from the case when 0 in (17) is equal to F. 
For a congruence 3,7, when 0 is equal to Yi+ i Fg or Fj —i Fg 
condition (20) is satisfied, and only in this case. Hence: 

Of the nets conjugate to a congruence 3, I there are 
two parallel families of nets 0, 
oo^ parallel families of nets 2, 0, 
all the others are 3, O. 

63 . Orthogonal determinants. Since F~ 0 for an 0 net, it 
follows from (I, 3) that a and h in (1) may be chosen so that 

(21) - a = VE, h = VO, 

in which case the normal parameters and fi^ of the net, given by 
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are the direction-cosines and are in the relations 


( 23 ) =- 1 , Zh -- 0 . 

Iji this case (1, 6, 7) become 


( 24 ) 
and 

( 25 ) 


9 it 
0 1 

j _ aj a 

1 /E 


In - 

dn 


1 dy_K 

VG ' 9/' ' 


Consider no\\ the orthoi^onal determinant 


( 26 ) 


x; 

. 

. . . . , 


A\ . 

. . . .X” 

A /} _ 

-■Xf,- 

- • • - J j 


r.. 

... 

c 

V 

r- * 

. . . . 

of H 

and / 

satisfying the conditions 



It n 

'* \ < 

0, 

Zrxi - 0. Zv^xi ■■ 


Therefore we ma\ look upon these functions as the direction- 
parameters o1 n mutually peipendicular lines. Since the first deri¬ 
vatives of the X’s of any row are direction-parameters of some 
direction in the space, they are expressible as linear homogeneous 
functions of the other terms of the same column. It is our pur- 
pos(j to show that there is a set of Z’s such that the latter ex¬ 
pressions take the simple form 

(28) -- aut =- hft, (/. = 1,2.«-2), 

ou or 

and 

(29) 

11 
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the §, ^ and the X’s in each equation having the same superscript, 
and Oft, hk, wi and « being the same for all values of the super¬ 
scripts of 7 and the X's. 

From (24), (28), and (29) we get 


8»g 

dudv 


dn 

du 


+ win if 


dudv 


— —^{^-■^Xk+akhk^—mbkXt^—^— +'««?, 

= + "'• ^ — » (ikXk^ — ? -f mv >t 

dm . 

= —5-fwM?, 


0^ 

dudv 


d (Ik 

Yc 


^ + aknfj = 


dhk 

du 


iy “h hkU) 2f. 


Since there are n equations ot each ot these types, obtained by 

letting the superscript i take values 1,2.n, the following 

2 w + 3 1 elations must be satisfied. 


(30) 


di 


— mhky 


dh 

du 


- nau, 


+ - \~^(^khk — 0 . 


dv 


du 


In consequence ot (25) the last ot these is equivalent to 


(31) 


® (- L 

dv \yG 


dV E \ , / 1 

9( ) 9m \ 



0 . 


Whenever we have a set of functions satisfying these equations, 
the system (24), (28) and (29) is completely integrable. Moreover, 
from the form of the equations of the system it follows that each 
set ot solutions satisfies the conditions 


const., 

'ZX], XI.+ 5' ffiJ ==- const. 

k 


(32) 
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Hence by a suitable choice of the constants of integration the 
functions will satisfy (27). It can be shown, as in the case of 
three dimensions [cf. § 65], that the most general solution can be 
obtained from a particular solution by effecting an orthogonal 
substitution with constant coefficients on the elements of the 
determinant J \ thus 

(33) 

^=1 j=i j 1 

A determinant of the type (26) satisfying the conditions (24), 
(28), (29) and (30) is called an orthogonal determinant m space 
oj n dimensions. 

Suppose we have 2n functions and ^ satisfying conditions 
of the form (23).and (24). We inquire whether there exists a corre¬ 
sponding orthogonal determinant J for which these functions are 
the elements of the last two rows. 

By purely algebraic processes we can find w(w —2) functions 
Tj, (a = 1,.... n, J — 1. n —2) such that 


. 1 

: 1 

1 

.rj 

I n - 2 • • 

. r”_2 

. 

.. 

. 

.. t 


is the determinant of an orthogonal substitution. Since 

»=i •' 1=1 •' 


we have equations of the form 


( 34 ) 


9 r* 


dti 

dtt 


- —^Aie Yk-—m^\ ~ = nij', 

= mg’, = —ZBl Ylc -np, 


11 * 
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Where « = 1,.. . n; j. 1,... n— 2 {j + /r). Expressing the con¬ 
dition of integrability of the first two equations, we find that the 
functions P, Q, A, B must satisfy the following equations : 


(35) 


dr 




di( 


dA, 

dr 


h k 

^p,,lh 1 - 1 , 

A 

I 


We are interested, however, in seeing whether there is a set 
of F's lor which the first two of (34) shall assume the form (28). 
Suppose we put 


- 





1,2 

1,2 


7i 

>1 — 




where the /y’s are the elements of an orthogonal substitution of 
order ii — 2. These functions A",! serve with the ?’s and /y’s to 
make./ (26) the determinant of an orthogonal substitution of order w 
We have accordingly in the general case equations of the form (34). 
If, however, we wish the first two to be of the form (28), the 
functions y must satisfy the equations 



The conditions of integrability of these equations reduce to the 
first equation (35). But all of the latter are satisfied, and hence 
there exist solutions of (36). Hence we have the theorem: 

y^hen 2 n functions § and tj are knoivn satisfying (23) and (24), 
there exist functions A"J whidi with ? and fj form an orthogonal 
determinant A, 

From the form of (36) it follows that the functions y are 
determined to within an orthogonal substitution with constants 
coefficients. The effect of such a substitution on the ^’s is equi¬ 
valent to an orthogonal substitution of the form 
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Y'/ 




on the elements of the columns of the matrix ot the hist n —2 
rows of Hence the last two rows of an orthogonal determinant J 
determine J to within such an orthogonal substitution with constant 
coefficients effected u])ou the matrix of the first n —2 lows of //. 

When an 0 net is known, the functions $ and can be found 
at once, and the further problem of putting its determinant in the 
canonical form requir(\s the solution of 2 (n — 2 ) completely integrable 
equations of the form (3()j. (luichard^’^^) calls this a problem of 
the or(l(r n — 2 . In particular for a net in r)-space this is equi¬ 
valent to finding the direction-cosin(‘s of an O net in 3-space when 
the rotations of its trihedral are known. In f§ 65] we saw that 
this requires the solution of a Riccati equation. 

64 . Determination of O nets. W> consider now the detei - 
mination of the 0 nets cori*esj>onding to a given orthogonal deter¬ 
minant, Evidently th(‘ coordinates j ot any net .V ,n(‘ expri‘ssibl(‘ 
in th(‘ form 


(37) 


a — 2 

\ 


pi A'/. 7^' 

/. t 




the superscripts of j, A', and being tlie same, and q and /• 
being functions of h and i indeijendent of the superscript ofWe 
have now to find the conditions to be satisfied by q and r in 
order that (37) be the equation of the net 
By difterentiation of (37) we find 







d<j 


in r 



dr 
d u 



dx _ 

9 0 ki \dv 



Equating these expressions to those of (22), we see that we 
must have 


L. c., p. 500. 
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(38) 




a^q. 


^Pk 


8g 

9?^ 

dr 

dn 


d\( dv 


= \r, 


M 

dv 


n r, 


~ mq. 


dr 
d V 




where m and n are given hy (25). 

By differentiating these equations, we find that they fonn 
a completely integrable system, and consequently their solution 
involves n arbitrary constants. 

We find also that a function 2>k and the v functions are 
solutions of the equation 

, g. 9^^/f 9logffA dOh I dlo^hk 

^ ^ ~dudv ‘ a?' dll dll a?’' 


Suppose now that we have a solution of any one of these ti — 2 
equations, say 2H- From the equations 


^pi_ 

dfi 





we find two functions q and r. Then from the other n — 3 equations 
of this type we find by quadratlues the functions pu- When these 
values are substituted in (37), we have an 0 net corresponding to 
the given orthogonal determinant. Hence: 

The detei^mmation of the 0 nets corresponding to a given ortho¬ 
gonal determinant is equiralmi to the integration of ang one of 
the n —2 equations of Laplace (39). 

We shall speak of pu and X\ as the tangential coordinates 
of the 0 net defined by (37). 

From (3) and (37) we have 

(40) +<!»+/•*. 


Making use of (38), we find 
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As an immediate consequence of these equations we have the 
theorem: 

A necessari/ and sufficient condition that an 0 net corresponding 
to a given orthogonal determinant he such that S./* is constant is 
that its roordinates he given hg 

V- 2 

(42) / ^ChXhf 

fe-^i 

in which the e s are constant. 

WJien we have a solution 6 of the j^oirit equation ( 1 ) of an 
0 net N. tlie functions g and i given hy 


(48) 


d H 


= I }jq. 


df 




satisfy the fourth and hfth of equations (3H). These functions and 
the functions /n{h 1 . n — 2 ) obtained by the quadratui*es 


(44) 


da 




(^Ph 

dr 


hh *, 


determine an O net whose coordinates arc of the form 


(45) i' ^ph Aa "h V* 

and which corresponds to tlie same orthogonal detenninant as .V. 
Since the 7 /s are detennined only to within additive constants, 
there are co” 2 y' corresponding to a solution 0 of ( 1 ). 

From (41) and (48) it follows that when w, A'coincides 
with N. When 0 is a constant, we have the case of the preceding 
theorem. Hence we luwe: 

Each solution of the pohit equation oj an () net S other than 
o) given hg (8) leads hg (piadratures alone to 00 "“^ nets N' corre- 
sponding to the same orthogonal detei'minant as S. 

By means of (40) and (41) we establish the converse theorem; 

Each net parallel to an 0 net E gives hg quadratures a solution 
of the point equation of N, 

65. Congruences conjugate to O nets. From § 5 it follows 
that the direction-parameters of any congruence conjugate to an 
O net iV can be chosen so that they are the cartesian coordinates 
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of a net N' parallel to iV, and therefore corresponding to the same 
orthogonal determinant. These nets N' are of three kinds. 

l^ When the coordinates of iV^'are of the form (42') with the 
in the isotropic relation 
(46) 

the congruence is I. Evidently there arc * such congruences. 
2°. When in (42) the constants satisfy 


(47) - 1. 

the congruence is 2.1; there are such congruences. 

3°. For the others, if we put 



Hence all the other congi-uences are 3,1, and we lia\e* 

Of the congruences conjugate to an O net hi u-spa<e. oo^' * I. 
qc)W-8 are 2,1, and nil the rest are 3,1. 

In view of the second theorem of § 64 and tlie above results 
we remark: 

1®. In 3-space of the congruences conjugate to an Ouet, oiu^ 
is 2,1 and the others are 3,1, 

2®. Li 4-space of the congi’uences conjugate to an 0 net. two 
are I, their parameters being A'i + /Ag and A^^i—/As; oo^ are 2. J 
and the others are 3,1. 

66. Transformations F of an O net for which the con¬ 
jugate congruence is normal to the net. A congnience of 
direction-parameters A" is said to be normal to a net iV(,r), if 


(48) 
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When we take for the direction-parameters the cartesian 
coordinates od of a suitably chosen net parallel to these 
equations of condition may be replaced by 


V ' V ' n 


from wliich follow 
(491 Z 


dj dj‘ 
d H h r 


0 . 2 ^ 


d.r dj‘ 
dt( dr 


where Ic is a constant. Hence the conp^ruence is I or 2,1, accordinp: 
as h is zero or not, i»rovided that 


(50) 



which we assume to be the case. Furthermore from (49) we see 
that N and iV' are O nets. Hence: 

A vongnwnvp voujugah to a net for which (50) holds can he 
normal to y only ni at sc y an 0 7iet; then the (onyraence fs 
I or 2,1. 

Conversely: 

A eo7igruen(e^ or 2,1 /s normal to tJte 0 nets conjagate t(t it. 

If a congruence G conjugate to an <> net y is normal to X 
it follows from the second theorem of § 64 that the coordinates ./• 
of the parallel net y determining the congruence are of the form 


(51) 


n - '2 



A —1 


where the Fs are constants. By dift'erentiation we hav(' in con¬ 
sequence of (22) and (28) 


(52) 

where 


Si 

da 


^ dJ 

si j S j’ 

dr ' Jr' 

' da' 

euaK 
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An F transform No{xo) of N for which is the conjugate 
congruence is given by (§ 15) 

(54) .ro - -Xy 

0 


where 0 is a solution of the point equation of N, and 


(55) 


dS dS j do 

dv ^ dt(' dr dr‘ 


If pk are the solutions of (43) and (44) for this function 0, w(‘ 
find that these equations are satisfied by 


(56) 



/.~i 


apA. 


We assume that it is this value of o which is. used in (54) to 
determine No (cf. § 17). 

From (II, 9) we have 


(57) 


du 



and consequently 


dv 0 - dr 9?’/’ 


(58) 


Z 


d^o djcp 
dv dr 


TO” 

Yn dr 


^ ^dj ;'o0 V ^ -K 9./' ; 9 ^ 
^ dv dr ^ dr dv 


When the congruence is 1, that is when (46) holds, then 
— 0, whatever be 0, Henc(^ all the F transforms are 

du dv 

0 nets (cf. § 62). 

When G is 2, I, that is when (47) holds, we have from (58) 

dOpd Op 
du dr 

_ e_ 

e ' 


(59) 2 

where 0o? given by 

(60) 


9 0^0 dxp 
dv d r 
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is the solution of the point equation of No which determines N as 
an F transform of No (§ 16). Since (59) is the condition that 
^xl — Bl be a solution of the point equation of No, we have 
that No is a net 2, 0, Oo being the complementary function. Further¬ 
more from (54) and (60) we have 

(61) - 01. 


From (44), (56), (59) and (60) it follows that, when 6 in (43) 
is constant, No is an 0 net and is parallel to N (§ 16). Hence: 

The F irmififonns of an 0 net for trlurh the congraenees of the 
fransformatiom are normal to N are () nets- and 2, O nets; when 
the transform 2. O, the vomplementarg function is equal to the 
distance hetween (orrespimding point,s on N and the transform. 

When in particular 0— o), we have from (52) ^xx~ w, 
where m is the coiTesponding solution of (55). Hence — el, 

that is, the hyperspheres with centers on No and radii given by 
Bo ])ass through the origin. Each of the congruences normal 
to an 0 net is conjugate to a net ot this kind^O* 

67 . Transformations F of 0 nets into O nets. In § 65 
we saw that in n-space the congruences conjugate to an 0 net 
are 1, 2, I or 3.1. In the preceding section we discussed the 
transformations F of 0 nets for which the congruence of the trans¬ 
formation is I or 2,1. We consider now the case where the con¬ 
gruence is 3,1. We recall (§62) that in addition to N and its 
parallels there is one other family ot parallel 0 nets conjugate to 
the congruence. We shall make a study of the transformation F 
ot iV(.>r) into one of the nets of the second family, say iViCri). 
We recall from § 15 that the coordinates of Ni are given by 


(62) 

where 

(63) 


0 , 

dj' , d.r dx dx 

du ^ du' TT 


‘^‘) Similar results follow when d where the as are con¬ 

stant. In this case the spheres pass through the point whose coordinates are 
tlie a’s. We shall refer to this as the case where (9 = w. 
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(65) 


and 

(64) 

Also we 

d0' 

du 

have 

7 ad 
■^*817' 

de' __ 
dv ~~ 

9(- 


9^1 

t 1 ,de' 


da' _ 

a 

1./^ 

dti 

e'*h 0M 

dr 

H'-J 

\ 9 r 


T and O’ having the values 

( 66 ) / a - /e—e'. 

From (65) it follows that a necessary and sufhcient condition 
that iYi be an 0 net is that 


^C7) 


du dv 

This equation is satisfied by 
(6H) & - 


o' « 

du ^ dt 


, dx , d& , dx 




di( 


0 . 


I X''‘- 


The coordinates x of the net iV' parallel to which are the 
direction-parameters of the congruence of the transformation are 
of the form 

(69) /'- Ai + g?+>'A 


where pu, q and r satisfy equations (38) with E and G replaced 
by E' and G'^ the first fundamental coefficients of iV'. Hence 
equation (68) may be written 

(70) e' - y 2;y» y «*+ r=). 

The con'esponding function e of the transformation is given by 
the quadratures (64), which arc reducible by means of (38) to 

(71) ■ - l/Bg, 

on dv 
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From these equations and the results of § 64 it follows that 6 is 
the solution of the point equation of N which determines N\ Hence 
H is given by a quadrature and the additive arbitrary constant leads 
to a family of parallel nets Ni (§ 16). Accordingly: 

Each net N' parallel to a given 0 net determines oo ^ parallel 
O nets each of which is an F transform of N; they are obtained by 
a qxiadrature. 

Conversely, if d is any solution of the point equation of N other 
than (fi, and N' is any one of the nets parallel to N determined 
by B (§ 64), the function defined by (70) satisfies the corresponding 
e([uation (64). Hence: 

Each solution of the point equation of K other than at leads to 
f) (,/j) which are F transforms of N; the coordinates 'j\ 

arc gircn hj 


(72) 


^*1 



u'hen 


(78) 


h-2 




k 1 


I de 
I E 9" 


? + 


1 _ de 
Vo 9i,’ 


n, 


thr Jiiudtouk j)^ being ohiained by the quadratiwen 

(74) J'L_ 

dll I jy dll' dr p (j dr' 

Jfo?vore?‘f all of these nets A\ (.a) are harmo7iic to the congruence 
harmonic to N determined by 6, 

68. Transformations /?. The nets Ao and A\ defined by (54) 
and (62) respectively form with A’ a triad (§ 20). From (51), (69) 
and (56) we have 

(75) ~~ 

Consequently we obtain from (65) and (60) 

0, 2 (xi—Xo) ^ 

Xo)*== == 01 
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From these equations and (61) we remark that the hyperspheres 
with centers at points of No and radii determined by Oq are tangent 
to N and Ni, Since there are oo»"-» congruences 2,1 conjugate 
and normal to N, there are nets No forming such a triad 

with N and Nf Hence: 

If Nand Ni are two 0 nets in tJie relation of a transformation F, 
for which the congriwnce is 3,1, there are oo”-® two^parameter families 
of hy;persph€res tangent to N and N; the Ioats of the venters of 
the hypei’spheres of any family is a net No which is 2, 0, the com- 
plementary function being the radius of the hypersphere; the nets 
N, Ni and No fmmi a triad under transformations F. 

In view of this result we call the transformation from N into 
N a generalized transformation of Rihaucour^\ or simply a trans¬ 
formation E, We call the corresponding net No a central net of 
the transformation. 

From (63), (64) and (68) we have 


(76) 


^ , dx d 6 

lu' 



be 

'dr' 


By means of these equations, (57) and (75) we find that 


2 ; 




= 0 . 


Hence: 

The tangent planes of No are normal bisectors of the joins of 
corresponding points of N and N. 

Also it follows from § 17 that: 

Corresponding tangent planes to N, Ny and No meet in a line 
generatmg a congruence harmmiic to each of these nets. 

By means of A' we can obtain a transformation E of any net 
parallel to N (§ 67). From the above results we obtain the theorem: 

Wiien a transformation E of a net Nis known, a transfwmaticm E 
of any net N parallel to_ N can he found by a quadrature; the 
transforms of N and N are parailely as are also corresponding 
central nets of the transformations. 


In his study of cyclic systems Ribaucour considered two-parameter families 
of spheres in 3-space upon the sheets of whose envelope the lines of curvature 
correspond. The relation between the two sheets has been called a iranBformaiifytt 
of Mibaucour. 
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When in particular N is N\ the transform of ^is the origin, 
as follows from (62). This is the case treated at the end of § 66 . 
From (n, 1 ) and ( 68 ) we have 



Whm K and Ni are Onets in the relation of a transf(yrraaii(m li, 
the nets JV' and Ni whose coordinates are direction-parameters of 
the cofigruence of the transformation may he obtained from one 
other by inversion. 

In § 75 we shall show that only for certain types of 0 nets 
do there exist transformations F into non-parallel 0 nets which 
are not transformations F. Hence: 

In general an meersion is the only radial i ran formation of 
an 0 net into an 0 net. 

The function w,, where 

(77) 2a,,—2^y„ 


is a solution of the point equation of Xj. We wish to show, 
furthermore, that wi is the transform of w by an equation analogous 
to (62), namely 

(78) wj — o) — "5 

fj 

where is defined by 


(79) 


duf' dw 

liT dll' 


dio' d(o 
dr "" dv' 


When the expression (62) for xi is substituted in (78), the latter 
reduces to 

(80) e+o/— 2 ]! •*■./=- 0 . 


By differentiating the left-hand member of this equation we find 
that it is constant. Hence the additive constant of can be 
chosen so that (80), and consequently (78), is satisfied. 

69 . Transfonnations R in another form. From (65) 
and ( 68 ) we have 


(HI) 




0 *6? 
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If we choose the algebraic signs of V^Ey and \ 0\, so that 




(82) 

we have from (66) 

(83) /, -»;(i+VA). , 

If we define a function u b\ 




(84) 

equation (70) becomes 


Bit. 


(85) 


pf^~\ (/“"I" —2^?^ 0. 


The equations (62) of a transformation R may be written 

(H6) ■ii = — 


where the functions involved satisfy (85) and 

I Eq, ^ V (!,, 


(87) 


de 

du 


^Pk 


diA 
n—2 




^Pk 


- h, I. 


_93 _ _■y 

du ^ 


<^kPk- 


l dV E 

Va 9f’ 


+ »f (I A’+ I A’,), 


9g 

dv 


1 dVG 


r. 


3) 
3 » 


I 3l^ A’ 


iL — ^'Tf_1_ 

0y “ 1/^ 


l/j5; 9« ^ 9?f \/^ Q 9?’ 

1 3 k 

*^1 |/^ 3m 


3- 


r/+,t(rr?+rrA), 


9 logi^? 




^1^?^. Q ™58\ 

9?’ ‘ 0 


The expressions for — and —- follow from (64), (71), (83) 
9o 9r 

and (84), and those for and are obtained by differentiating (85). 
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The integrability conditions of this system of equations are satis¬ 
fied provided that d is a solution of the point equation of N and that 


( 88 ) 


dVEi ^ / 1 8 ^ 1 ? 

dv ' Sv 

dVGi _ , jt/ 1 ^^0 

dr ’'"‘'l/ff 9 m 


{Ve+V^^I 

(VG+V^Jl), 


as can be verified readily with the aid of (21), (30j and (31). More¬ 
over, any set of functions satisfying (87) make the left-hand member 
of (85) constant, as can bo shown by differentiation. 

If we write 


(89) 


9,/1 

dff 


I 


dv 


= I (hVu 


it follows from (65) and (82) that 


(90) 


e' 


ni 


e' 


./ — 


If we define functions X\ a by 


(f>i) a 

the functions ?i, and A'i.a satisfy equations of the form (27), 
By differentiation we have 


(92) 

where 


dv 


ni nu 


9 Ai, fc 

9 ?/ 


«1,A. 


193) 


G+VG^), 
dl.k ~ Ok ,— E-\-V ~Ei), 


9 ?( 




9 Xi, h j 


- ^{V'E+ I Ej, 

U 

h,k ^ h — V Gi), 


Hence (§ 63) the functions Ji, Ai,a, are the elements of the 
orthogonal determinant corresponding to Ni, 


12 
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70. Inverse of a transformation R, Let “ S 

denote the functions determining the inverse transformation by 
means of which N is obtained from so that 


X=,K\ - ^ Nl)- 


When this expression for (x — Xi) is equated to that given by 
(86), and Xi,k, h and f/i are replaced by their above values it is 
readily found that 


where q is to be determined. When we require that these functions 
and 6-^ satisfy an equation analogous to (85), we find that 
— qO, Comparing this with (11, 19), we have q= I'O' 
\/eic. Hence 


(94) 





pi 

Ow 




(/_ 

Ou ' 


r 

0(( ’ 


1 


e 


e-^ 


] 

?r ‘ 


J3y means of (93) we show that these functions satisfy a system 
of equations of the form (87) for 

From (51), (54), (56), (60) and (91) we find 


(95) 


/ 1—^0 


A"i, h 


which shows that the parameters of the congruences conjugate to 
Nx and Nq and to and Nq are the same linear functions of the 
quantities Xx^k and Xk respectively. 

71, Transformations R in tangential coordinates. Let 
Pfc, Q and R denote the tangential coordinates of an 0-net N(x). 
They satisfy (cf. § 64) 


du 


= akQ. 


9 ft) 
du 


- 


dPk 

dr 


— hP, 


9 ft) 

Jr 


Vfutt, 


(96) 
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where w is given by 

(97) 2a) = ^P^ + 4»» + i?*. 

Also we have 

(98) .r = ZPicXk+ Q^+Ji>i. 

Equation (80) may bo written 

(99) o,'~-ZPuP^+Qq + Iir-«, 

where pj^y Qy >• and 8 determine a transformation R of N into an 
0-net Ni (.rO, whose coordinates are of the form 

( 100 ) /•, - ZJ\kXt,u + Q, 

the functions Pi,^, Qi and Pi being the tangential coordinates of Pi. 
In consequence of (80), (90) and (91) we have 

(101) Pi,ft Qr- 

These formulas and (91) define the given transformation P in terms 
of the tangential coordinates of N and Ni, 

72 . Theorem of permutability of transformations P. We 
apply the theorem of permutability of transformations F to the 
case of transfonnations P, and assume that Ki and Pg are two 
P transforms of N determined by functions 8i and 0^ respectively, 
and netsA"'(./) and 

Now the analogues of (68) are 


(102) 

<M 

11 

91 

Z2S^'. 

Making use 

of (IT, 31), we obtain 


(103) 

d 8i 'V't , d .r 

Yii 9m’ 

d0t V w 

1 8m 8m’ 

dr Tv' 

'"^2 _ j, 

8r dv' 
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By means of these results we establish by differentiation that 
2 ^ 0 ?'a ;"—Oi — ^2 is constant. 

From the above and (IT, 33) we have 

(104) ^(.rD* =- 52 02 — 2^, (Z^' x"- fl,"). 

The functions 0 i and 62 are determined to within additive constants. 
Hence there are 00 ^ cases for Avhich 

( 105 ) Z-> ' y'—Ol’—ffi = 0 . 

Then, as follows from (11,38), 

( 106 ) I Z(y"r- 

Hence, by § 67, jN^i* is an i? transform of A\. 

As (105) is symmetrical in functions of the two transformations, 
iVi 2 is an transfom of JV 2 also. Consequently: 

J/ Ni and N 2 are B iransforms of an 0 mt N, there are 00 * 
0 nets Ni 2 which are R transforms of Ni and Ag, and they can he 
found hy quadratures^^). 

The transformations from N into Ni and Ag are given by 
equations of the form 

(107) x,= x-^(2i>,fcX,+ 3,? + r,»?) (/ = 1,2), 

Wi ’ 

where the functions jp, q and r are solutions of (87). 

If we write the coordinates of NT{xT)j which are the direction- 
parameters of the transformation of Ni into a net Aig, in the form 

(108) Xi* == ^Pl 2 ,7c Xi, ft + ^18 4" ^12 f 

k 


This theorem is the generalization for n>space of the similar theorem for 
3-8pace established by Bianchi by applying the Lie line-sphere transformation to 
the theorem of permutability of W congraences; cf. Rendiconti dei Lincei, ser. 5 , 
vol. 13 ' ( 1904 ), p. 361 . 
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it follows from (JI, 33), (90) and (91) that 

(109) |?i2,fc = -^Phk — P2, k, Qii ~ ““ Qif ^1* ===" 

These quantities satisfy the relation 

2pi2,k + ^12 + rf2 “ 2 6it!f 
k 

and also because of (II, 37) the equations 


du 


V Pjiqi2} 


9j pi2,fc 

9w 


^hkQlty 


~dv 


K(ji ri2, 


^Pl 2 ,k 

dv 


^l,fc ^12* 


The tangential coordinates of Ni 2 are given by the following 
formulas which are analogous to (91) and (101): 


I IT _ Pl2,k ff/ _ -yr P _ P 

^12, k — ~~Atfr 1 -^1, An -02, k — pVJj, — O, An 

C^12 *^12 


( 110 ) 

where 6 ^ is given by (II, 38) and 


^12 — ~^rn Qi 2 Ql* 


N — r R 

-«12— f 12 

(fl 2 


( 111 ) 


«1 - W-W . 


When these expressions and those from (101) and (109) are sub¬ 
stituted in 

-A 12, A AA"T nf nftf 1 

“l2 


112) 


Pl2,k— Pk- 


iii)h,k-¥ iixP-2,k 


o — 04- 


L\ 2 = 


lig ?*i 4* *0i rg 


where 

(113) 


Oia 

=- «ll' w'— e'lw", = flj w"— @5' w', 


we find that they are satisfied. 
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Since the first of ( 112 ) involves the direction-cosines of N, 
the coordinates of N' and and solutions of the point equations 
of N' and we have the theorem: 

If N, Ni, A^ 2 » a quateni iitider fransformatiom U, N 

is any net parallel to N, and Ki and are E transforms of N 
parallel to Ni and respectively, hues drawn throuyh points of 
Ni and N 2 parallel to the Joins of Nx and respectively with N 12 
meet in points of a net Nx^ parallel to A\ 2 * 

73 . Cyclic congruences. Let A'(r) bo any net andiViCri) 
an F transform defined by (62). The tangent planes to N and Nx 
meet in the lines of the congruence harmonic to N determined 
by e\ the coordinates y and z of the focal points and F^ of 
the congi’uence are of the forms (IT, 22) 


(114) 


If - 


1 - 

'd± ar’ 

dv 


6 b.t 
d8 
dn 


If M and Mx denote corresponding points of iV and Nx, a necessary 
and sufficient condition that Fy M Fx ilfi is that 


2;.. 


dv ^ dv 


Hence in order that M -=- Fi ilA and M — F^ Mi , it is necessary 

and sufficient that 

6 ' =~ c^.r", or - 0 , 

where c is a constant different from zero. In this case N' is an 
0 net, and N and Ni are 0 nets. Consequently (§§ 66 , 67): 

When N and Ni in relation F a necessary and sufficiefnt 
condition that each of the focal points of the harmcynic congruence 
of the transfen'mation he equidistant from the corresponding points 
of N and Nx u that N and Nx he 0 nets in relation li, or con¬ 
jugate to a congruence 1 . 

We consider the case for transformations E, In consequence 
of (22) and (87) the expressions (114) are reducible to the forms 


(115) 


y - ./* — 


z — — Ex 



where 

(116) 


73. Cyclic con^ruenvcii 
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Rx - 


H 

<l’ 



r 


Fiom those equations and the preceding theorem it follows that 
the hyperspheres, Si and S 2 . with centers at the focal points and 
of radii 7?i and i)ass through corresponding points of N and of 
each of the oo« -- R transfoi-ms of A^by means of f) (§ 67). More¬ 
over, sinc(‘ 

(J17) 


Si and S 2 meet oi'thogonally. From the fifth theorem of § 10 and 
the second of § 67 it follows that the hypersjdieres with centers 
at the focal points of any congruence harmonic to an 0 net N and 
jiassing through points of X meet orthogonally and pass through 
the oc'*--if transforms of A" detennined by the solution 8 of the 
[mint equation of A’ which determines the harmonic congruence. 
We call them f(»cal of the congruence. In 3-space 

Si and S^ iw sj^heres meeting in circles orthogonal to oo^i? trans¬ 
forms of A’, that is in ciicles of a cyclic system. Conversely, in 
1§1771 it was seen that the O nets orthogonal to the cii’cles of 
a cyclic sy^t(*m are liarmonic to the congruence of axes of the 
circles. Henet* we say that for space of any order any congi’uence 
haimonic to an O net is a etpUv comjrncnco. 

From the last theorem of § 13 we have the theorem: 

If the <lii'(riton-pammd( !}< X of a n/(‘li< (otifp'ncnrr ((ic sobifwn^ 
of fhe eqitafiou 


(118) 


0^8 alogyl do 9 log if d8 

dildr dr d t( dn dr 


iheh 

( 119 ) 


where U and V ate Janetiom of u and r alone respectively. 

In § 16 we show that the condition (1H>) is characteristic of 
cyclic congruences. 

If we put X - y —equation (117) is a special form of (119). 
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In fact, from (1,54,55) we have 


( 120 ) 


Iff-^(.-4 


d2 _ d logjRi 
9/; dv 


u—Z/)- 


If we express the condition that X satisfy (118), we have 
( 121 ) h\~=AU, 


where U and V are functions of n and r alone respectively. 

74 . Multiply cyclic congruences. Let N and Ni be two 
0 nets in relation F and let G denote the liarmonic congruence 
of the transformation jP. If A" and Nt are i? transforms of one 
another, the fecal hyperspheres witli centers on the focal nets 
of G and passing through points ot A’ also pass through the corre¬ 
sponding points of Ni, If, however. Xi is not an 7>Mransform 
of N, then there are at least two ])airs of focal hyperspher(*s 
associated with G, If we denote by Bi and ii\> the radii of the 
focal hyperspheres passing through points of .Vi. it follows from 
( 121 ) that 7?i - Ui Ri and lU = R^, wh(‘re and I'l are functions 

of u and v alone. From ( 111 ) it follows that R] + Rl~ R\ + Rl* 
From these two conditions we find that tlie functions H must be 
of the forms 

22 ) R,=^ m, R^^YX', R, - X I R^ t: A » i 

where c is a constant and X is to be detei mined. 

From (114), (115) and ( 122 ) we have 

da _ E 0 do G H 

di( ~ ~Tr~x' d~r f I* 


Since B must satisfy the point equation of X, namely 


<124) 

dudv 

we must have 
(125)^log-« - 


aiog i^Ede 9iog_C^ dj^ 

dr du dv dr’ 


V 1 d^E d . « £71 

U I ff dv ’ 9i' F 1/^ 


d_V_G 

dv 
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The condition of integrability of these equations is 


(126) 


d (v 1 

8 VE 

9m \Z7 yg 

dv 


d lu 1 dV o\ 

0?<\7 dxi / 


Prom this equation and (31) we have 

‘>_l ^ 

^ ^ Sv\ I (1 hv I 


(127) 


I' E 9m 


I'G 9( 


-V^'Eauh, 

k 


— vv 


^ ^ 8« \ 0M j 

1 8 I/(? 


y Ji; 8 h 


vr 

I/T; 8, 


■V^Zaihk. 


When a net N satisfies conditions (127), the function 0/k is 
found from (125) by a quadrature and then 6 from (123) by an¬ 
other quadi*ature. Since these conditions do not involve the con¬ 
stant c in ( 122 ), it follows that: 

When a cycla congruence admits moie than one pair of focal 
hyperspheres cnttmg orihogonalhj it admits an infinity oj pans. 

In this case we say that congi’uence is multiply cyclic. 

The constant factor of integration of (125) can be taken equal 
to unity in all generality, but the additive constant in (123) give> 
a family of parallel multiply cyclic congruences. Hence: 

When an 0 net N satisfies the conditions (127) there is a imiqia^ 
family of parallel multiply cyclic congruences harmonic to it, winch 
can he found hy quadratures. 

75 . Transformations F of O nets into O nets which are 
not transformations R. We return to the consideration of the 
0 nets Nix) and iVi (.rO harmonic to a multiply cyclic congruence, 
and such that the focal hyperspheres of radii Ei and given by 
(122) pass through points of Ni, If we put 



(128) 
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then from (115) and analogous equations forA’i wo have 


(129) r_ ^ .l£. r—^ 


lix 9a-i 


Substituting in these equations from (62), (122) and (65), we get 
( 130) 1' K. = - y I <}, T ", ‘ y I- <■. 


When these expressions and those given by (65) are substituted 
in (128), we get. in consequence of (63), (64) and (123), 




If we put 
(132) 


?J?. 

9?/ 


, |/ i; 

a /1 


'■''-r d- 

dr («' 



1 K ). 

3(> 1 

1 a i 

U e' 

8/ 

r 0 


we find that these equations are consistent, and that (> so defined 
is a solution of (124). Consequently q\ defined by 


(133) 


9?( 9//' 9r 9?*’ 


is a solution of tlie point equation of the net A '. Hence the 
integral of (131) is 

(134) -- V o' q\ 

where g' is determined only to within an additive constant. 

From (129) and (62) we have 

i ?2 9./* 6 , Hi 9x*i lii 9.r 0 , /ij dxi 

l/W r A’ 8» “ ■ I A, 9 w ' 


Squaring these equations and summing for the .r’s, we have, in 
consequence of (122) and (134), 


(135) 


Llll 

v\l 
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The coordinates x* of are expressible in the form (69), where 
the functions g, r are subject to the conditions (cf. 35): 








^Pk 





du 



dll 

-? 

Hpk- 

1 

( 


dv 

dr 

1 



®I- —Th 1) — 

1 

dn 

vg 

dv 

du X 

Ve 


_ 1 _ 3 Kg 
VE 9“ 


d\/G 


dn 


-q+iVa. 


From (135) and (69) we have • 


Substituting these expressions in the last four of equations (136), 
we obtain 

/J + (TP + r^) - r, 

k 1 (r ^' 

1 1 (.'(r*+r) -- v^ZhPk- rrr+(f7*+ 

In consequence of (30), (127) and (136) these expressions for // 
and I satisfy the equations 

(lam ?'■ u-h)!^^. 

01 dr dn du 


Hence equations (123), (125), and the following in which q, r, h 
and I have the expressions (137) and (138) form a completely 
integrnble system: 


du U O' 

30' _ V'~E « 
du ~ ^ U X’ 


dg' _ l^G X 

30' _ V~0 X 
dv ^ V «' 


(140) 
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In addition to c the complete integral of the system involves 
n + 1 constants of integration, since for each set of solutions the 
left-hand member of 

(141) + —‘•eV = 0 

is constant, and in order that (134) be satisfied, we must choose 
solutions satisfying (141). Therefore we have the theorem: 

If an 0 net N satisfies the condition (127), it admits 
transformations F into 0 nets, whnh are not K transforms of A: 
the harmonic congrnentes of these transformations are nmttqd!/ n/clir. 
76. Nets 2, O. Let Nix) be a net 2, 0 in n-si>ac(\ the 

complementary function being g. Then . nj are the 

coordinates of an 0 net in n -|-1 space. From § 65 it follows 
that there are oo”-* nets N parallel to N for which 

(142) ==!/'*■ 


We say that such a net N' is a spenal net 2, O. Hence theix*^ 
are oo»-~8 special nets 2, 0 parallel to N. If N' is a special net, 
we effect the transformation F of N by means of the solution g 
of its equation and the conjugate congruence of direction-para- 
meters x\ so that the coordinates xi of the transform Ny are of 
the form 

(143) /‘i = ./— ^x', 

y 

In consequence of (142) we have 

(144) 2;(^i-x)* = y*. 


Also in consequence of (142) and the equations 


(145) 


dx’ j, dx dx' 9x dy' 

du dll’ dv dv’ du du’ 


^ I 

dr dv' 


we have from (143) by differentiation = 0, that is 

ou ov 

is an 0 net. 
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Consider two of these transforms Nt and Nt by means of 
two parallel special nets N'{x') and N''(x") satisfying (142) and 
In consequence of (145) and analogous equations we 

find that 

(146) X*' — yy' = (j 

where c is a constant. Since Ni and Ag are transfonns of N by 
means of y, the nets N, Nt and form a triad (§ 20), and Nt 
is an F transform of N by means of — y/y', and the corresponding 
solution — f/'/y' of the point equation of the net AT, parallel to 
AV whose coordinates are given by (cf. II, 33^ 

(147) 

y 

In consequence* of (146) and (142), we have 

Zi'i'Y 


Hence if ( -- 0, the conjugate congruence of the transformation 
from Ni into Ag is I. If c 4 0, and Nt are in relation B (§ 67). 
Hence in consequence of (144): 

If N h a net 2, 0 m 7i-spa(Cf the (omplemmtary funvtim 
hnng y, the net N admits F ttaiisfonns A", which are 0 nets 

and the rorrespondiny pomts of time 7iets he on the hypersphere 
of radius y a7id centet at the conges ponding pomt of N; moreover^ 
any two 7iets Ni a7id Nt are B transforms^ unless the (ongruence 
of hues joining corresponding pomts of A\ and Nt is 1. 

When, in particular, N is a net 2, 0 in 3-spnce, it follows 
from the last remark of § 65 that there are two special nets N' 
parallel to N Moreover, there are no congruences I conjugate 
to an Onet in 3-space (§ 65). Hence: 

If N is a non-special 2, 0 net in S-space, the complementary 
function being y, on the envelope of the spheres of radius y and 
centers on N the parametric nirves form 0 nets in relation B with 
one a7iother a7id in relation F with N, 

We I’etuni to the consideration of a net N in w-space which 
is 2. O. the complementary function being y. Let A"' be a parallel 
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net; then equations (145) hold. If e and d' are corresponding 
solutions of the point equations of N and A"', the equations of 
the form (62) define an F transform Nx of N, and the point equation 
of Ni admits the solution 

0 , 

Vi = y— • 

From these equations we have 
(148) 2x1 —yl =2'^*—2/^—2 


Since — y^is a solution of the point equation of Ai the 
function <r' defined by 


(149) 


da' 

du 





9^ 

dv 


= 1 


dv 




is a solution of the point equation of A"'. If xV' is a special net, 
a solution of (149) is a' ~ 2(2^'x' — yy'), and equation (148) 
becomes 


(150) 


—y\ = </*— 



Consequently 2 A — y\ the solution of the point equation of Aj 
corresponding to the solution — y^ of the point equation of A’ 

whatever be B. 

If A"' is not a special net, a solution of its point equation i& 




and the coiTesponding solution of the point equation of AMs given by 


9 ?^ 




d^i ^ dit' 


dr ^ 9 ?* dv* 


In this case a solution of (149) is 

a'^ 2(^^.r'—d). 


By means of this function equation (148) is reducible to (150). Hence: 
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IJ' N is a net 2, O and N' is a parallel net which is not specialf 
an F transform Ni of N which is 2, 0 can he found by a quadrature; 
if N' is special, each solution of the point equation of N determines 
an F transform whidt is 2, 0, 

Exercises. 

1. A net iV' parallel to a net N which is 0 is p, 0, the complementary 
functions of N* being solutions of its point equation corresponding to the com¬ 
plementary functions of N. 

2. Of the 0 nets corresponding to a given orthogonal determinant, those 
defined by 

fe -1 


where the e's are constants, lie on the hypercone = 0, and any such 0 net 
is so determined; for such a net 

k k 

3. Jf N is an () net on the hypercone 0, and G is any congruence 

conjugate to the developables of G meet the hypercone in a net which is an 
/? transform of A?; for tliis transformation 


4. If Ni and arc II transforms of a net S and all of these nets lie on 

the hypercone —0, so also do the nets Xn which are B transforms of Ni 

and N 2 j in accordance with § 72. 

5. A corigruence parallel to a cyclic congruence is cyclic, and for -x)' of 
the parallel cyclic congruences the circles of the cyclic system pass through 
a point (cf. § 13). 

6. The equation of Laplace satisfied by the direction-parameters of a multiply 
cyclic congruence has equal invariants. 

7. If N is an 0 net harmonic to a multiply cyclic congruence fr, any net N' 
parallel to N possesses the same property, and the multiply cyclic congruence 
harmonic to N' is determined by the solution of the point equation of N' corre¬ 
sponding to the solution determining G. 

8. Any congruence parallel to a multiply cyclic congruence is multiply cyclic. 

9. If N is a net 2, O and Ni is any O net conjugate to a congruence 2,1 
conjugate to ^V, tlie distance between corresponding points of S and Xi is the 
complementary function of X. 
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10. In order that the first and minns first Laplace transforms of a net N 
with point equation (1) he 0 nets it is necessary that a and h can be chosen 
so that 

<» 2X|f)’=©’, 


From (I, 3) it follows that we must have 


fdb\^/da\^ da d-h _ d^a 9x \ 

. ^du' ^dv^ du dv^ dv dudr dudv^du dv' 

_- f dh dji d^a d^b y 9a; 9x\ 

V9w dv dudv dudv ^ du 9t'/’ 


The consistency of the equations (ii) necessitates the condition 


__ 

du dv^b a' ^ dudr 


When this condition is satisfied, the equations 

(iv) dloger _ _ 1_ d_n 

du a du' dv ~ b dv 

are consistent (Cf. II, Ex. 12) and (ii) may be replaced by 

/ s Y<9 j'- 9.r 9^ - 

^ du dv dudv ^ 

When (i), (iii) and (v) are satisfied, the net .Y possesses the desired property. 
AVe call it a (r net. 

11. The point equation of a G net Y admits the solutions 


02 = 2V-. h\ 


The first Laplace transform of di is and the minus first Laplace transform 
of is where Xj and are the coordinates of the first and minus first 
Laplace transforms of N. 

12. Any net parallel to a 6? net is a 6? net. From (II, Ex. 12) and (iii) 
of Ex. 10 it follows that two of the.se parallel nets have point equations with 
equal invariants, and are associates of one another. If the point equation of 
one of them is written 

(i) _ 91og<r d$ dlogff dS 

dudv dv du ' du dv' 

in place of (i) and (v) of Ex. 10, we have 
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/9^Y _/9<yy y 8j* 

Vdl^y ’ ^\dr/ “V0^/ ’ ^'du 


djr 

dn dv 




A net (r of this type we call a net Go- 

13. The point equation of a net Go admits the solution 6o = ^.v‘^ — 
The first and minus first Laplace transforms of are JSxf and 

14. Show that the radial transform of a net Go b}' means of the function 

~ —<r^is a net G,,. 

15. If R G net N is subjected to a transformation F for which the direction- 
parainetors of the conjugate congruence of the transformation are the coordinates x' 
of one of the nets fro parallel to X and the function 6/' of the transformation is 

the transform is a f? net, and its Laplace transfonns are B transforms 
of the corresponding Lsplace transforms of X. 
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Chapter YU. 

Transformations of Ribaucour. 


77 . Orthogonal determinants and 0 nets in 3 -space. 

In the case of 3-space an orthogonal determinant is of the form 



X'... 


( 1 ) 

. 



. 


Now 

M = 

OH 

dX 

- tn/ 

or 

( 2 ) 

9? V 

—— - —aX — luy. 

dll ' 

df 


dy dy 

^—hX- 

whereas it follows from |§ 651 that 




yji 

Q2 


where and ^2 are the radii of principal curvature of an 0 net 
corresponding to J. 

When an orthogonal determinant is known, the coordinates of 
a corresponding net are of the form (cf. VI, 37) 





(5) 


78. Transformations R in S-space 
(4) x=PX+QS+Bii, 

where, as follows from (VI, 38), P, Q and R satisfy 
dP D ^ dP n" 
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du 




dv 


du 


-^P —^,-—^^-8+ VE, 
VE VG ^0 


Vo 

9Q_ 


R, 


1 8l^ p 


(tv y" E 

1 dV'O 


M=_L_lilAo ^ P ^,‘’*'”’ 0 1 KcT 

9j( 9i) iv yg yE ^ 

78 . Transformations R in 3 -space. In 3-space the equations 
of a transformation R of an 0 net N («) are of the form 


( 6 ) 


r, == /—— (pX-\-q^-\-rti), 


where, as follows from (VI. 87,88), the functions satisfy the equations 


(7) 


de 

du 

VEg, 

-1 = 

dp _ 

-^^9, 

dp Vg 

du 

Qi 

dr Qi ’ 


9 m 


V E 


d I' E 


ei 


Vo 9'' 


r-t-ied' E+V El), 


93. 


1 dUG 


9(> 


yE 9m 


dr d\E 

du yg dr 


dr_ 
dr ' 


Vo 1 dVG , nK.i. 7 r\ 


d logw 
dll 


i/yr 9 9 logM! _ r 


= VGi [- 


1 9l^ 


■{VE+VEi)^], 


9 I E l 

do dv 

dVOi , r 1 ^VG , .x7r\l.1 

= ‘'^‘LW9li— 


du 


18* 
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and also from (VI. 85) 

(8) 2wfl = 0. 

From (VI, 93) w have that the principal radii of curvature 
of the net Vi, denoted b}' Qti and pu, are given b}' 


y El 

Qn 


VE 

ft 


^(1 E ). 


I G, ^]^G 
^2 


+ f(l fV.f I' G). 


From (VI, 54, 5G) we lia\e that the coordinates /o, t/oy 
the central net and the radius R of tlie spheres, are given !>> 


(10) ./O- J—^X. /.* = 

i' p 

We recall from § 08 the following theorem* 

When a transformation R of a net N is known, a trans- 
formation R of any jyaratlel net N tan he found hy a quadtature, 
the transforms of N and N arc paratlely as are also the ventral nets 
of the transformatmis. ___ 

The equations of the transformation of N are 

f, -=r— ?+>•»/), 

1C 


where w satisfies equations of the fonii (7). Since (8) must be 
satisfied, we have 

Sw en\ 

Also we have the theorem: 

When N and Ni are in relation R, the nets N' and JVi, whose 
coordinates are direction’parameters of the congruence of the trans¬ 
formation, may he oUained from one another hy an inversion. 

Conversely: 

If two 0 nets N' and Nl are related hy an inversion each net N 
parallel to N' admits an R transform Ni parallel to N\ which can 
he found hy quadratures. 
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From (VI, 91) we have that the dircction-cosines of the normals 
to a net N and to an £ transform JV, are in the relation 


(11) X, = 

From (VI, 28, 74) we have 


x+p- 


e' w e. 


0 ;/r' 

l E’ 

dX 

‘OX 

yo" 

dX 


a 

dn’ 

dr 

h 

dr 

dft' 


dp 


Vo' 

dp 

du 

a 

du’ 

dt; 

h 

dv^ 


where E' and G' are the first fundamental eoefficients of N'. Hence 

(11) is of the fonn (11,2), and we have: 

Whm N and Ni arc in relation B, their spherical representations 
are in relation F. 

Conversely, we have the theorem: 

If iV(;r) is an orthogonal net on the unit sphere and N*{x*) 
is an 0 net ivith this spherical representation, the equations 

( 12 ) 


define an orthogonal net ]S\ (;/i) on the sphere such that X and Ni 
are in relation F, 

From (11) and (VI, 99, 101) it follows that the distance from 
a point of any O net A’ to the corresponding* tangent plane to an 
B transform is given by 


(13) 


^ Ai r) 


l\ + F- 



a! ‘ 


79. The cyclic system associated with a trans¬ 
formation /?. If X and Xi are two 0 nets in relation JS, the 
circles orthogonal to X and Xi at corresponding points have for 
axes the lines of the harmonic congi’uence G of the transformation, 
that is the harmonic congruence determined by the solution ^ of 
the point equation of X (§ 73). In § 64 we saw that there are 
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001 nets parallel to N determined by 6, By the last theorem 
§ 67 each of these nets N' determines an B transform of N 
and all of these transforms are harmonic to (7. Consequently the 
above circles are orthogonal to all of these nets Ni and therefore 
form a cyclic system [§ 174]. Incidentally we have established 
the theorem: 

If N is an 0 net and O any congnience harmonic to it^ the 
circles with lines of G for axes and pamng throfiegh corresponding 
points of N form a cyclic system. 

We call the planes of the circles orthogonal to two nets N 
and Ni in relation B the drcle-planes of the transformation. From 
the sec^d theorem of § 11 it follows that the cii'cle-planes envelop 
a net N. Since the circle-plane at a point M of N is determined 
by the normal to N at M and the line joining corresponding points 
of N and it follows that any point on the circle-plane has 
coordinates of the form 

(14) x^x-\-jx!^lcX, 

and the direction-cosines_of the plane are proportional to r? — qii. 
In order that the point M(x) be the point of contact of the plane 
with its envelope, the functions j and k must be such that 




(15) 


By differentiation we find 


dx 

du 

dx 

dv 


Hence j and k are determined by 


(16) i+jh-^ = o, 

Qi 

and we have 


(17) 


dx 

du 


dj , y dk 

aw du’ 


i+ji--^ = o, 

Qt 

== y 4- X— 
a?; ' dv dv^ 
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If equations (16) are differentiated with respect to v and u 
respectively, we get 


(18) 



in 

Qi 


0 , 


dti Q 2 dv 




Making use of these relations, we find from (17) by differentiation 


m 


diidv ^ dudv dndv' 


Hence j and /t are solutions of tlie point equation of N. We shall 
show that w, defined by 

( 20 ) a) ' (i'j 

also is a solution. In fact, we find that 


( 21 ) 


d 0) 
9w 


. dj , dh 
9 « + a « ’ 


9w t,, SJ I 9fc 


9*w 
d i( 9 r 




JllL 

9 1( 9 V' 


Moreover, tlie linear element of N may be written 

{22) dP+2djdw. 

If we put 

(23) i = 7)1 -|- in, 2 o) - 7)1 — 17), 

equation (22) becomes 

(24) d~P —■ dP + + dP* 

Since h, m and n are solutions of the point equation of N, they 
are the coordinates of a net applicable to N, 

This result is in accord with [§§ 141, 176] where it was shown 
that the planes of the circles of a cyclic system envelope a net 
corresponding to the developables of the congruence of axes. More¬ 
over, it was shown that the applicable net is known intrinsically 
when the cyclic system is given, and conversely when the appli- 
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cable net is known a cyclic system can be found directly. For 
the sake of brevity we say with Guichard that a net is C when 
it admits an applicable net. _ 

We have just seen that is a net (7. It is harmonic both 
to the congruence normal to N and to the congi'uence Q of the 
transfonnation from into JVi (§ 11). The coordinates of the 
focal points of first rank of these two congniences are of the 
respective forms + and x — xlh (I, 37). By means of the 
preceding formulas we prove the theorem: 

Tlue normal congrmnce ami the congnimcc (I are the harimmc 
congruences of N determined hg the solutions m-\-in and h of the 
point equation of N. 

Moreover from § 11 it follows that the derived net of N by 
means of m-\-in and +const, is parallel to 

Conversely, any net harmonic to a normal c-ongriumce Go 
enveloped by the planes determined by G'o and by any congnience 
conjugate to a net normal to Go. But in § 65 saw that 
any other congruence conjugate to iS" is 3, 1. and consequently 
leads to a transformation B of K Hence the resulting net harmonic 
to Go is a net C, Since the determination of congruences conjugate 
to iV is equivalent to finding nets parallel to we have: 

The nets harmonic to a normal congruence are nets C; their 
determination is equiralent to finding mds parallel to a net orthogoyial 
to the congruence: when such a parallel net is known^ the corre¬ 
sponding harmonic net follows directly and the coordinates of the 
applicahle net can he founds hg quadratures'^''), 

8 o. When the circle-planes of a transformation R pass 
through a point. Consider in particular the case for which the 
circle-planes pass through a point. From (17) it follows that^ and k 
are constant. If the point is taken as the origin, Ave have from (14) 
that in all generality we may take 

(25) p = F-d, q^-Q, r = B, 

d being a constant. 


*•) In § 117 it will be shown that every net C is harmonic to families 
of parallel normal congiueiices. 
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From (VI, 96) and (7) it follows that B == i 
a constant. 

From these results and (10) we have 


) —c, where c is 


Z*o = +2f. 

P 


Hence the spheres cut the fixed sphere with center at the origin 
and radius Vq under the constant angle where 


r® = 2 c, >0 cos € — d. 


(Conversely, it can be shown that when the spheres of a trans¬ 
formation E meet under constant angle a fixed sphere with center 
at the origin, the functions of the transformation are of the fom (25). 

It is evident that any 0 net admits such transformations JB. 
In consequence of (25) the coordinates of any point on the line 
of the congruence G of the transformation E are of the form 
(1 -f ^)a?'+ • X When A = — 1, the pomt lies on the sphere of 
radius d with center at the origin and describes the spherical 
representation of N, These lines meet the same sphere again in 


the point of coordinates d • |x— ^ r'j, which describes the spherical 


representation of Ni (cf. 11). 

8 i. The circles X and congruence A". Let XiUi) and 
iVg (cr 2 ) be two E transforms of an Onet Nix), and write the equations 
of the transformations in the general forms 


where N'(x') and iV"(.x") are the nets paraUel to N determining 
the conjugate congruences of the transformations^®). If and B'^ 
are solutions of the point equations of N'' and X' respectively corre- 


(26) 




Of. Jonas, Sitz. Berl. Math. GeseU., vol. 14 (1915), p. 109. 
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spending to the solution Bi and Bt of the point equation of N, and 
the additive constants are chosen so that 

(27) B'l-^B\ = 'Zx.r'', 

then as shown in § 72 the oo^ nets defined by (I.I, 4d), namely 

/ortv __ I (6>i ^ — ^2 ^i) X + (^2 ^ 2 ) 

(.8) .ri2 ~ X* + - 

are 0 nets in relations R with Ni and 

Consider the circle K through three corresponding points, 
i¥, ifi and of iV, Ni and The coordinates of its center 
are of the form 

(29) + 

where X and are deteniiined by the condition that the lines 
joining the center to the mid-points of the segments MMx and MM^ 
are perpendicular to these segments. These conditions are reducible 
by means of (26) to 

(30) 2A”4 "Bx = 0. A-)- 2 fi B'y “f* ^2 ”■ 0. 

In like manner the condition that the line joining the center 
to the mid-point of the line joining 3Ii to the corresponding point 
of one of the nets AVj is perpendicular to this line is 

2 ;(*+ ^.x'+i^x'’~ .1; + ^ ^ xT - 0 . 

By means of (II, 33, 36), (VI, 106), and (27) we find that this 
condition is satisfied when (30) hold, and consequently the corre¬ 
sponding points of each of the nets Nn lie on K, Hence: 

If N, Ni, N^j Ni 2 are four Onets in the relation of a quatern 
under transformatio^is B, four conesjx/nding pomts M, i/i, ilfg, Mit 
lie on a circle K; the four corresponding points on any four of the 
possible 00 ^ nets ATia, forming a quatern with N, Nxy N 2 are in 
constant cross-ratio^’^). 

The last part of this theorem is due to Demoulin, Comptes Kendus, 
vol. 150 (1910), p. 156, and is left as an exercise. 
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If we put (§ 21) 

= x'-\- (c— l)x", 

e'^+ef. 

Hence the transformation F determined by Be and the congruence 
of direction-parameters is a transformation R, Moreover, if 
Nc is the transform, each of the oo^ 0 nets Ni^ are R transforms 
of Nc, and consequently corresponding points of N^ Ni, N^, each 
of the oo' nets Nc and each of the oo^ nets Nx^ lie on a circle K, 
Hence: 

If Bi and B^ are soluiiom of the point equation of an 0 net N 
determining two R transforms, corresponding points of N and of 
the oo^ R transforms Nc of N Iry means of ^i + (c—1)^2 lie on 
a circle K, upon which lie also the carrespenuling points of the oo ^ 
() nets Nn which are R transforms of all the nets Nc* 

Let Nc^ and Nc^ be any two of these transforms of N, and 
let iVoi and A 02 be the central nets of the corresponding R trans¬ 
forms, both being conjugate to the congruence normal to N, From 
the third theorem of § 68 it follows that the tangent planes to 
A^oi and nieet in the axis of the circle K, and consequently 
these axes form a congruence K harmonic to the nets Aii and Aia- 
Since the congruence K is determined by the circles K, we have 
that it is harmonic to the central net of the transformation R of N 
into any net Nc* Since N and any net Ai 2 may be looked upon 
as R transforms of a net Nc, it follows that the central net of the 
transformation from Nc into any net A '12 is harmonic to AT. 

From § 23 it follows that coiresponding tangent planes to N, 
to all the nets Ac and to all the nets Ni% meet in a point "gene¬ 
rating a net N, the derived net of N deteimined by Bi and ^ 2 * 
Since the tangent plane of a central net passes through the inter- 
sec^n of the tangent planes to N and a transform Nc, a point 
of N is on the corresponding tangent plane of each central net 
of all the tra^formations R* Consequently the congruence K is 
conjugate to N, Hence: 


( 31 ) e,+ (c-l)B,, 
then 

(32) 
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Corresponding tangent planes of N, the nets Nc and the 
oo^ nets Nii meet in a point generating a net N conjugate to the 
congruence K of the axes of the circles K through corresponding 
points of these nets^^). 

Since the congruence K is hamonic to the nets iVoi, and Aqs. 
and the tangents to the curves of these nets at corresponding points 
lie in the principal planes of N at the corresponding point, the 
focal points of K lie in these principal pianos. In order to obtain 
the coordinates of these focal points, we remark (§ 78) that the 
coordinates of iVoi and Ais are of the fonns 






•^02 



The point equation of Aoi admits the solution 6^01 -- dt — ^hlh'px* 
and from § 19 it follows that A 02 is the jP transform of Aoi. by 
means of doi. Hence from (H, 22) and (7) we have for tlie coor¬ 
dinates of the focal nets -Pi(^i), F^iy^) of the congruence K, tliat 
is the intersections of the corresponding tangent planes to Aoi and 
Nq 2 , expressions of the forms 


?/l-,Toi 


^01 

dOoi 

dn 


du 


™ x + 


ys = ^01 


^01 

dOot 

dv 


0 ?; 


X f 


— O2P1 ) ? + (^2gl — £2) A' 

Pi 92 —P291 

(O1P2 — QiPi) fj + ( 6^2 rj) X 

Piri—jhn 


From the preceding theorem it follows that the normals to all 
the nets Nc and to all the nets Au at points of a circle K ar^ 
tangent to the sphere S with center at the corresponding point on A 
and passing through K. Moreover, the normal to any net Ac meets 
the normal to any net Aig, in the center of the sphere tangent 
to Ac and A 12 . Hence these normals lie on a hyperboloid of 
revolution to which 8 is tangent along K, unless all the normals 
lie in the plane of K, We consider the latter possibility. 


*®) C£. Demoulin, 1. c., p. aiO. 
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If a, fi, Y denote the direction-cosines of the congruence K, 
we have in consequence of (26) and (27) 


<34) u,$,Y 


ij z " —y'V, six” — z” a!, xy" — x"y 


The direction-cosines of the normals to Nc and Nn are of the forms, 
by (11), (31) and (VJ, 112), 




Of 


Y _Y I iS2x'^ — O 2 (O'l X — Bix")p2 

^*12 — A-f- nf aff a'* a’ 

Uy uo - U2 


In consequence of (VI, 69) we have 


2 :av« = 

f4fli'er-(«j' + e0' 


Hence either all the normals lie in the plane of the circle K, or 
none do. In order that they do, we must have 


(65) 


</l ^’2 -(/2 /'l “ 0. 


From § 79 it follows that this is a necessary and sufficient condition 
that the circle-planes of the transformations of N into Ny and 
coincide. If we replace (35) \>y q 2 = ^qy, r 2 = lry^ from the sixth 
and seventh of (7) it follows that I is a constant, which may be 
taken equal to unity. Then we have 

(36) q2 = qyj U = Vy , p^ = py-\-d, $ 2 =^ By + c, 


where d and e ai’e constants. When these expressions are sub¬ 
stituted in (33), the latter become 


e 



X+ 






9i’ 
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Hence the congruence K is harmonic to the 0 net of coordinates 
X—eXIdj that is is a cyclic congruence (§ 79), and the net is 
orthogonal to the circles of the coiresponding cyclic system. 
Accordingly we have the theorem of Demoulin'^®): 

If N is any 0 net and Ni and are two R traru^fonns of 
the circles K determined hy corresponding points of Ny Ny and As 
are of two kinds; if the circle-plahies of the two R transfcn'ms 
are coincident, the normals to the nets Nc and oo^ nets Ny^ lie 
in the planes of the circles K, and the congruence K is cydic, the 
circles of the cyclic system being concentric rvith the circles K; 2^, «/ 
the drcle-planes of tlie two transformations R are distinct, the normals 
to the nets Nc at points of a circle K form one set of generators of 
a hyperboloid of revolution, and the normals to the nets the othet' 
family of generators'^), 

82 . Transformations Dm of isothermic surfaces. From 
(VI, 81) it follows that a necessary and sufficient condition that 
the correspondence between the two surfaces of a transfonnation R 
be conformal is that r* = cr*. From (II, 8 ) and § 4 it is seen that 
T and O’ cannot be equal. Also from § 25 it follows that when 
r + O' = 0 the transformation is K and the 0 nets N and A^i have 
equal point invariants, that is they are isothermic. Hence we have 
the theorem of Cosserat^*^: 

In order that the correspondence between two surfaces in relation R 
be conformal it is necessary and sufficient that both surfaces be 
isothermic. 

We proceed to the consideration of these transformations 
and put 

(37) Ve=VQ=^, 

where is a function thus defined. Now the point equation 
of N is 

( 38 ) ^ dip dB dip de 

dndv dv du du dv* 

»•) L. c. ' 

“) Cf. § 108. 

**) Annalcs de la Faculty des Sciences de Toulouse, vol. 8 (1894), p. E. 13. 
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Comparing tMs equation with (II, 79), we have 


(39) - = OTe-2*, 

Q 

where w is a constant. 

From [§ 65] it follows that the Codazzi equations of are 


1 (1 


1\ 

dtp 




dv \ei 

/ \(}2 

Qil 

dv’ 

8«t XQtl 


\Pl 

from which it follows that 




(40) 

1 

II 

^ s 


8 m ’ 

II 

= e~ 

0 

where we 

have put 






(41) 


.1. + 

1 

J 


(-- 

_ 1 


('I 

(?2 





dip 

du' 


Expressing the condition of integrability of (40), we find that L is 
a solution of (38). 

The net conjugate to the congruence normal to N which is 
ill relation K to N, that is the harmonic of N with respect to the 
centers of curvature of N. is given by 

(42) 

Prom this result, (40) and (II, 82) it follows that the functions d 
and 6 of this transformation K are 


(43) 



e 


2 * 


We return to the consideration of transformations R of N and 
introduce the function v by means of the equation 

& 

(44) w = — ^ mv, 

6 
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We have from (H, 82) 


(45) 


(46) 


dv 


-a 

= e ^ — = e 


dr 




9 u 0 u 

Comparing these equations and (7), wo get 

y~Ei = — yo, = 

In terms of these functions equations (7) become 
dO ^ ds 


r. 


(47) 


dn 

dp 

Yu 




dv 




dp 




- >•. 

0?; 


LV' 

aw 


0?f 


^0 

dr 


dv^’ 

dv 

—p - 

dr 


dr 

Yu 


dr 


dip 

du 




r> - <51' 


and (6) assumes the form 

(48) .Tj ^ X - - (p X q^ ~r r //). 

It is readily found that equations (47) form a completely inte- 
gi’able system, and that for any set of solutions the left-hand 
member of the following equation is constant: 

(49) + r* — 2mOr ~ 0. 

The complete integration of (47) involves five constants in addition 
to m. When these constants are chosen so that (49) is s|itisfied, 
three of these constants are essentially arbitrary. Hence we have 
the theorem of Darboux®*): 


®^) Annales de L’Ecole Norm. Sup., ser. 3, vol. 16 (1899), p. 503. 
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An isothermic net admits oo^ transformations R into iso¬ 
thermic nets. 

These transformations have been called Dm by Bianchi®*). 
83. Theorem of permutability of transformations Z)„. 

We consider two isothermic nets, Ni and transforms of an iso- 
theimic net N by means of two sets of solutions, v., q., 7 \, m^ 

{i == 1,2) of equations (47) and (49), and apply the results of 
§§21,72 to obtain a theorem of permutability of transformations Z>m. 

From (VI, 105) it follows that the additive constants of inte- 
gi-ation of $2 and 6 \' must be chosen so that 

(50) pi Pi + qi (li + rj r.> = 82 + ^5'. 


Since in the two transformations of A'we have taken q = 
equations (II, 92) become 


du 



d 

"dr 





From these and analogous equations in we find that the left- 
hand member of the following equation is constant; we consider 
in particular the case when 

(51) On + = 0. 

From this equation and (11,36,48) we have 

(52) mi 0ii = mg ^ig {mi j/g — ^21 

from which follows, when On and 612 are replaced bv their values 
(11,38,43), 

(53) mi mg (yg 6 / 1 -f vj ^g) = mg ^ 2 + 


®*) Annali, ser. 3, vol. 11 (1905), pp. 93—158. 


14 
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(55) 


From (VI, 83) it follows that for any transfonnation B 

— nil ni (y E-j- VE) qt, — w, v, ( y © + V7ii) / j. 

0 ll 0 V 

= W2 V qu == wjs ^2 ( ^ ^ '^'\ • 

on ov 


When equations (50) and (53) are solved for and 6»i', and the 
results are substituted in these equations, the latter are satisfied. 
Since and 62 are completely deteimined there is only one trans¬ 
form Nii, which is isotheimic. 

Making use of (54), we find 




ie^i2\ vx Je^2 \ 0 /^l2\ 




In consequence of (VI, 109) the expressions for and 

analogous to the last two of (47) diffei' from the right-hand members 
of (55) only by the factor m 2 . Consequently 

(56) = ni 2 612 ri 2 , 


and the transformation from Ni into A '12 is A/i,. In like manner 
the transformation from N 2 into i\7i2 is Dm,. 

By means of (51) and (52) the expressions (11,46) for the 
coordinates of N 12 are reducible to 


(57) 


—mi 6^1 

miBiOi — YThBoV^y 


Making use of (50) and (53), we reduce this equation to 


(58) 


Xyt = 


m2— Ml _ mo B^x* —mi Bi x*' _ 

mj m2 pi P2 + 3^1 ^2 + ^’2 — wii Bi V2 — wi 2 B2 Vi * 


From this it is seen that we must have wi* 4^ mj. Hence we have 
the following theorem of Bianchi®*): 


«*) L. c., p. 120. 
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If N is an isothermic 0 net, and and are two isothermic 
0 nets obtained from N by transformations Dmi a/nd Dmv there can 
be found without quadrature an isothermic 0 net Ni^ such that Nn 
is a Dmn transform of Ni and Dmt transform of N 2 , 

84. Special isothermic nets in 3-space. In § 81 it is 
shown that in order that two transformations R have the same 
circle-planes it is necessary that 

(59) $2 = $1 +j, P 2 Pi + k, (j2 = qi, I'i Vu 

where j and k arc constants. In § 119 we shall show that in the 
tangent planes of a deform of a quadric, meeting the circle at 
infinity in foui’ distinct points, there are eight points which describe 
isothermic suifaces, any one of which is in the relation of a trans¬ 
formation R with three others, the corresponding cyclic systems 
admitting the tangent planes to the surface for circle-planes. We 
apply the preceding results to the determination of all isothermic 
surfaces admitting two transformations Dvi for which the circle- 
planes are the same. 

From the last of (47) it follows that Vi= vi-\- n, where n 
is a constant. Moreover, since (49) must be satisfied by both 
transformations, we must have also 

( 60 ) Pi k + Y ’^*1 • 

When this equation is differentiated with respect to u and r, the 
two resulting equations are equivalent, by means of (47), to 

2 (^2 — nil) ^1 + 2 nisn — — kK^^ 2 (/a^ — Wi) -f 2 j k Z, 

where ZTo and L are defined by (41). These equations may be 
replaced by 

(61) Bi^L + e, Vi^-K^+f 


where e and ./ are constants. From the last two of (47) we find that 


(62) 





Vi 




dK, 

dv 


]i* 
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In consequence of (40) these functions satisfy (47), if we take 

(63) + 

wliere g is a constant. In order tliat (49) hold we must have 


(64) 





where 


(65) A — 2 mi — g, B — mi e, C = — niij, D - • g“ — 2 mi e /. 


Eliminating e, J and g from these equations, we have that mi 
must satisfy 

(66) (A — 2mYm-~Dm f 2BC 0. 


If then a net N satisfies the condition (64) where Ay By 0, I) are 
constants, there are in general three solutions m of (66). When 
these are substituted in (65), we have three sets of values of e, 
y and g and the corresponding functions (61), (62) and (63) deter¬ 
mine transformations of N into three isothermic nets such that 
the circle-planes of the three transformations are the same. The 
foregoing results are due to Darboux®'^). Bianchi®^*) also has con¬ 
sidered these surfaces, and in order to put in evidence the essential 
constants ai)pearing in (64), he refers to such a surface as a special 
isothermic surface of class (Ay B, C, D), 

85. Complementary transformations of special 
isothermic nets. The three nets obtained from N by the trans¬ 
formations determined by the values (61), (62), (63) have been 
called the complementary nets by Bianchi. We shall show that 
they are special nets of class {A, —By —C, Z)). In fact, in con¬ 
sequence of (9) and (46) we find that the functions Zo.i and Li 
for one of these nets Niy defined by equations analogous to (41), 
have the values 

(67) Ao,i =-, L, =---. 


“) li. c., p. 507. 
O') L. c., p. 130. 
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From these and the foregoing formulas we find 


Li — (? = 


e/+25r jr i /•_ e/+2.«r 

--, Ao,i -t-./ —- - -, 


2 A'o.i Li-^g ==^ (e/+ 2//) 


From these expressions and (VI, 94) it follows that A- may be 
obtained from by a transformation Dtm determined by the 
functions 


^ -(ATo,! +/), PT^ - 


1 


AViA+/^ 


Since the effect of changing the signs of e and ./'is to change the 
signs of B and 6, but not to affect (66) we have that is a special 
net {A, —D, —C, D). 

Now we show, as Darboux has done®^^), that the circle-planes 
of a complementary transformation envelope a surface applicable 
to a general quadric. To this end we make use of the results 
of § 79. From (VI, 83) and the preceding formulas, we find that 
for the present case 

h — m{v I —■ 'in{v — 

; — 1 . ^ H 2g-{-ef—v e 

' — <ir)’ * Of—er ’ Of—ev 


From (23) it follows that if we put 


=- h, y 4 iz 7, 

the point (a*, ./y, ^) describes a surface 2" applicable to the envelope 
of the circle-planes. When the above values of Ic and w are 
substituted, and d and v are eliminated, we find that 2 is the 
quadric 

iy — i ^) [a; + 2 m (y + «^)] = 2 gx^ + 2 ex + 2 m (2.(/ + cf) x (/y 


If 2g-^ef— 0, N\ has constant mean curvature and the corresponding 
equation (64) is iiTJ ^ X J -f- ^ Kq^ i Xi — 2BKq^— 2 CLi -f D = 0 which is 

satisfied because of (6.5). 

•*) L. c., p. 508. 
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86. Transformations of special isothermic nets. 

Let be a special isothermic net of class (A, B, C, D) and JVi 
a complementary transform by means of the functions given by 
(61), (62) and (63), We shall show that it is possible to find solutions 
Vii V 21 Q 2 and rg of equations (47) such that the net iVg is a special 
isothermic net. This is done by finding under what conditions 
a net N^y arising from Ni and N 2 in accordance with the theorem 
of permutability of § 83 is a complementary transform of 
From (II, 43), (VI, 109) and (52) we have 


== ®S, Pit = -^Ps —Pi, 

1 021 " 11 e"\ 

yj, =-— = - wijV,-— . 

Itll O21 fflfi \ ^2 / 

Also from (50) and (53) we obtain 


Oi' 

Ihi -^]h 


(mg— mi) e" —mt{ pijps + 92 + n H — ’«i ''i ^ 2 )- 

The analogues of (67) are 


^ ViL-\-2pi r e2-firo+22;s 

Ao,2 - —z -, Li =----. 

The equations 

( 68 ) dgi = — L2 + c, J'ai = Ko ,2 +,/i -2 ^0 ,2 Lg — (Jy 

are consistent with the above results, provided that 
(69) piP2+qiq2 + rir2—m2{r2^i + rM + (^—^^h)(^2e+ ^ 2 /+ 22>2)^0. 

By difierentiation we find that the left-hand member of this 
equation is constant for each set of solutions 62 y J'a, P 2 y q 2 and 
of (47). Hence if the constants entering in the latter are chosen 
so that (69) is satisfied, the net N 12 is a complementary trans¬ 
form of N 2 . The latter is a special isothermic net of class (A, 
— B, — C, D). Hence we have the theorem of Bianchi®**): 

Of the 00 ^ isothermic nets obtained from a special isothmmic 
net of class (A, B, C) D) by transformations Dm, are nets of 
class (A, — By — Cy D). 


®®) L. c., p. 141. We note that Bianchi showed that A* is of the same 
class as A. This is due to his choice of directions in the trihedron of N\, 
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87 . Transformations Dm of minimal surfaces. A minimal 
surface is isothermic, and the spherical rel)resentation of its lines 
of curvature is such that we may take (§ 109] 


(70) 




where VlS = VO -- e^. From (9) and (46) it follows that the 
transform is minimal, if v p, and only in this case. The equations 
of such a transformation are; 


(71) 


' 


da 



da _ 



0 n 

— (' 


dv 



dp 

y/- 4’ 


^P ... 



du 

- V 


dr 

A?.. 

du 

■ —ir 


d ip , 


P + r"" 

dr 

d ip 


dr 

'4* 

dxf^ 

du 

dv 


dv " ■ 

P 

du 




la. 

dv 


dtp 

du 




These equations form a completely integiable system. Since 
—2 mi}B - 0 must be satisfied, we have: 

A minimal mrfare admits oo* transform at iotis mto minimal 

snrfaces'^^). 

From (56), (52) and (VI, 109) we have ?',o — —and 
therefore: 

If a minimal surface is transformed into minimal surfaces 
*Si and /S'g by transformations Dnu and there can he found 

without (luadrature a minimal surface which is a D„h transform 
of Si and a Dmx transform of S^^), 

88. Transformations of 0 nets with isothermal 
spherical representation. Since the spherical representation of 
the 0 net on a minimal surface is isothermal, each transformation 
Dm of a minimal surface into a minimal surface leads by a 
quadrature to a transformation R of an 0 net with isothemal 
spherical representation into an O net of the same type, in accor- 


Bianchi, Rendiconti del Lincei, ser. 5. vol. 8‘ (1899), p. 151. 
Cf. Bianchi, 1. c. 
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(75) 


dance with the fii’st theorem of § 78. These transformations were 
studied by the author’*) and later by Bianchi’®), who called them 
transformations Em* In this section we show that these trans¬ 
formations are the most general transformations R oiO nets with 
isothermal spherical representation into nets of the same kind. 

The tangential coordinates of N satisfy (V, 29) with ^ == 
and y = 0. From (VI, 94) we have that the functions w and ^ 
pf § 52 are and respectively. Hence if a transformation B 
of N is to be a transformation ii, that is if JVj is to have isothermal 
spherical representation, its tangential equation must be of the form 

dudv dr du ' dv dv * 

Prom (V, 35) it follows that «/>, can be chosen so that 

(72) 

if we take 

(73) 

If in accordance with (9) we put 


p f,, t 

== mvfi. 


r8 


(74) G = ^ — -e-'\ 

V p V p 

we find that the last two of equations (7) are satisfied, and con¬ 
sequently the following systeifi of equations is completely integrable: 


= I Eg, 

8 ?f ^ 


8 ^ 

dv 


iGr, 


If 

du 






dv 


dq 


-e 


r V r, 

9? 


h 

du 


dip 

du 


dv 

Ju 


9i// dr . dip , I . Sv A 

- = --—g, j?- g'\-m [pey - er^ , 

t dv dv ^ du \ p I 


Transactions Amer. Math. Soc., vol. 9 (1908), pp. 149—177. 
Kendiconti dei Lincei, ser. 5, vol. 24 (1916), p. 371. 
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From these equations we have 


(76) 


du 





8 

dv 





and consequently dvip is a solution B of the point equation of the 
minimal surface Jv with the same spherical representation as N. In 
terms of this function the above expressions for the derivatives 
of q and r assume the same foi-mas(71). Consequently the trans¬ 
formation of N by means of (p r, B is a Dm into a minimal 
surface. Hence we have the theorem: 

When an 0 net N with isothermal spherical representation admiU 
a transformation into a netN^ of the same kind, the minimal surface 
parallel to N is transformed into the minimal surface parallel to ]S\ 
hy a transformation Dm- 

Conversely, if N and Nt are O nets on minimal surfaces in 
relation Dmj and N is a net parallel to N, the se^of functions p, q, r 
of this transformation and B and r, where Bv— Bp determine trans¬ 
formations Em of N into 00^ nets Nx parallel to Jv\. For B is 
determined to within an additive arbitrary constant by the first 
two of (75) and then v is fixed. Hence: 

An 0 net mtli isothermal spherical representation admits<x>^ trans¬ 
formations Em- for each ralae of m, into p)arallel Onets of the 
same kind. 

From these results and the fifth theorem of § 78 we have: 

An isothet'mic net on a sphere admits oo*^ transformations F info 
isothermic nets on the sphere. 

Consider a quatern of minimal surfaces in accordance with the 
last theorem of §^7, and four nets N, Ni, Nx2 parallel to the 
O nets Jv, iV,, iVi 2 of the minimal surfaces in accordance with 
the last theorem of § 72. 

From (56) it follows that 


Bii — — m« 6 #i 2 jPig, B^i — nix B^xPuj 

wher^dig and Bix determine the transformations from Nx and 
into Nx 2 . From equations analogous to (76) and (49) we have 

^ 12^12 == -^ 21^21 ^ Pii ^ 21 * 
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Hence, since Su = Su and S'Ji -= 

$12 = Wla e'n ^ nix ^ai ? ai* 

and consequently we have the theorem: 

If Ni and N 2 are obtained from an O net N with isothermal 
spherical representation by transformations Em^ nnd Em^, there can 
he found without quadratures a net N 12 of the same Jcindf such that 
Ni 2 is an Etnn transform of and an ErtH tran^orm of N 2 . 

89 . Nets S}. By definition an 0 net N is a net S2 if there 
exists a net No with equal point invariants conjugate to the con- 
grnence O normal to N Let N be a net S2 and let do be the 
solution of the point equation of iV, namely 

. -V d^e dlogl' E do . 9logL (? dO 

^ ^ dudv Tn a?r.ar’ 


by means of which iVo(^o) is obtained from N by a transfonnation F, 
The equations of the transformation are of the form 


m 

where ^0 is defined by 


(79) 

and 


dOp 

du 


Xp ■' 


dti ’ 


(80) 

since [§ 511 
(81) 


h 


dX 

du 



1 dx 
Ql du’ 


e'o 


X, 


9 Op j d Op 

d V a V 



dX _ 1 dx 

d V Qi 9 r ' 


If the point equation of Np is written in the form 


(82) 


d*e 

dudv 


d , ,/-00 , 9 , , -90 


dv' 
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we have from (77) and (11, 12) 
(83) 


V, 


where U and V are functions of u and v respectively, and from 

(n, 8) 

(84) r„=-|-^ + «o), ‘^0=—(■^ + ®'>)- 

When these expressions are substituted in (83), we obtain 


" \iQi(VVO—UyEy UVEq^—VVGq,' 


The Codazzi equations for N are [§ 65] 


(86) A- IKj^] = ± A. == i_ 

9?’ \ Qi f ^2 dv ' dti ' ^2 ^ 9w 


When we require that the function (85) satisfy (79), we find, in 
consequence of (86), 


(H7) 


9 log _ UV E Qi _9 /J^\ 

du VV^G 


+-^ log (C7V i?—F , 

ou 


d log Op 

dv 


Wo gi gi 8 

uVe e»—ei sv 




The condition of integrability of (87) is 


9 1 

jUl^E 8/1] 


(rVG ft ft 8 nv\ 

dv ' 

1 FK© ?i—9« Uii 

7 du ' 

i UVE 9»—9*’ Ife// 
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When this condition is satisfied, we find that Bo given by (87) 
satisfies (77), and consequently N is a net Q, Hence we have the 
theorem of Demoulin’*); 

A necessary and sufficient condition that an 0 net he a net SI 
is that (88) he satisfied. 

In consequence of the second theorem of § 25 we have that 
when N is a net i2, there is a second net A® with equal point 
invariants conjugate to the congruence G normal to iV, and that 
the points of Nq and on a line of G arc harmonic to the focal 
points of G on this line. Since the coordinates of these focal 
points are of the forms, .r + ^iZand X + Q 2 X, we have from (78) 
and the analogous equations for namely 

the equation 
(89) e. 


.?Vi} — ^ * A* 

eieiiiTVE+vVa)' 


The equations analogous to (87) are obtained from them by replacing 
y \^y —y. From these equations we have 


(90) 0co^o= TPE—V^G, 


i 0(0 — 


uvVEO{et—e,) 
UVEgi+VVOei ' 


Since No and A^ are conjugate to the normal congruence to A', 
they are nets 2, 0, the respective complementary functions being 
Oo/h and djBa) (§ 66). Conversely, if Ao is a net 2, 0 with equal 
invariants, the two sheets of the envelope of spheres with centers 
on A^o and radii given by the complementary function of No are 
surfaces S} in relation E. 

The foregoing results may be stated as follows: 

When a net N is a net SI, the nets with equal invariants con- 
juf/ate to the congruence normal to Ncan he fotmd without quadratures; 
these nets are 2, 0, Conversely, when a 2,0 net No with equal invariants 
is known, thet^e can he found without quadratures two nets SI, in 
relation R, whose normal congrumces are vxmfiigate to No, 


"•*) Comptes Rendus, vol. 153 (1911), pp. 590, 705, 927. 
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From (II, 87) it follows that the net No Mh where 

dXo _ 1 dxo dx'o _ 1 

dn ^0 Qo 


has equal point invariants. From § 76 we have that No is 2, 0, 
the complementary function t' being given by a quadrature, and 
that the sheets of the envelope of the spheres with centers on 
No and radius t' are parallel to the corresponding sheets of 
the envelope of the above congi*uence R of spheres with centers 
on Nq. Hence: 

Whm a net is knoivny a 2)araUel net li can he found hj 
quadratures. 

go. Transformations R of nets ii. Let N be a net ii 
and iV, an R transform of N by means of a set of solutions 
B, Pj (/, r and w of equations (7) and (8). As in the preceding 
section, we denote by iVi one of the nets with equal point in¬ 
variants conjugate to the congruence normal to N] it is an F trans¬ 
form of N by means of do and d©. In accordance with the theorem 
of permutability of transformations F (§ 21) there exist oo® nets 
Nou which are F transforms of No and Al 

From (11) and §21 it follows that if we take B —p we 
obtain oo^ nets A^oi conjugate to the congruence normal to A"i, 
as the additive constant of dj varies. We seek the conditions 
that one of these nets be a AT transform of N and thus has equal 
point invariants, in which case A\ is a net .Q. 

From (II, 43, 44) we have that the functions doi and doT of 
the transformation from No into a net A^oi are given by 


(91) 



- 


VO 


and from (IT, 53) and (80) we have 


(92) 


^01 - 


— Bo-\-hBo 


~ do + / do 
jd*_ 
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with 

(93) 


dSQi _, 9^01 dSoi _ y 9^01 

9 m 9 u ' dv “ dv ‘ 


A necessary and sufficient condition that Aii be a JST trans¬ 
form of Nq is that (n, 81 ) 


(94) 



nntt 

5^01 




where «t is a constant. 


— 


wdpi I 

^01 ’ 


From (II, 36, 38) we have that the functions 6 ^^ and Oid of 
the transformation from Ni into Not have the form 


(9^ 




^10=- 00-- 


pOo 
mvB ^ 


where e' == mv6» 

When we equate the expressions (92) and (94) for Jioi and lou 
the resulting equations are reducible by means of (VI, 83), (91) 
and (95) 


(96) 


UVEt = -VVE-^- 

"o 

vVWi^ — vVg^^ 


^01 

vVl^a 

^01 




0 6>io 
^0 ^01 ^ 



0 

^01 


From (91) we have by differentiation 


9 ^01 

Veoi 

L_x 

1 

900 \ 

du 

u 1 

So 

Ve 

9m ) 

9 ^01 

_ ^eo i 

L—-P- 

1 

900 \ 

dv 

- --y 1 

i So 

Vo 

dv I 


By means of these equations and the last two of (97), which are 
obtained by differentiating (95), we find that the expressions (96) 
satisfy the last two of (7). Hence the following system of equations 
in which Et and Oi have the form (96) is completely integrable: 



91. Theorem of permutability of the transformations of nets 
36 
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dp 

Ju 


= ^Eq, 

VE 


dq _ V 'E 


3u 


Qi 


p- 


Qi 

1 8 VE 


Qy 


36 
3v 

3p _ 

3v ” 


]/G 


92 


3q 


VG 


r + mv{l^E+V El), 

3 V 9 V 


1 8 VG 


VE 9 m 


s«’ 


6v 

3v 

8 m 

9<9io _ 
8 m 

9 010 ^ 

dv 


3v 


V^ 

92 


1 8 VG 
V 'e 


q-{-my{l^ (?+ 


vw 

I i-i -J, 


dv ' e ’ 




When we have a set of solutions 6 , r, p, q, r, ^lo satisfying the 
quadratic relation 

(98) p^ -h (? V 2 


the transform Ni is a net Si, and the coordinates of Ni are given 
by equations of the form (48). The same functions multiplied by 
the same constant determine the same transfomation. Hence in 
addition to m there are four significant constants of integration, 
and consequently: 

A net S2 admits oo-’^ iramformationH R into nets 
From (II, 86) (91) and (95) we find that the function eio for 
A^io has the expression 

(99) ^ ^01 ^0 

' I Po0'0io yeomp66['i^ 


gi. Theorem of permutability of the transformations 
of nets Si. Let A' be a net Si, and A^i and two R transforms 
of W by means of functions 0/, p,-, (/*, /v, 0f:o, mi (/ == 1, 2), solutions 


Of., Transactions of the Amer. Math. Soc., vol. 10 (1915), pp. 275—310. 
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of (97) and (98). We wish to show that of the oo^ 0 nets 
which are E transforms of Ni and in accordance with § 72, 
one is a net 

Consider the nets Nw and N^o which are K transforms of No 
by means of the pairs of functions woi and 6029 From 
§ 24 we have that there is a net Ni^o which is an F transform of 
each of the nets iVig, Niq and Wgo, and the functions and ^20 
of the respective transformations fi'ora A"io and N^o are given by 

^01 ^01 ii'i {So doi ^12 “f* ^1 ^10 ^02 — ^2 ^10 ^01)’ 

% ^02 ^^02 ^02 /Cg (^0 do 2 ^21 “ 1 “ ^2 ^20 ^01 ^20 ^ 02 )* 


Moreover, from (U, 91) it follows that iYigo will be a K transform of 
iYo and Ago* and consequently have equal point invariants, if 


miSl)2WQ2-\- m^SlniCoi — 0 . 


Substituting the above values in this ecpiation, we reduce the 
resulting equation to 


( 100 ) 




■ ^2 


Jf this equation is differentiated with respect to u and r, we find 
that the resulting equations are satisfied identically. 

Since O 2 and 0 i are completely determined by (50) and (100), 
only one of the nets Aig is an /i.iiet. Hence we have the theorem: 

If Ni and N^ are Si nets which are E transforms of an Si net 
thefi'e exists a unique Si net A 12 which is an E transform of Nx 
and Ag; moreover^ Aig can he found directly, as soon as the coordinates 
of Ni and are Icnoimi. 

92. Surfaces of Guichard of the first kind. In order 
that the 0 net N on a surface S be defined by 

sinh «, |/ (^ = cosh a, 

— = e- f (coth a + A), — = g- f (tanh a + h), 

Cl 


1101) 
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it is necessary and sufficient that J and a satisfy the equations 


9 /i , ,, I 9 ? 

— = (coth« + A)-^^-, 


=(tanha+^)—, 
ov ov 


< 102 ) 


9 *? 9 ? 9 ? , 95 9 « . ^ , 95 9 « 

-= —hcotha-— 1-tanha-r—, 

du dv du dv dv du 


dudv 

9*a , 9*a 


9w* 


-a- + cotha + tank a 
dv^ du^ dv^ 


,2 95 

■csclra—— 

du du 


+ sech^ a + (cosh cc-\-h sink a) (sink a + /i cosh a) = 0, 

9 ?; 9 V 


as foUoAvs from the Codazzi equations (86) and th^ Gauss equation 
[§ 64]. These equations are satisfied also by 5, «, h, where 


(103) 


(1 —h% 


e* = e~ 


i^h 

1+h: 


All 0 net A' parallel to N is defined by 

—e^ cosh a, 

= e~^ (tanka +/?). 


(104) 


^ E e* sinh a. 

1 

— = e ’ <couia-t-«j, 
ei 9 

By means of (101) and (104) we have 


e ^ (coth a + h), — = ^ I 


9 \ es+^2^1 — —2- 

Following Calapso^*^) we call S surface of Ouichard of the first 
kind, and the parallel surface 8 its assodate (cf. VII, Ex. 28). 

When the expressions for VG, and ^2 from (101) are 
substituted in (88), this condition is satisfied, if we take f7 = F= 1. 
Hence we have the theorem of Demoulin’’’^): 

The surfaces of Ottichard of the first kind are surfaces Si. 
From (87) and (85) we have 


(105) 


60 = 






/<—r 


’«) Annali, ser.a, vol. 11 (1905), p.211. 
L. c. 


16 
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We apply the results of § 90 to establish transformations R of 
surfaces of Guichard of the first kind. Analogously to (105) we have 

#10== #lo = 1 ^1' 

Prom (95) it follows that 

(106) /ii + y e^' = * + ^ e' = ^ 

where t is thus defined. Now ^oi— ^/?)> conse¬ 
quently (96) are reducible to 

(107) I . 

where 

tp = cosh a + f sinh «, ~ sinh a -f f cosh a. 

Since y*—1 —when we require that G, — = 

we get 

(108) =ye-f«*-l). 

If we put l^^io = (/^l—1) in (99), we obtain 


(109) 

Hence we find 


1 

f+ 1 


V El = e^^sinhai, 


'VOi — —cosh a,. 


Furthermore, equations (9) are satisfied by 


VEi^ 

dn 


= — (cosh cLi + hi sinh ai), 


YK 

?1S 


sinhai+^coshai. 
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Hence the surface 8i is a surface of Guichard of the first kind. 
By means of (108) the expressions (107) are reducible to 

V^=-±e-Uvt + ^), 

Consequently the functions determining a transformation B of 
a surface of Guichard of the first kind into surface of this type 
are solutions of the completely integrable system: 


( 110 ) 


dll 


= e^sinhag, 


= — (cosh ct-\-h sinh ce) 


dS 

dv 

dp 

Jv 


— e^coshar, 

== — (sinh cosh a) Tj 


= (cosh a + A sinh a)p — |tanha 

+ m [“-~^e”‘^(sp<+ i/^) + ve^sinha], 

dq / ^, a? , da\ dr / , 0? 

dv \ du dill dii \ dv 

- = (sinha + 7iC0Sha)p — (cotha-|^+ 4“)* S' 

V \ ou ouI 

4-wi[— + ve^cosha], 


tanha+ 4”) Qf 
dv dvj^^ 


dr 

Jv 


dv 

dll 




H^t+ilf)q, 


dv 

dv 


= —e ^(«/^f + 9 p)r. 


The equations of the transformation are of the foim (48) in these 
functions. Accordingly we have the theorem’®): 

A surface of Ouichard of the first kind admits oo® trans^ 
formations Bm, for each value of into surfaces of the same kmd. 

When 8 is transformed into 8u the associate surface 8 is 
transformed into ji surface 8i, parallel to 8if by meaim of the 
functions p, g, r, ^ and v, where in consequence of (49) ev= 6v, 
The equations in 6 are 

4^ — sinh a g, 4“ = — cosh a r*, 
du ov 

Anuali, ser. 3, toI. 22 (1914), p. 205; also Transactions of Amer. Math. 
Soc. vol. 17 (1916), p. 68. 


16 * 
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It is readily found that 


s' 


vB^ 

vB —j(>*’ 


The associate of is determined by equations analogous to (103), 
namely 


~~ f 




0 ^ e ^ ev 




a a <+l 

~ --- -rri: - 

l + /i, f—1 




-(+P.e^' 


1+^ 


0 ^ 


_ If this associate is to be the R transform of S by means of 
Pi Qi f fhen analogously to (106), (108) and (109) we must 

have 


« fl 










f +1 


It is readily shown that these expressions are equivalent to the 
preceding. Hence: 

WJwn a surface of Gukkard of tJie first kind is transformed into 
a surface of the same kind, the associate surfaces are in relation E^^), 


Exercises. 

1. If ^ is a net 2, 0 the complementary function being: .y? the lines of 
cunrature on the sheets of the envelope of the spheres of radius y and centers 
on N are represented on the unit sphere by the central projections on tliis sphere 
of the two special nets 2, 0 parallel to N\ the coordinates of the spherical 
representations are x*ly' and x'ly". 

2. Corresponding tangent planes to two pairs of 0 nets in relation JB whose 
central nets are parallel are parallel. 

3. A necessary and sufficient condition that the spheres, tangent to a sur¬ 
face S and with centers at the mid-points of the segments of the normals to S 


‘^®) Annali, 1. c. p. 209. 
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included between the centers of principal curvature of 8^ determine an E trans¬ 
form of 8 is that the lines of curvature of 8 have isothermic spherical representation 
(cf. § 6 and I, Ex. 8). 

4. A necessary and sufficient condition that the spheres tangent to a sur¬ 
face 8 with centers at points harmonic to the points on 8 with respect to the 
centers of principal curvature determine an R transform of 8 is that 8 be an 
isothermic surface (cf. § 25). 

Darboux, Annales Norm., ser. 3, vol. 16 (1899) p. 504. 

5. Show that the first three theorems of § 81 are equally true for the 
transformations R of nets O in n-space. 

6. For a system of circles K of the second kind (§ 81) the focal points of 
the congruence K are harmonic to the foci of the meridian sections of the hyper¬ 
boloid of revolution whose generators are the normals to the nets Ne and Nn. 

Demoulin, Comptes Rendus, vol. 150 (1910), p. 159. 

7. If N is an isothermic O net, the point equation of N admits the solution 

^ -^1, and the corresponding parallel 0 nets No(xo) are defined' 

by equations of the form 


” 00 iiTo 4 - r j X -f- c' 


1 *) / dKp 
' du 


dKo 


where c is an arbitrary constant and JTo— — 4- 

Pi P 2 

8 . If N is an isothermic 0 net defined by (37), the Ohristoffel transform N 
[§ 159] is defined by 




Pl = PlC 


P2~ '~P2^ 




Show that if Ni is a Dm transform of A^, a Dm transform of N is given by 

p = p, 7/ = q, "F — r, 0 V, V =i= 0, m = m, 

and that A7 is the Christoffel transform of A7. Also if M, M\ and Af, M\ d^o^ 
corresponduig points on these nets, the product of the segments M 3/i and M M\ 
is equal to 2/m. Bianchi, 1. c., p. 105. 

9. If 3 / 1 , 3 / 2 , M\i are corresponding points of four nets satisfying the 
theorem of permutability of transformations Dm (§ 83), the cross-ratio (3f 

M\ 3 / 2 ) is equal to tm/mi. Demoulin, 1. c., p. 157. 

10. Show that the 0 net of a minimal surface may be considered of class 
(0,0, 0, 0) (§ 84) and obtain the results of § 87 from those of § 86. 

Bianchi, 1. c., p. 149. 

11. From [§ 125J we have for a surface of mean curvature ^ 0 = 1, 

-i- = sinh ipt cosh d'. 

py P2 

In this case from (47) it follows that 0—v-f = «, where a is a constant. 
Show that when « = 0, the mean curvature of iVi is — 1. 
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12. Show that the 0 net of a surface of mean curvature JTo = 1 may be 

considered a special isothermic net of class (— i, 0, 0, i), and apply the results 
of § 86 to obtain those of Ex. 11. Bianchi, 1. c., p. 151. 

13. The Christoffel transform of a special isothermic surface of class (A, By 
Cy D) is a special surface of class {Ay —0, —2?, D). Bianchi, 1. c., p. 131. 

14. If from a special isothermic net N of class {Ay By C, D), we obtain 
two nets of Ni, Nz, of class {Ay — B, — C, D) by transformations Z>m» and 

the surface Ni 2 is of class {Ay By C, D)* Bianchi, 1. c., p. 146. 

15. Determine the special isothermic surfaces for which the circle-planes 
of the complementary transformations pass throug^h a point. 

16. Show that the nets N* of transformations Dm of isothermic nets and of 
transformations Em of 0 nets with isothermal spherical representation have the 
property 

E"- G’ = 2m (x'2+ 

Calapso, Annali, ser. 3, vol. 26 (1917), p. 168. 

17. If N\ is a Dm transform of an isothermic O net Ny an isothermic 0 net N 
is defined by 


Vez= Vg ■■ 




— - _ -^ 

pi pi P2 p-i 

Bianchi, Annali, ser. 3, vol. 12 (1906) p. 22. 

18. If N and Ni are two 0 nets in relation Em, tbe minimal surfaces 
2 and 2iy whose asymptotic lines have the same spherical representation as the 
curves of N and Ni respectively, can be so placed in space that they are the 
focal surfaces of a W congruence (§ 53). 

19. When two 0 nets N and Ni are in relation Dm, the spherical repre¬ 
sentation of these nets are isothermal orthogonal nets on the unit sphere in 
relation F, and these two nets are related conformally. The equations of the 
transformation are of the form 




where 8, v, py q and r are solutions of (75). 

20. A necessary and sufficient condition that the spherical representations 
of two 0 nets in relation R be conformal k that the transformation be Em> 

Annals, Ser. 2, vol. 17 (1915) p. 69. 

21. If four nets N, Ni, A^ 2 , ATij, form a quatem under transformations Dm, 

and Nt is an Dm, transform, then the nets ATs, Dis, Das, D of § 24 form a simi¬ 
lar quatem. Transactions, vol. 9 (1908), p. 170. 

22. If D is an 0 net with isothermal spherical representation, the point 
equation of N admits the solution 8 o=D—G, and the corresponding parallel 
0 nets No are defined by equations of the form 

^ where c k a constant. 
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23. If in ( 88 ) we put == 17 = — F= 1 , this condition issatisiled, 

tliat is isothermic surfaces are surfaces Q. In this case 


8o 




V'l Pi'" 


— Oq 


Pi+Pt 
^Plpi * 


In order that the transformations determined by (97) be J9m, we must have 


e'^dio “f" Oo Oi\i ==■ 0. 

24. Determine the character of the surfaces Q which are M transforms of 
an isothermic surface other than Dm transforms. 

25. If in ( 88 ) we put 

YE= U=V= 1, 


the equation is satisfied in consequence of ( 86 ); that is a surfase with isother¬ 
mal representation of its lines of curvature is a surface Q. In this case 
28 o = — do(/)i-h/>a); consequently the mid-»point of the segment between centers 
of principal curvature of the surface describes a net No with equal point in¬ 
variants ; also is at infinity. When we express the conditionV^//>ii 
we get 

+ (Ya_YE) +2 = 0 . 

P ‘ ^yPo 

By means of this relation the expressions (74) are obtainable from (96), and 
these transformations Bm are Em. 

26. Determine the character of the surfaces B which are R transforms of 
a surface with isothermal spherical representation of its lines of curvature other 
than the Em transfonns. 

27. If 8 i and S 2 are surfaces of Guichard of the first kind obtained from 

such a surface S by transformation Rmt and there can be found without 
quadratures a surface Sn of the same kind which is in relations and Bmt 
w'ith 81 and 82 . Annali, ser. 3, vol. 22 (1914), p. 212. 

28. In order that the O net N on a surface S be defined by 


YE^ sin a, = e^cos a, 




1 


Pi Pi 

it is necessary and sufficient that A, ? and a, satisfy 


^(cot a -j- /i), = e (— tan a -f- A), 


9/* /i. , ♦ N 9^ 


9* ,1: . \ 8' 


9w9t’ du dv ^ dv du 


-tana 


9tt 9v’ 


a»a 

9«’ 


— 5 ^ 4 -cota-^ + tana- 


9t;2 


(cosa -h h sin a) fsina —Acosa) = 0 . 


9a de 


4- sec* a — — 
+ “ dv dv 
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These equations are satisfied by a and h defined by 

gin a = — [gin a (1 — A=) — 2 a cog a], 

0000 "= [coga (1—A’) + 2Agino]. 

An 0 net parallel to N is defined by 

VjS? = e^sina, V^G 

“i = e~^(cot«r-|-/4), i 
Pi Pi 

and /»,/^+/ 02 /^= —2. The surface S is called a mtrface. of Guichard of the 
second kind, and S its associate. Calapso, Annali, ser. 3, vol. H (1905), p. 216. 

29. Show that a surface of Guichard of the second kind is a surface and 
determine the transformations R of such a surface into surfaces of the same kind. 

Annali, ser. 3, vol. 22 (1914), p. 205. 

30. A necessary and sufficient condition that a surface of Guichard of the 
first kind be a spherical surface [§ 115] is that = a, // — 0, where a is 
a constant; then = a tanha, p.^ — a coth a. In this case the associate surface 
is homothetic to the given one. 

31. If 5' is a spherical surface (cf. Ex. 30), equations (106), (108) and (110) 
are consistent when v = (o*—6 ^)l6a\ Thus a spherical surface admits to’* 
transformations for each value of m 4^ 0, into spherical surfaces. 

Annali, I. c. p. 230. 

32. For the circle-plane of a transformation of a spherical surface (Ex. 31), 
the functions j, k and w of § 79 have the values j — aV2m^, k = —po^jO, 
w = {ff^—p^af)l2B. Consequently the planes of these circles envelope a surface 
applicable to the quadric of revolution as* -f 2 w (?/*-f z^) = a}. 

Annali, 1. c. p. 235. 

33. If iS is a surface of Guichard of the first kind and Si is an R„, transform 
of the same kind, a surface of Guichard of the first kind is defined by 

V JE = ~ sinh a, V^Cr = cosh a, 

i = ee“^(l-2»») jcotha + A + e^J^j, 

2m) tanh «2 + A + e^-||. 

Calapso, Annali, ser. 3, vol. 29 (1920), p. 84. 


— —c^cosa, 

= c ~ * (— tana -f- h) 



Chapter Vni. 

Circles and spheres. 

93 . Coordinates of a sphere. The equation of a sphere 
in 3-space can be written in the form 

2 «1 y/, + 2 «2 ?/2 4-2 as ys + / (?/? + y J + y 3 +1) 

where ar, are constants, and //,, // 2 , are cuirent coor¬ 

dinates. We call the live constants a the coordinates of the sphere. 
If xi, x’s, xz are the coordinates of the center of the sphere and R 
its radius, we have 


hx’if 




( 2 ) 


«4^ 


ih 




hxs, as = 


where h is a factor of proportionality. These equations can be 
written also thus 


(3) 


^ .._ 

«r, 4- /«4' 

+ + 


€Cr^ + i(U 


rs ■■ 


«8 


«5 + /« 4 ' 


^5 - 

"I" f 


h (ar, + y'« 4 ). 


An exception arises when 

(4) as 4- ia^ = 0, 


which is a necessary and sufficient condition that ( 1 ) defines a plane. 
From (3) we have _ 


cc^ + ia^' 


(5) 
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where we assume the sign of the radical chosen so that i? is 
positive for a real sphere. It follows that a necessar}^ and sufficient 
condition that a sphere defined by (1) be a point-, or null-spheret is 

(6) «! + a? + 0. 


By definition the potvm' of a point with respect to a sphere 
is the product of the distances to any two points of the sphere 
collinear with it, that is the square of the tangent to the sphere 
when the point is outside. Hence the left-hand member of (1) 
divided by ici^-\-a-^ is the power of the point (//i, ?/ 2 , y.,) with 
respect to the sphere (1). 

Consider the sphere (1) and another of center (.rj, rrj, x\) and 
radius K defined by 


, . I 2 ct\yi + 2 a\y, + 2 aly.^ + ia \(yj -f + yj + ]) 
I + «6 Cvi 4- i/* + y\ —1) 0. 

The angle under which they cut is given by 


( 8 ) 


COS^ 




2BE' 


With the aid of (3) and (5) one shows that this is expressible in 
terms of the coordinates a and a of the two spheres in the form 

6 


(9) 


COS0 


*=1 


In certain discussions it is advantageous to introduce a sixth 


coordinate Uf. defined by 

(10) B{a^+ia,). 


Comparing this equation with (5), we note that 

(11) “i+... .+«g = 0. 
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Now equation (9) becomes 

(12) cos(9 = ——— 

«e«6 

94. Pentaspherical coordinates of a point. When the 
sphere (1) is not a null-sphere, its coordinates a may be chosen 
so that == 1. These coordinates a are direction-cosines of 
a line in 5-space and from (9) it follows that the angle between 
two spheres in 3-space is equal to the angle between two lines in 
5-space whose direction-cosines are the corresponding a’s and a'’s. 
Accordingly we can choose a set of five mutually orthogonal spheres 
in 3-spacc whose coordinates a,; satisfy the conditions 

(13) == 1, 0 y- ^ .^)- 

With this choice we consider the functions 

(14) 2/.ZJ = 2 jPiiatj{i/l + tjl + yl + l) +as,jiyl+yl+yl — l). 

The right-hand member is the power of the point (g^i, 1 / 9 ) with 

respect to the sphere /S'/, divided by its radius Bj = l/(a 5 ; + ?« 4 ;). 
When 

(15) ia^j + asj == 0, 

the sphere Sj is a plane and ?>Zj is the distance from the point 
(yij //s) to the plane. 

The quantities zjij = 1, .... 5) are called the pmtaspherical 
coordinates of the point, I being a parameter. In consequence 
of (13) we have the fundamental relation 

(16) i;2r;-o. 

Prom equations (14) we have 

5 i) 5 

yi — X'^aijZj, yt = ^^aijZj, yt — 

j=l ;=1 J=1 

5 ^ 

1 + ^.2/(«6; + /a4j))8;/ == 0, yl + yl + vl = 



(17) 
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Hence when five quantities satisfying (16) are given, they are the 
pentaspherical coordinates of a point, whose cartesian coordinates 
are given by (17)®®). 

As an immediate consequence of these results, we have: 

The equation of a general sphet'e is of the form 


(18) + + ‘ • • • + « 5^'5 — 0 , 


where Zi are the pentaspherical coordinates of a point on the sphere,, 
and the a*s are constants. 

If Zj and Zj are the pentaspherical coordinates of two points 
M and M\ whose respective cartesian coordinates are yi and .vl> 
the distance between them is given by 


(19) -!/;•)* == ^ 

1=1 ‘ 

in consequence of (17), where, because of (5) and (14) 

i+^i;|-=o, i+A'i;4-=o, 

j=iA/ 


Rj being the radius of the spliere of coordinates 

If M' approaches M along a curve, the linear element is 
given by 


( 20 ) 






ilf) + , »«)]■■ 


When in (17) we take «,<= l(e = 1,.... 5 ), 0 , 7 = 0(« 4 j), 
these equations reduce to 



Vi = 

1 + ^ (^5 + iz ^) = 0, 


2/2 == 2/3 = ^^ 8 , 

y\'\‘yl+y\ = ^ (-^5 — «> 4 ). 


An exception is afforded by Zj = in which case the point is 

at infinity (cf. Vm, Ex. 1). 
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Prom (4) it follows that the fundamental spheres of coordinates 
are planes. In this case we say that the are special 
pentaspherical coordinates. For this case equation (20) reduces to 


( 22 ) 




(-?5 + «> 4 )*‘ 


95. Pentaspherical coordinates of an O net. If 2 / 1 ,yi 
are the cartesian coordinates of a point on a surface referred to its 
lines of curvature, the functions satisfy the point equation of 
the surface, as follows from (14); and consequently, if A involves 
u and the z's satisfy an equation of the form 


(23) 


_ alogg dS d\ogh dS 

d u d V dv du du d v 


Conversely, if we have five solutions of this equation satisfying (16), 
say Zjy and an independent solution IM, then the functions where 
zj X =r zjy satisfy an equation of this form with r = 0, and con- 
sequently iju Ih, ya, y'i + yl + yl, 1. given by (17) or (21), are 
solutions of the latter equation. Hence: 

If five partmdar solniions of an equation of the form (23) 
satisfy the relation 

(24) ‘ ^!+^2 + .... + 4 = 0, 


they are the pentaspherical coord maters of a mrface referred to its 
lines of curvature. 

If the invariants of (23) are equal, the O net is isothermic. 
In this case the equation is reducible to the Moutard form 


(25) 


du dv 


MO. 


Hence: 

If an equation of the Moutard form admits five particular 
solutions Zj satisfying the relations ^zj = 0, the quantifies are the 
pentaspherical coot'dinates of an isothermic net. 

96. Congruences of spheres. When the quantities a in (1) 
are functions of two parameters tiy and ? we say that (1) defines 
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a congruence of sphet^es. When the a’s are independent, we can 
find by differentiation alone an equation of the form 


D 




2E 






9wi0ti ' di'l 


-G 


dO 


dth 


-H 


de 


-Ke = 0, 


of which the five functions « are solutions, 
dependent variables u and r, defined by 


01', 

If we take as in¬ 


ti = y (til, vi\ V = ip (til, ri) 

such that 5p and ip satisfy the differential equation 

0y 0y 


8y r 

[dUil 


+2E^^'’-+F 




0 ?t 1 0 Vi 

the above equation is transformed into the Laplace form 
0*d _ 0logA dS . 0logi? de 


(26) 


dudv 


dv du 


dv 


-CO. 


The determination of u and v requires the integration of the 
differential equation 

(27) Fdu\ — 2E(iux dv^-\-I)(lv\ -= 0. 

The curves on the envelope of the spheres uniquely defined by 
this equation are called the principal curves. 

We assume hereafter that the parameters of a congruence of 
spheres are such that the spherical coordinates « satisfy an equation 
of the Laplace form (26). Then the principal curves on the envelope 
are parametric. The equation of the congruence is of the fonn 

6 

(28) ^(XiZi — 0. 

t=i 

We consider the congruence of spheres defined by (28). As 
u varies a sphere touches a tubular envelope along the circle CLi, 
given by 

(29) = 0, 

ou 
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and as v varies, along the circle Ci given by 
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(30) = 0, = 0. 

The intersections Ai and A 2 of these circles are the points of tan- 
gency of the sphere (28) with the envelope of the congruence of 
spheres, that is, the points defined by 

(31) Z«i^r^0, = = 

The circles (29) and (30) are called the focal circles of the first 
and second rank respectively of the congruence of spheres. 

Differentiating the first two of (31) with respect to v and 
making use of the third, w^e get 




dZi 

d'v 


0, 



d Zi 
'¥v 


== 0. 


Hence as v varies the points Ai and A^ begin to move along the 
circle C-i. Similarly as a varies, these points begin to move along Ci. 
But as u and v vary, the points Ai and trace out the principal 
curves on the envelope of the sphere of coordinates a. Hence we 
have the theorem of Darboux^O* 

On the envelope of a congruence of spheres, when a displacement 
is made along one of the principal curves, the four points of contact 
of two infinitely near spheres with the envelope lie on a circle which 
is a focal circle of the congrimice. 

We have also from the above that the line AiA^ and the line 
A[ -dj, joining nearby points, meet in the plane of C-i or Ci as 
V or u varies. Hence these planes are the focal planes of the 
congruence of lines A^At, Accordingly in view of the preceding 
theorem we have the theorem of Ribaucoui*: 

TJce chords of contact of the spheres of a congnvefnce with its 
envelope generate a congruence whose focal planes are the planes of 
the circles of contact u = (mist, v = const, and the developables 
of the congruence are parametric. 


**) Lemons, 2"‘‘ ed., vol. 2, p. 335. 
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97. Derived congruences of spheres. Since the five 
functions « satisfy equation (26), they are the direction-parameters 
of a conginence O of lines in 5-space. Con¬ 
versely, the direction-parameters of such a con¬ 
gruence determine a congi’uence of spheres in 
3-space. From (1,60) it follows that the direction- 
parameters of the congruence Gx and 6?-i of 
tangents to the curves of parameter v on the 
first focal surface of G and of parameter u on 
the second focal surface may be given the 
respective forms 



(32) 


d cti 


9 , 


These congruences Gx and fr_i in 5-sj>ace correspond to the con¬ 
gruences of spheres in 3-space with the respective equations 


(33) = 


2«.gy^l(.g-^^-.n==0. 


Hence we speak of these congruences of sj)heres as the first a7ul 
minus first derived congruences of the congruence defined by (28). 

Evidently the circles (29) are the intersections of corresponding 
spheres of the given congruence and its minus first derived con¬ 
gruence, and similarly the circles (30) of spheres of the given con¬ 
gruence and its first derived congruence. 

Consider now the conginience of s])heres defined by the first 
of (33). As u varies, a sphere desciibes a tubular surface, to which 
the sphere is tangent along the circle defined by (33) and 



which is readily seen to be the circle (30). In like manner for 
the congruence of spheres defined by the second of (33) as v varies 
a sphere describes a tubular surface to which the sphere is tangent 
along the circle (29). 
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From (3) it follows that «8, 

— («5 + «a 4 ) are homogeneous coor¬ 
dinates of the center M of the sphere. 
Since the}^ satisfy equation (26), M 
describes a net When we compare 
(32) with (ni, 2) we remark that the 
centers and M-i of these spheres 
describe nets which are the first and 
minus first Laplace transforms of N. Since the lines MM-i and 
MMy are necessarily the axes of the circles (29) and (30) respectively, 
we have the theorem: 

Jf G is a confp iimce of sphorrs, and G—i ayid Gi its minus first 
and first derived vonffriumres, as a or c varies a spim'e des(rihes 
a tubular surface tariffent to the sphere aloncf a cirde rvhich is the 
inifiTsevtio'n of the sphe re and the corresponding spher e of the minus 
first m' first derived congmence respectirelg. The centers M, M—\ 
and Ml of corresponding spheres describe nets in S-space forming 
n Laplace sequence^ and the joins MM -\ and MMi are the axes 
of the circles of intersection. 

Consider further the circle (29). We saw in § 96 that its 
plane is the focal plane of the congruence .4i ^42 tangent to the 
second focal surface of this congruence. Hence on the envelope 
of the plane the parametric curves form a net N. This circle lies 
also on the corresponding sphere given by the second of (33). If 
Z?i and are the points when^ this sphere touches its envelope, 
this plane is a focal plane of the congruence of lines Bi B^ and 
N is the first focal net of the congnience. Hence: 

The planes of the focal circles of either rank of a congruence 
of spheres envelope a net ivhose tangents are the chords of contact 
of the spheres and the corresponding derived congruence of spheres 
with their envelopcAi. 

98. Congruences of circles. By definition the circles of 
intersection of corresponding spheres of two congruences of spheres 
determined by the congniences of tangents to a net in 5-space 
form a congruence of circles^ for which the spheres are the focal 
spheres. The centers of the spheres are the focal points of the 
congruence of axes of the circles (§ 97). Moreover, as we have 
just seen, the planes of the circles envelop a net, whose tangents 





16 
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meet the circles in the points where the focal spheres touch their 
envelopes. Equations (29) define a congruence of circles, as do 
also equations (30). Moreover, any congnience of circles may be 
so defined. 

When for the congruences of circles C-i as defined by (29) 
the parameter v varies, the circles C-i(n, r) and C~.i{:Uy V + dv) 
meet in the points, Ai and where the sphere of parameter a 
touches its envelope; they are defined by (31). When the parameter u 
varies, the circles 6'-i(w, and C-.i{ti + duj v) meet in the points. 
A[f ^ 9 , of intersection of the spheres of parameters 


(34) 


dccj d^cCf 

Ju' 


Hence as u and r varies the circle meets the infinitely near 
circle in two points. 

Consider, conversely, a two parameter family of circles such 
that as either parameter, h or r, varies, two infinitely near circles 
meet in two points. Hence as ?i or v varies the axes of the circles 
generate developables. Let Fi and Fs be the focal points of this 
congruence. The spheres Si with centers Fi and containing the 
circles of the system envelope, as u varies, a tubular surface tangent 
along the circles. If the equation of the spheres Si is - 0. 

rv p 

the circles are defined by this equation and == 0. 

9u 

In like manner, the spheres S^ with centers Fg and passing 
through the circles envelop, as v varies, a tubular surface to w^hich 
they are tangent along the circles. Thus the circles are defined 
also by 

= 0, == 0, 

0 V 

where the first equation defines the spheres 6g. 

Since the circles are the same in both cases, we must have 

— =: UH + mfii, ~ = n«i + rA-. 

OU OV 

But from § 2 it follows that the a’s and /®’s are direction-para- 
meters of a net in 5-space. Combining this result with the second 
theorem of the preceding section, we have: 
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A congrmnce of circles is charactet'ized by the property that 
as u or V varies a circle meets the infinitely near circle in two 
points, which are the points of intersection of the circle and the 
tangents to the net enveloped by the plane of the circle. 

We call these points the focal points of the congruence of 
circles. 

99 . Congruences of spheres and circles in cartesian 
coordinates. From (3) it follows that the cartesian coordinates 
x^, X 2 , Xfi of the center of the sphere, and also the function 

(35) 2e-=^xl + xl+xl-^R^ 

are solutions of the equation 

(^C\ 8 loga aj9 a log 6 

diidv d V du du 9 r ’ 

where as follows from (3) and (26) 

^ 1 ^ 

(37) a - j. b - y. 

Conversely, if Xs, xh and 6 are four solutions of an 
equation (36), it follows that the quantities « defined by (2) are 
solutions of an equation of the form (26). Hence: 

Jf 6 is a solution of the point equation of a net N, the spheres 
with (umters on N and radii given by 

(38) ^ xl + xl + xl — 20 

form a cong^'uence upon whose envelope the parametric curves are 
the principal curves. 

As a corollary we have: 

The points of an 0 net in 3-space for m a congruence of null 
spheres. 

When the equation of a congruence of spheres is written in 
the form 

(39) ^(y— 

1($» 
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the y’s being current coordinates, the equations of the focal circles 
C _1 and Cl of the congruence are given by (39) and the respective 
equations 


(40) 2:(,-*)|f+s-|f = o, 


If+«-||=o. 


which shows that the axes of the circles are tangent to the curves 
of the net of centers. Since equations (39) and (40) are equivalent 
to (31), we have: 

Equatiom (40) define the focal plane.^ of the congruence of lines 
joining corresponding points on the envelope of the spim'es (39), the 
developaUes heing x>ara7netric. 

By means of (38) equations (40) may be written 


(41) 

^ ^ du du ' 


If we write 

0-1 = 


Jl ^ 
1 ^; 
du 



d& 

a 


Oi = e— 


a 

da 

dv 


de 

dv' 


in consequence of (1,48), the preceding equations are equivalent to 




Zy 


dxi 

du 


dOj^ 

du 


= 0 . 


Hence: 

If 0 is a solution of the point equation of a net JV, the spheres 
with centers on the minus first and first Laplace transforms of N 
and ivith radii given hy the 7'espectwe equations 


2«-i, 2e. 

meet the spheres with centers on N and radius given hy (38) in 
congruences of circles. 

When the central net N{x) of a congruence of spheres is an 
0 net, the congruence of lines joining the corresponding points of 
contact on the envelopes of the spheres is normal, since the focal 
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planes are perpendicular. A surface N normal to the congruence 
is given by equations of the form {§ 67] 

^ du e du ^ dv ® 


where the X's are the direction-cosines of the congruence and also 
of the normal to the given net N. The function W is to be 
determined by the condition that the point of N lies on the line 
whose equations are (40). Making use of (41), we find that this 
condition reduces to 


(42) 


dW ^ __ dW __ 

du 9m’ dv dv 


where and ^2 arc the principal radii of curvature of N. Hence 
W is found by a quadrature. 

Conversely, if a net N parallel to N is known, we find by 
the quadrature (42) the radius of the corresponding sphere. Hence 
we have the following theorem of Eibaucour®*): 

IfS and S are hvo stn'faces ivifli the same spherical representation 
of their lines of (Mrvatnrey the normals of either are the chords of 
contact with their envelope of a family of spheres having their centers 
on the other serf ace; the radii of the sjdieres are found by a quadrature* 

100 . Congruences R of spheres. We are in a position 
now to establish the theorem: 

If the principal curves form a net on each of the sheets of the 
envelope of a congruence of spheres^ they are 0 nets in relation B, 
provided that the radii of the spheres are not co}istant. 

If the quantities y in (39) are the coordinates of the point of 
contact of the s])heres with one sheet of the envelope, we have 

(43) 2(r--*)|« = o, Z(!/-rt|f:=o. 

If equation (41) be differentiated with respect to v and m, respectively 
we obtain 

V ^ ^ — ci 
~9i; 9 m ’ ^ 9m dv 

Comptes Rendiis, vol. 67 (1868), p. 1334. 
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Differentiating the first of (43) with respect to v or the second 
with respect to n, we get 




Sudv'^-^dndv 


Hence if the y's are to satisfy an equation of tlie form (36), we 

must have ^ = 0, which is the condition that the net 

___ ^du dv 

N(^) be an 0 net. In consequence of this result the central net 
is 2, Oj and by the last theorem of § 66 and the second theorem 
of § 76, the theorem is established. 

By definition a congimence of spheres is a congruence E if the 
central net No is 2, 0 and the complementary function of No is the 
radius of a representative sphere. 

From § 68 we have: 

The spheres of a transformation B form a congruence B. 

When two congruences R of spheres have parallel central 
nets we say that the congruences of spheres are paralleL Hence 
from the last theorem of § 76 we have: 

If O and G' are parallel c<mgruences R of spheres and the 
sphet'es G' do not pass through a pointy thei'e can he found hy 
a quadrature a congruence R of spheres Gi such that the central 
nets of G and Gi are in relation F. 

In this sense the congruences G and Cr, are in relation F. 

The spheres with centers on any surface S and passing through 
a point form a congruence i?, the central net 2, 0 on S being deter¬ 
mined by the equation of the lines of curvature of the envelope 
t he spheres ; it is the net on S determined by the function 

+ 1 / + (§ 3). In like manner the spheres with centers on 
a surface S and tangent to a plane tt, or a fixed sphere, form 
a congruence R^ the central 2, 0 net on S corresponding to the 
lines of curvature on the other sheet of the envelope. 

The spheres tangent to two fixed spheres form a congruence R 
with centers on a central quadric of revolution, whose foci are 
the centers of the fixed spheres. When one of the fixed spheres 
is replaced by a plane, the surface of centers is a parabohud of 
revolution. 



101. Pliickcr line coordinateft 247 

If the centers of the fixed spheres are the points {a, 0,0) and 
(—«, 0,0) and the radii are r, and r*, we have 

(X- aY + !/^ + Y - (K + f, r, )^ (,r + aY+y^+ - {R + 

Avhere ±1 and - ±1. From these equations it follows 
that 

jr.* - J^} rr__ ]) j‘ + C, R - dx + 6, 

when' />, r, d and e are constants. Hence these two functions are 
solutions of the point equation of any net on the quadric. Similar 
results hold for a paraboloid of revolution. Consequently: 

(Mt a qundriv of revolution any net is 2 , 0 . 

Conversely, if every net on a surface S is 2, 0, the functions 
+ + — R“ and R must be linear functions of the coordinates. 

(-onsequcntly: 

If every net on a surface is 2, 0. the surface is a quadric of 
revolutmu 

loi. Pliicker line coordinates. If ./i, ./v, .rs, and y^, y^, 
ysj i /4 are the homogeneous point coordinates of two points P and Q. 
the numbers pn, puj Pa defined by 

(44.) Pu = \'’' = 1,2, 3 , 4 , / 4 : ;■) 

are called the Plncker coordinates of the line FQ. Evidently the 
ratios only of these coordinates are so determined. Since these 
ratios are unaltered, if .ti, .ts, .rg, ,r.„ are replaced by 
...^.x '4 + /*/y 4 ? any two points of the line determine the same 
set of line coordinates. The six coordinates satisfy the equation 

(45) i02 i>a4 f pxi Pa 2 +Pl4. P2S 0, 

as may be seen by expanding in terms of two-rowed minors the 
identity 


.Cl 

Xi 

•^3 

•'*4 

l/i 

yt 

th 

2/4 

Xi 

Xi 

•ts 

x^ 


2/2 

2/» 

Ih 
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Conversely, if we have any six numbers pij satisfying (45), we can 
find two points, fe, xt, ajg, 0) and (yu 0, ys, 2 / 4 ) satisfying (44), and 
consequently there is a line with these coordinates. 

Consider two lines y and p' meeting in the point {xi) ;ind 
determined by Q(y,) and Since 


Xi 

Xt 


.7*4 

yi 

ys 

ys 

y* 

Xi 

^*2 

^8 

Xi 

\ yi 

2/2 

ys 

yi 


we have 

(46) pvi Pm ~\-plS P42 +1?14 i >28 Ps-l Pl 2 'K Pin “f p 2 n pu = 0, 

where pij=^(.Xi yj—Xj iji). Conversely, if two sets of line coor¬ 
dinates satisfy this condition, any two points on one line are 
coplanar with two points on the other. The line coordinates 
of the line joining P and the point (^ 2/7 + /^//}) are of the form 
Xpij + fipij . Hence: 

A flat pencil of lines consists of the lines vitose coordinates are 
H'P'ijf ifp v' Inies of the pencil. 

Consider the lines of space whose coordinates satisfy a linear 
relation 

(47) a84 pis -f" a^spin av^pu -f- cii2Ps4 y4s 4" aupsn C, 

where the a’s are constants. If (/>i, h^) is any point of 

space, the coordinates (xi, x^, .xg, x^) of any point of the lines 
through the given point for which (47) holds, satisfy a linear 
equation whose coefficients involve the a’s and the 6 ’s. Hence 
all the lines thi’ough the given point lie in a plane. Consequently 
the lines satisfying (47) form a linear complex. The plane in which 
all the lines of the complex through a point lie is called the 
7iull~plane of the point. 

When the a’s in (47) satisfy (45), they are the coordinates 
of a line which all the lines of the complex meet. In this case 
the complex is called special. 
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102 . The Lie line-sphere transformation. Consider the 
relation between two 3-spaces r and R whose cartesian coor¬ 
dinates Xi and Xi are in the relations 


^ I {X,-iX,)x,-x,--X, = 0«»). 

To each point of either space corresponds a line of the other. 
If {xi) and (a?l) are two points of a line of r corresponding to 
a point {Xi) of R^ we find that equations (48) and similar equations 
in Xi are consistent, provided that 

(49) ^12 — 0; 

here = Xi x]—Xj cdi and X 4 , — xl= 1 . Hence to the points of R 
correspond lines of the linear complex (49), which is called the 
complex of the transformation. If we have any line of the complex 
and substitute the coordinates of any two of its points in (48), we 
find the corresponding point in R. 

In like manner the coordinates Xi and Xi of two points in R 
whose line coiresponds to a point in r, satisfy the condition 

that is to a point in r corresponds a minimal line in R. 

To the points of a line a of the complex (49) correspond minimal 
lines in R passing through the point A w^hich corresponds to a. 
Also to the points of a minimal line M in R correspond the lines 
of the complex through the point of r corresponding to M. More¬ 
over, since the transformation is continuous, to the tangents of 
a minimal curve in R correspond the points in r of a curve whose 
tangents are lines of the complex (49). 

A general line in r is defined by 


(50) 


I ari Pu + Xa P41 -hi?,, = 0, 

I Xi Ps4 +XaP4i +Pia = 0. 


Lie, Geometrie der Berahrungstraiisformationen, p. 453 et seq. 
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Eliminating the a’s from these equations and (48), we get 

(51) 2 + 2 ttg Za+ 2 tts i tx^ (Xt + A'? + XU + 1) 

+ «5(Xf+Ar|+X|-~l) -- 0, 

where 

( i;i2 ™ + i«6 s i>i8 = «i + 2 , pu —■ «5 + i ef 11 

( 52 ) 1 . ' 

I y >34 ttg ? <<6 , ^>12 — «1 i «!*, 7>23 «r> ^ «4 • 


Since the j^’s satisfy (45), the a's satisfy (11), and consequently: 
To a general line in r correqmid a sphere in R. 

From these results and (10) it follows that to a line of com¬ 
plex (49) of the triinsforraation corresponds a null-sphere in R. 

From (46) and (52) it follows that to two intersecting lines 
of coordinates pij and 2 Hj correspond two spheres and S' whose 
coordinates « and a' satisfy the condition 

(53) «i «!+ «2«H--+ «« «o = 0, 

that is, as follows from (12), the spheres are tangent. 

From (52) it follows that the line of coordinates given by 

, (Pri ™ ttH—/«6, piz ^ pn. pu ■ = ?^14. 

(^4) \ f 1 • r „ r 

[pM - p42 — iHtiy p'l^ ~ ~ pT.h 

corresponds to the sphere (51). The equations of this line are 


(55) 


( pvi .^3 p4\ -rpu ~ 0 , 

1 X2Pi2 + Xz P42~\~ P'j;^ = 0. 


The lines of the complex (49) meeting tlu^ line (50) form a con¬ 
gruence. The line coordinates Pij of a line of this congruence satisfy 
(49) and 

pu Pl 2 +i?42 i^l3 +i >28 ^14 + 1>12 Pu +i>131?42 +i^l4 2^2,3 0. 


It is readily seen that all of these lines meet the line (55). Hence 
the lines (50) and (55) are the directrices of the congruence. We 
refer to two such lines as conjugate with respect to the complex (49). 
Hence: 
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To a sphere in R corresponds two lines in r conjugate with 
respect to the complex of the transformation. 

From the foregoing discussion it follows that to the points 
on the conjugate lines correspond the minimal lines of the sphere 
and to the lines of the complex meeting the conjugate lines corre¬ 
spond the points of the sphere. 

Consider two intersecting lines in r of coordinates pij and pij, 
not of the complex (49), and the two tangent spheres corresponding 
to them. The homogeneous point coordinates of the centers, C 
and C", of the spheres are («!, ofjj, — ar^ — ia^) and (al, a 2 , « 3 , 
— — ^a 4 ), and the point of tangency of the spheres is the inter¬ 

section of the line CC' with either sphere. To a line of coordinates 
^•Pij~vt^Pij corresponds a sphere of coordinates at Hence: 

To a flat pencil of lines in r corresponds a pencil of spheres 
tangent to one another at the same point; moreover, the center's of the 
splm^es form a linear pencil of points projective with the given pencil 
of liruis. 

From (4) it follows that the sphere of the pencil which is the 
tangent plane to all the spheres of the pencil is determined by 
X/fi. ^ — (aj -4- i a4)/(ar^ -f- ia^). 

Suppose that this is the sphei*e of coordinates a. From (52) 
and (54) it follows that to a plane in R corresponds in r two 
lines of the special complex pu = 0 conjugate with respect to the 
complex (49). All the lines of this special complex meet the line I 
at infinity in the plane .tj — 0 , that is the line Xi = 0 , 0:4 = 0 ; 
this line is in the complex (49). Hence: 

To a in R corresponds in r two lines of the special 

complex pi 4 — 0 conjugate with respect to the complex of the tram- 
formation. and to the points of these lines the two pencils of minimal 
lines in the gwen plane. 

Let g and g be the conjugate lines corresponding to a sphere S. 
A line a of the complex (49) meeting g and g corresponds to 
a point A of S, and to the minimal generators of S through A 
correspond the points m and tn w^here a meets g and g\ Since 
g and // are conjugate with respect to the complex, all the lines 
of the complex through ni meet g: that is, ni and g determine 
the null-plane of m\ In like manner m and g determine the null- 
plane of m. 
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If is a sphere tangent to 8 at A, the conjugate lines gi and gi 
corresponding to Si pass through m and w' respectively. Hence: 

To all the spJm'cs tangent to S at A correspond a pencil of 
lines through m lyhig in the nvlhplane of m' and a pencil of lines 
thrmigh m' lying in the null-plane of »n. 

103. The Lie transformations of surfaces. A point and 
a plane through it constitute a surface element of which the point 
is the (mter. We consider the surface elements consisting of the 
points of a surface in R and the corresponding tangent planes. 
By the Lie transformation the minimal curves of 2 correspond to 
two one parameter families of cuiTes c and c in r admitting lines 
of the complex (49) for tangents; these curves lie on two surfaces a 
and a , To a point A of 1 corresponds a line a of the complex 
tangent to a curve c and to a cun^e c at points m and ni corre¬ 
sponding to the respective minimal tangents to 1 at A. Hence a 
and a' are focal surfaces of a congruence of lines of the complex. 
Two nearby tangents to c determine a plane tangent to f/, that 
is the null-plane of m in the tangent plane to a' at In like 
manner the null-plane at m! is the tangent plane to 0 at m. Tlie 
spheres tangent to J at A correspond to two pencils of lines with 
centers at m and m', as shown in the preceding section. Hence 
to the surface elements of ^ coirespond two sets of surface elements 
whose centers are tlie points of a and cr', and whose planes are 
the tangent planes to a and a' at corresponding points. Therefore: 

mien a Lie transformation is applied to a surface 2 in R^ 
ths two corresponding surfaces a and a' in r are the focal surfaces 
of a congruence of lines of the complex of the transformaiim; 
corresponding directions in the tangent planes to a and o' correspond 
to spheres tangent to 2’; and the surface elements of 2 correspond to 
the surface elements of a and a'. 

Thus the correspondence is a contact transformation. 

As a point m moves along a curve r on <r, the tangent planes 
intersect in directions conjugate to r. Hence only in case y is 
an asymtotic line do nearby surface elements have a con^esponding 
direction in common. Two nearby surface elements of 2 are 
tangent to the same sphere only in case the center of the element 
moves along a line of cuiwature of 2. Consequently we have 
the following important property of the Lie transformation: 
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The spheres ivith miters at the center's of principal curvature 
of JS correjipond to the tangents to the asymptotic lines on a and a'; 
the line^ of curvature of 2 " correspond to the asymptotic lines on 
if and a', which are the focal surfaces of a W congruence consisting 
of lines of the complex of the transformation. 

Since the tangents to at a point m are projective with the 
centers of the spheres tangent to 2 * ( 102 ), we have: 

The centers of spheres corresponding to conjugate directions at m 
are harmonic with respect to the centers of principal curvature of 2 , 
104. Congruences R of spheres. W congruences of 
lines. From § 100 it follows that a necessary and sufficient 
condition that a congruence of spheres be E is that the radius 
E be a solution of (36), which from ( 10 ) is equivalent to the 
condition that be a solution of (26). Hence: 

A necessary and sufficient condition that a congruence of sphei'&i 
he E is that the six coordinates of the congruence satisfying (11) 
he solutions of the same equation of Laplace, 

If and ecid .... 6 ) are the coordinates of two con¬ 
gruences E of spheres tangent to the same surface, we have 

0 , 0, ^cca -—0. 

Hence the quantities and cel are homogeneous coordinates of 
two nets, N{cc) and N'{a), in 5-space lying on the hyperquadric 
^ 0, and in relation F for which the lines of the congruence 
of the transformation are generators of the hyperquadric (cf. Ill, 
Ex. 23). 

As an immediate consequence of the results of the preceding 
section we have the theorem: 

. If two surfaces 2 and 2 i are in relation E, and and (fi,(f[ 
are the transforms of 2 and 2 i respectively by a Lie line-sphere 
transformationy the surfaces a and (fi are the focal surfaces oj 
a W congruence and likewise (f' and Oi moreover, a and d ar e focal 
surfaces of a W congruence consisting of lines of the complex oJ 
the transformation and likewise and (A- 

Conversely if a and csi are the focal surfaces of a W congruence, 
and 2 and 2i are transforms of a and oi by a Lie transformation 
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then 2 and ai’e in relation B, Hence we have tlie following 
theorem of Darboux®^ as a consequence of the preceding theorems: 

A necessary and sufficimt condition that a cmgmence he 
a W congrmnce is that the Plilcktr coordinates of the lines he solutions 
of an equation of Laplace. 

Since a TF congruence is transformed into a W-congruence 
by a projective transfonnation, we have: 

A net N(x) in 5-space lying on a quadratic variety of four 
dimensions whose equation is 

(56) = 0 

represents a TF congruence. 

From the results of § 38 we have : 

Each transform. F of a net representing a TF congruence leads 
directly to a net representing another TF cmigmence. 

Consider in particular a surface a upon which there lies an 
B net N (§ 45), that is a net for which the tangents to the curves 
of the net in each system form TF congruences. When a Lie trans¬ 
formation is applied to a, to the tangents to either family of curves 
of N correspond spheres tangent to 2* with centers describing nets 
2 , 0 conjugate to the congruence of normals to 2*. Moreover, corre¬ 
sponding points of these central nets, C and C', are harmonic to 
the centers of principal curvature of 2 and the nets have equal 
invariants (§ 25), that is 2 is a suiface X? (§ 89). Conversely, if 
a Lie transformation is applied to a surface Xi, there result two 
nets JK. Consequently we have the theorem of Demoulin®*^): 

A net K is transformed into an 0 net Si by a Lie transformation 
and convei^sely. 

Since the nets C and C are in the relation of a transformation K 
(§ 25), the coordinates ai and aj (^ = 1 ,..,. 6), of the spheres with 
centers on C and C tangent to 2 satisfy equations of Laplace 
with equal invariants. Conversely, if the coordinates of a sphere 
are solutions of such an equation, the central net C has equal 
invariants, and consequently (§ 89) the sheets of the envelope are 
surfaces SL Hence: 


Legons, 2“* ed., vol. 2, p. 358. 

®») Comptes Rendus, vol. 153 (1911), p. 590. 
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Wfum the Laplace equation of a comfrumm R oj spheres has equal 
invariants^ the sheets of the envelope are surfaces -Q, and conversdy. 
As a corollary we have: 

A necessary and siifficmit condition the a net he R is that the 
Flilclce^^ line coordinates of the tangents to either family of curves 
of the 'net are solutions of a Laplace equation with equal invariants. 

105. Harmonic congruences of spheres and circles. 

Suppose we have a congruence of circles C \, whose axes are tangent 
to the curves u const, of a net N, the circles being determined 
by a solution of the point equation of A, as discussed in § 99. 

Any net N conjugate to this congruence of axes is defined by 
equations of the form 


(57) 


Ox ox 
dv 


where is another solution of the point equation (36) of N (§ 8). 
_ __ d B I d 0 

Evidently 6 given by B ^ 6 — ~ »is a solution of the point 

ovi or 

equation of N, Hence the spheres S with centers on points of N 
and radii determined by _ _ 

' JB* =-2 0 


form a congruence. It is readily found that the circles C\ lie on 
the corresponding spheres of this congruence. 

We say that a congi’uence of spheres and a congruence of 
circles are hannonivy when the centers of the spheres describe 
a net conjugate to the axes of the circles, and the latter lie on 
the corresponding spheres®^): 

We may state the preceding results as follows: 

If a congruence of circles is determined hy a solutimi B of the 
point equation of the net N whose curves u = const, are tangent to 
the axes of the circleSj and B\ is the solution determining a net N 
conjugate to the axes, the congruence of spheres harmonic to the circles 
and mth centers on N is determined hy 


(58) 


B^B — 


Bx dB 
dB\ 0 y * 
dv 


Of. Guiebard, Annales L’Ecole Norm. Sup., ser. 3, vol. 20 (1903), p. 197. 
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Consider the converse problem when the spheres are given 
with centers on a net N and radii determined by a jolution 0 of 
its point equation. A congruence G conjugate to N is obtained 
by drawing through points of N lines parallel to the lines joining 
the origin to points of a parallel net N' whose coordinates i;' are 


given by 
(59) 


dx __ l^- 

dii du’ dv dv 


A function B' is given by the quadratures 


( 60 ) 


dll ^ du^ dr dv‘ 


From (I, 37) we have that the focal point generating a net N 
whose curves u = const, are tangent to the conginience G is given 
by equations of the form 

(61) x = x — 

Moreover, 1/1 is the solution of the point equation of N determining 
N as a Levy transform of N (§ 8), that is the function 6 i referred 
to in the above theorem. Hence it is readily seen that the function 

(62) — j- 0 ' 

enables us to express 6 in the form (58). Consequently the spheres 
with centers on the net N and radii determined by 6 meet the 
corresponding spheres of the given congruence in circles harmonic 
to the latter. Accordingly we have: 

TJie detei'mination of congruences of circles harmonic to a con¬ 
gruence of spheres is the prohlem of finding congnmices con/jugate 
to the net of centers of the sphei'es and a quadrature. 

Since f?' is determined by (60) to within an additive constant, 
there are oo ^ congruences of circles harmonic to the given congruence 
of spheres such that corresponding circles have the same axis. 

This result may be obtained in another manner which brings 
to light the role of transformations F in this theory. Let Ni {xt) 
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be an F transform of N by means of a solution B of the point 
equation of N, the congruence G of the transformation having 
parameters r'. Thus 

_ 6 

Xi = X - ~x , 

e 

From (11, 7) we have 


where 


9x1 , 9X| dxi j 9xi 

Yu ~~ Yu ' 'Y^ Yt^' 



S'~IB * 


{'Onsequently from (61) we have 

We call the functions 



the solutions of the point equations of JVi and A'i corresponding 
to the solution 0 of the point equation of M We find from (62) that 


('onsequmitly >ve have: _ _ 

I/N and Ai axe F tramfornis of one anoih^’j antfB and Bi are 
corresponding solutions of the point equations of N and Ai respectively, 
the congruences of spheres ^ and Si with center's on A and Ni and 
7 ‘adii deter mined Iry 0 and 0i respectively, intersect in a congruence 
of circles having the lines of congruence of the tra'nsformaiion F 
for axes. _ 

When, in particular, 6 = 6, the function Bi = 0, and the 
spheres Si pass through_the origin. Hence: 

If the central net N of a congruefnce of spheres S whose radii 
are deter^mined by a solution 6 of the point ^equation of N is sub¬ 
jected to a transformation F determined by 9, the sphet'es Si with 
center's on the transform Ni and passing through the origin meet 


17 
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the spheres S in a congrue^ice of circles harmonic to 6; moreover, 
the 00 ^ congruences of circles harmonic to the spheres 8 and with 
the same axes are obtained in this way by varying the additive 


constant of integration in 

From this result and (38) it 
intersections of the spheres 

— 2 ^^Xq x-\-^(t 0 , 

where 

(63) — 


follows that the circles are the 

^a"o—0, 

X , 


and the are current coordinates. Moreover, in consequence 
of (63) the equation of the planes of the circles is 

(64) 0. 

Consequently the coordinates x^ of the net A',, enveloped by these 
planes are found by solving (64) and 


(65) 








a,r 

dr 



in consequence of (59) and (60). From (41 j it foDows that (65) 
are the equations of the chord of contact of the spheres 8 with 
their envelope. Consequently A/q is conjugate to the congruenc{‘ 
of these chords of contact and we have the theorem of Guichard”^): 

The conyrnmce of lines joining the points of contact of a con- 
yrmnce of sphei'es ivith their envelope is conjugate to the net enveloped 
by the planes of any congruence of circles harnwnic to the spheres. 

The quantities x and e' are tangential coordinates of Ag. 
The tangential coordinates of the net A,o enveloped by the planes 
of any other congruence of circles harmonic to the spheres are 
given by 



dx*' 


dx/ 

dx^' 

r 

dx 


du 

~ h 

du ^ 

dv 

i 

dv ‘ 


dS^' 

h' 

dH' 

8?" 

v 

d»’ 


du 

■" h 

Yu’ 

dv 

1 

dv 

”) L. c., p 

. 197. 







( 66 ) 
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in consequence of (59) and similar equations defining the other 
congruence of circles. But from these equations it follows that No 
and Nio are in relation F or are parallel. Hence: 

When two congruences of circles are harmonic to the same con¬ 
gruence of spheresf the nets enveloped hy the planes of the circles are 
in relation F or are 2 )aralleL 

Conversely since the tangential coordinates of any two nets in 
relation F can be chosen so that they satisfy equations of the 
form ( 66 ), it follows that the tangential coordinates of any other 
net conjugate to the lines joining corresponding points of Nq and 
Nio satisfy equations of the form ( 66 ). Hence: 

If S is a sphere desa'ihing a congruence and G is the congi'uence 
of lines joining the points of contact of 8 with its envelope, the 
tangent planes of any net conjugate to G meet the spheres S in a con¬ 
gruence of drcles harmonic to the sirheres^^). 

io 6 . Representation in 5 -space. When we interpret the 
results of § 105 in terms of nets and congruences in 5-space, we 
find that a net representing the congruence of circles is harmonic 
to a congruence representing the congruence of spheres. We shall 
establish this result. 

From (2), (32), (37) and (38) it follows that the parameters 
of the spheres giving rise to the circles (A are of the fom 


cci ^ h.ri{i —1,2, 3), 




a log g 

~ dv . 



1, 2, 3), 






1 \ a log a \ 
2 / dv r 







Since the functions a and are the direction-parameters of the 
tangents to a net, they are solutions of a system of equations of 
the form (1,4). Any other solution of (36) gives two other solutions 
of this system, namely 


p'= hOi, 


idSi a logg ^ \ 
\dv dv 


Of. Guiebard, 1. c. p. 197. 
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We make use of this fact to obtain the parameters of the con- 
^ence in 5-space representing the conginience of spheres S' harmonic 
to the circles C\ in § 105. In fact, from (57) and (58) it follows 
that the parameters « of the congruence are given by 


«/ hxi 




dr 




{aiq' 


(■/: = 1, 2, 3), 



''V 


Hence (§ 13) the congruence and net in D-space corresponding to 
the congruences of spheres and circles are harmonic. 

In order to prove conversely that congruences of circles and 
spheres represented by a net and a congruence harmonic to it in 
5-space are harmonic to one another, we take the direction-para- 
meters, a and fij of the net in the normal form, so that 


(67) 



M 

di( 


met. 


The parameters of any harmonic net are of the foim 
( 68 ) a aq — fip, 

where p and q are a pair of solutions of (67). From these ex¬ 
pressions it follows that the spheres S of coordinates « pass through 
the circles of intersection of the corresponding spheres of coor¬ 
dinates a and fi. Hence their net of centers is conjugate to the 
congiuence of the axes of these circles, since the curves of the 
net and the developables of the congruence are parametric. 

From (68) we have by differentiation 

d(jc _ da _ 9 /^ 

du ^ dll du ^ d'V dv * dv* 


(69) 
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When u varies the characteristics of the spheres 8 are circles, 

9 

Tj, the intersection of the spheres of coordinates « and -r—, which 

ou 

in consequence of (67), (68) and (69) pass through the corresponding 
points, Ai and J. 2 , where the spheres of coordinates « touch their 
envelope. Similarly, when v varies the characteristics of 8 are 
circles Tg passing through the coiresponding points Bi and j^g, 
where the spheres of coordinates jS touch their envelope. We have 
seen that the lines AiA^ and Bi B 2 are the tangents to the parametric 
net N on the envelope of the circle Ci (§ 97). Moreover, we know 
that the lines of intersection of the planes of the circles and 
A, that is the joins of points of contact of the spheres S with 
their envelope, form a congruence with the developables parametric. 
Hence we have the fifth theorem of § 105. 

107 . Conjugate congruences of spheres and circles. 
We return to the consideration of the congruence of splieres 8 
whose centers describe a net N and whose radius is determined 
by a solution B of (36), the point equation of By means of 

a solution 61 of (36) we determine Levy transforms A'_i and Ni of 
Nj such thatifii-i and MMi are tangent to the curves of para¬ 
meter u and r respectively of X, By means of the functions 


(70) 




0 — 


Oi 

dll 


do_ 

dll' 


(h = B — 


dOi 

d'r 


BB 

0 V 


we determine spheres 8 -\ and S\ with centers 011 iV-i and A\ respec¬ 
tively. The spheres 8 meet the spheres 8 -1 and A’l in congi-uences 
of circles C~\ and Ci respectively, harmonic to 8 -\ and Si, More¬ 
over, corresponding circles C-i and C\ meet in the points Ai and 
^2 where 8 touches its envelop^ (cf. fig. 6 ). 

Since the nets N-i and Ni are Laplace trans^rms of one 
another, the same is tnie of the functions and (I, Ex. 11 ). 
Consequently by the fourih theorem of § 99 the circles (■ of inter¬ 
section of the spheres 8^1 and form a congruence. Since the 
spheres jind 81 pass through Ai and ^ 2 . so also does their 

intersection C. 

From § 97 it follows that the pointy of contact, B-i 
and Biy Bl respectively, of the spheres and ;iS'i with their 
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envelopes lie on C, and that the lines 
a^d BiBi are the tangents to 
the net N enveloped by the planes 
of C. Since jS'-i is harmonic to 
it follows from § 105 that the line 
B-iB'-i passes through the net enve¬ 
loped by the plane of C-i, that is 
the second focal net of Ai ^ 2 - Simi¬ 
larly the line passes through 

the first focal net of A\ M (cf. fig. 7). 
Consequently the congruence ^1.42 is harmonic to N, Hence**®): 

If Ai and Ai are the points of vontavf with its envelope oj 
a congrnma*s of sjjJwi^es S tvifh center's at points of a net N and G 
is any congruenee harmonic to N, the circles with the lines of G 
for axes and passing through the cm responding ptymts Ai and Aifm^m 
a congruence. Moreovery the congruence AiAi is harmonic to the 
net enveloped hy the planes of the circles. 

Consider now the representation in 5-space. To the spheres S 
corresponds a congruence G, to C\ and C_i the focal nets Fi and 
F 2 of Gy to Si and S-i congniences harmonic to Fi and F^, which 
are tangents to a net P representing the congiuence of circles C, 
Hence the net P is conjugate to G. 

Conversely, if we have a congruence 
G and a conjugate net P in 5-space, 
to G there coiTesponds in 3-space a con¬ 
gruence of spheres ^9 with centers a t points 
of a net N, It touches its envelope at 
the points, Ai and At. of intersection of 
Cl and C-iy the characteristics of S when 
V and u vary respectively. Since the 
tangents Ti and T* to the curves of 
parameter v and u of P are harmonic to 
the focal nets F\ and Ft of Gy they gene¬ 
rate congruences represented in 3-space by congruences of spheres 
harmonic to the circles_Ci and^-i respectively, the centers of the 
spheres being on nets N\ and .V -i conjugate to the tangents to 



Cf. Guichard, 1. c., p. 108. 
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t.lie curves of parameter v and u respectively of N, However, since 
Ti and Ti are tangents to the net P, the two congi-uences of 
spheres with centers on Ni and JV_i meet in a congmence of circles, 
and corresponding points of M and iV_i are the foci of the axes 
of the circles (§ 97). Hence (§ 10) the congruence of axes is 
harmonic to N, In view of these results we say, with Guichard, 
that congruences of spheres and circles related as in the preceding 
theorem are conjugate to one another®®). 

In order to obtain a congruence of circles conju^te to a con¬ 
gruence of spheres, we note that the coordinates of M are of the 
form (57) where th is a solution of the point equation of N, the 
net of centers of tlie spheres. The function determining the 
radius of Si is given by (70). Hence the circles are defined 
by the equations 

, 71 ) + = 0 , .- 0 , 

where the //\s are current coordinates. 

Conversely, if we have a congruence of circles, any net har¬ 
monic to the axes of the circles is given by equations of the 
form (Ol) and the radius of the spheres of the conjugate congruence 
is determined by (02). The converse may be stated in geometrical 
form, if we observe that it follows from the representation in 
r)-spacc that there is a reciprocal correspondence between the 
<*ongiiience harmonic to N and the nets harmonic to the congnience 
of axes of the circles. In view of this fact and the preceding 
results we have: 

If G is a rongnwnrc hannonir to net N enveloped by the 
planeji of the drclas of a congrumce, and and A 2 are the points 
of meeting of a /me of G and the corresponding circle of the con- 
grnmce, the plane deter mined by the mid-point of the segment Ai A^ 
and the curw of the cirde. envelopes a net N: the spheres with centers 
on N and. passing through .4i and J .2 form a congruence conjugate 
to the given congruence of cirdes^^), 

108. Congruences of circles K determined by trans¬ 
formations /?. In § 81 we found that if A'l and are E trans- 

■^) L. c., p. 197. 

Of. Giiicbard, 1. (r., p. 198. 
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forms of an 0 net N, there can be found by quadratures alone a set 
of 00 ^ nets Ncj of which Ni is a member, which are R transforms 
of a family of oo^ nets Ni 2 , of which N is a member; corresponding 
points of these oo ® nets lie on a circle K\ the tangent planes to 
the nets at points of K pass through a point Ma which describes 
a net Na conjugate to the congruence K of the axes of the circles K, 
this congruence being harmonic to the central nets of the trans» 
formation of N into Nc\ the normals to the nets Nvi and Nc at points 
of K are tangent to the sphere S with center at Ma and passing 
through jK. We wish to show that the circles K form a congruence 
of circles and the spheres 8 a congruence of spheres harmonic to 
the former. 

Since « = ~ ^ is a solution of the point equation of N. 
the function (cf. § 81 and VI. 96) 

T> 

0)01 “ «--I 

pi 

is a solution of the point equation of Aoi, and consequently 


^01 ^ , {0lP2—0iPl ) Q 4 (^8 Qi’- O 1 JI 2 )P 


0)y, — Wol 


^01 9 <^0 1 

9^01 9 V 

dv 


fy) — ^2pi) R ~i~ ( 6 >g ^'1 — / a) P 

Pi r2—p2 ri 


are solutions of the point equations of the focal nets P\ and jPo of 
the congruence K, and either is a Laplace transform of the other. 

From (VII, 33) it follows that the radii of the spheres with 
centers on Fi and and passing through the corresponding circles 
K are given by 

i?® rrr (^1 P^~^ ^2 Pi )^+ (^2 gl- 0l gg)^ 

(.PiQt—Psqiy ’ 

Ui _ i^iP2 — ^2i>l)*+ (^2 n-r^)* 

-7-7®““-. 

{pi rt—pt riY 
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From these equations and (VII, 33) we find that 

^yl 

Hence (§ 99) the circles K form a congruence, and the spheres S 
form a congi’uence harmonic to these circles (§ 105). 

From the second theorem of § 11 it follows that the lines 
joining the focal points of the same rank of corresponding lines 
of the congi’uences of the transformations Roi N into j^o nets of 
the class Nc meet in a j)oint M which describes the net N enveloped 
by the planes of the circles K. If Ai and ^2 are the points of 
contact of the sphere S with its envelope, th^ lines A\ A^ form 
a congruence G which is conjugate to the net N (§ 105). 

Since normals to a pair of nets N and Ni are tangent to the 
(jorresponding sphere S, the circles orthogonal to N and Ni form 
a cyclic system (§ 79) and lie on the spheres *S’. In § 113 it is 
shown that a cyclic system is a congruence, and consequently this 
cyclic system is harmonic to the sphere. From the results of 
§ 105 it follows that the axes of these circles form a congruence 
conjugate to Ad. 

109. Orthogonal congruences of spheres and circles. 

Consider the congi-uence of spheres S with centers on N(x^ and 
radii determined by a solution d of the point equation of V, and 
also the harmonic circles whose planes are defined by (64). The 
spheres S with centers on the net A enveloped by these planes 
and with radii determined by a solution y of the p^int equation 
of N are orthogonal to the con'esponding spheres S, when, and 
only when, 

(72) 9 - 2^.r.r—e. 

In consequence of (65) we have 


(73) 


0 y _ dff _ d j' 

Th Th’ ~ aT' 


Because of these equations it follows that the spheres S are 
orthogonal also to the first and minus first derived spheres of S 
(§ 99). Moreover, equations (73), being of the form (41), show 




266 


VIII. Circles and spheres 


that the line joining the points where ^touches its envelope passes 
through the corresponding point of N and hence is the axis of 
the circle. 

Converselj", let y be any solution of the point equation of N, 
and let S denote tl^ spheres wjth centers on N, and radii deter¬ 
mined by y. Let N(x) be any net conjugate to the line joining 
the points of contact of S with its envelope, then equations (73) 
hold. By differentiating them with respect to r and u respectively, 
we get _ 

^ dv dt( ^ du dv 

In consequence of these equations 6 given by (72) is a solution 
of the point equation of lY, and ^erefore the spheres S with centers 
on A' and radii determined by 0 meet S and the two derived con- 
gmences of spheres orthogonally. We say that the congruence 
of spheres S are orthogonal to the congruence of circles in which 
the spheres S are cut by the tangent planes of Y. 

By definition tlie poles of a circle are the two points on its 
axis, equidistant from the plane of the circle, which are the centers 
of the null spheres passing through the circle; any sphere with 
center in the plane of a circle and orthogonal to a sphere through 
the circle passes through the poles of the circle®^). For the present 
case the points of contact of 8 with its envelope are the poles 
of the circles, since the spheres 8 are orthogonal to 8 and its 
derived spheres. Hence: 

The circles in the tangent planes of the surface of centers of 
a congruence of spheres which have for poles the points of contact 
of the spheres with their envelope fen'm a congruence of circles whose 
focal parameter's are the same as for the congruence of frpheres. 

Also: 

If C describes a congruence of circles, the sphen^es with centers 
on the net enveloped by the plane of C and passing through the 
poles of C form a congruence orthogonal to the congruence of circles^^). 

We have seen that the sx)heres 8 orthogonal to a cong’ruence 
of circles C are orthogonal to any conginence of spheres 8 har- 

Note that when the circles are real the poles are imag^inary and vice-versa. 

Cf. Guichard, 1. c., p. 195. 
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monic to C, as are also the first and minus first derived spheres 
Si and SLi of S» Hence if the equation of S is — 0, and the 
equations of C are — 0, = 0, where the a's and /^’s 

satisfy (67), it follows from (68) that 


= 0 . 2 ^ 1 -^ = 0 , « = 0 , 


Consequently the spheres 8^ Si and S-^ are represented in 5-space 
by a congruence and its first and minus first derived congruences 
whose lines are perpendicular to the tangents to the net represen¬ 
ting C. Conversely, if w^e have such a configuration in 5-space, 
the corresponding spheres 8, Siy ^SLi, in 3-space are orthogonal to 
the congruences of spheres harmonic to the cii'cles C represented 
by the net. Consequently the points of contact of S with its 
envelope are the poles of C. Since the centers of the spheres lie 
in the planes of C\ and these planes are the tangent planes of 
the central net of S, the spheres are orthogonal to the circles. 
Hence: 

A necassary and sufficient condition that a congruence of sphei'es 
and a congruence of circles he orthogorial is that the congrumce of 
spheres and its,first and 7ninus first derived congruences he represertted 
in b-space hy congruences of lines perpendicular fo the tangents to 
the curves of the net representing the congrumce of drcles, 

iio. Transformations F of congruences of circles. 
Consider the congruence S of .spheres and the circles C harmonic 
to them, as defined in the preceding section, and in addition a 
second congiaiencc of circles Ci harmonic to S, Let A"i(iCi) be the 
net enveloped by the planes of these circles and be the solution 
of the point equation of Ni determining the congruence of spheres 
with centers on N\ and orthogonal to S, Then 
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From the fifth theorem of § 105 it follows that Ni is an 
F transform of or is parallel to N, the nets N and Ni being 
conjugate to the congruence G of lines joining the points where 8 
touches its envelope. Consider first the case where N and Ni are 
not parallel, then 

(76) oi'i ^ 

w’here 0 is a solution of the point equation of iV, the direction-para- 
meters x' of Q and e' being in the relations 


dx djt ^ ^ ^ ^ __ 

dll du^ dv dv^ di( ^ du^ dv dv 


Since G is normal to the tangent plane to iV, we have 


(78) 


^ du 


, dx 

^ Tv 


- 0 , 


and consequently y' defined by 


(79) ^ 

satisfies the equations 


y' = Tlx a 


(80) 


^ h -J— _ 7 

dti " ^ dti^ ~dv ~~ dv' 

From (72), (74), (76) and (79) we have 


(81) 

that is yi is the transform of (f>. 

Conversely, let N and Ni be two nets in relation Fj and y 
and yi be corresponding solutions of their point equations in the 
relation (81). Let C and Ci be congruences of circles in the planes^ 
of N and Ni determined by the functions y and n respectively. 
The equations of the axes of these circles are 
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<82) 


9SP 

~Ju 

= 0 , 

dx 

9y _ 
"917 " 

and 






(83) 


9yi 

du 

= 0 , 


9yi 

dv 


These two lines are found to intersect in consequence of (76) and 
(81). If_we denote by x the coordinates of the point of inter¬ 
section Mj we find that they satisfy (82) and (79). 

From (79) and (80) equations (78) follow. In view of this 
result and the fact that and y' are solutions of the point equation 
of equation (79) is the tangential equation of a net, and there¬ 
fore M describes a net conjugate to both axes. _ 

From the preceding section it follows that the spheres 8 with 
centers M and radius determined by 0 given by (72) are harmonic 
to the circles C. But by means of (76), (79) and (8^ we find 
that (74) is a consequence of (72). Hence the spheres B are like¬ 
wise harmonic to Ci. 

We say that the circles C and C\ whose planes envelope nets 
in relation F and which are determined by solutions of the point 
equations of these nets in the relation (81) are F transforms of one 
another, or simply in relation F. Hence: 

Two congr uences .of circles which are F transforms of one an¬ 
other are harmonic to a congruence of sjrheres, and two congruences 
of circles harmonic to a congruence of spher’es are F transforms of 
one another' unless the corresponding circles lie in parallel planes. 
Incidentally we have: 

When two congruences of circles are in relation F, corresponding 
circles meet in the two promts wher e each circle mts the corresponding 
line of the harmonic congruence of the transformation F of the nets 
enveloped hy the planes of the circles. 

If N, M, N 2 and iVi 2 are four nets of a quatern in relations F 
(§21) and the planes of congruences of circles C, Ci and C 2 enve¬ 
lope the respective nets N, Ni and N 2 and are determined by 
functions y, g>i and ^2 respectively, where 


f 


^2 


1 ? 

oil 
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the function yi 2 , defined by 

Aft 

(84) 6l di2 yi 2 “ (^2 ^21 fpl + (p2 - ^12 ^21 ^)f 

(f2 

is the corresponding solution of the point equation of Nu, whose 
coordinates are given by (II, 49). Hence the circles 612 whose planes 
envelope N 12 and which are determined by ^12 are F transforms of 
C7i and 

We shall give another geometric interpretation of transformations 
F of congruences of circles. Take two congruences of circles con¬ 
jugate to the same congruence of spheres. Since their axes are 
harmonic to the net of centers of the spheres, the intersections of 
corresponding axes form a net, and consequently the spheres with 
centers at points of this net and containing the circles form a con¬ 
gruence of spheres harmonic to the two congruences of circles. Hence; 

Two congruences of circles conjugate to a congruence of spheres 
are in the relation of a transformation F. 

As a corollary we have: 

21ie nets enveloped hy the planes of the drcles of two congruences 
of circles conjugate to a congrumce of spheres are in the relation of 
a transformation F. 

In consequence of the last theorem of § 107 and the second 
of § 110 we have: 

Two congruences of circles in the relation of a transformation F 
are conjugate to a unique congnmice of spjhere^. 

From the foregoing theorems follows the theorem: 

Any two congruences of circles harmonic to a congy mmee of 
spliey^es are conjugate to a congruence of spheres, and conversely. 

Since two congniences of circles in relation F are conjugate 
to a congruence of spheres, it follows from that the nets in 5-space 
representing the congi’uences of circles are conjugate to the con¬ 
gruence of lines representing the spheres. Hence: 

The nets in 6‘spacercpres(mting congruences of circles in relation F 
are F transforms of one another; and any two nets in 6-space in 
relation F correspond to congrucmces of circles in relation F, 

The theorem preceding this one is a consequence of the latter and 
the fact that two nets in relation F are harmonic to a congruence. 
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III. Parallel transformations of congruences of circles. 

We consider the exceptional case where the corresponding planes 
of two congruences of circles harmonic to a congruence of spheres 
are parallel. Now 


(85) 


d,/'i ^ dx dxi _ dif) 

dti ^ du^ dv dv^ 


and consc(piently (75) is satisfied by 


( 86 ) 


dn ^ dn' dv dv' 


Supi)()se, conversely, that Ave have tAVo congruences of circles, 
C and 6i, whose planes envelope parallel nets A'(^) and (ici), 
and the circles are determined by corresponding functions and yi, 
that is in the relation (86), Ave say they are parallel transform)^ of 
one another. 

We consider the point M of coordinates x defined by (73) and 
(87) (;ri — .r) “ (f i — (f . 


By differentiating this equation and making use of (73), (85) and 
(86), wo find 








vSince ai — x and — ij> satisfy an equation of the Laplace type, 
they are the tangential coordinates of a net, the locus of If. From 
§ 109 and (87) it follows that the spheres of center M and radius 
determined by i given by (72) are harmonic to the circles C and C\. 
Hence: 

Two congmenceif of circles which are parallel transforms of 
one another' are harmonic to a spJme; and congruences of circles 
harmonic to a sphere mch that corresponding planes are paralleL 
are parallel transforms of (me another, 

112. Congruences of spheres with applicable central 
nets. Let Nix) and N{x) be two applicable nets in 3-space. Since 
they have the same point equation, the fimctioii 
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( 88 ) 

is a solution of this equation. U 0 is a, solution of this equation, 
the spheres S with centers on N and radii given by 

(89) 

form a congruence. Since this may be written 

(90) 2(e+»o) 

the spheres S of radius B and centers on iV also form a congruence. 
Moreover, corresponding spheres of these two ccmginiences touch 
theii* envelopes at the same points when X and N are applied to 
one another. This result follows from the following theorem of 
Beltrami which is a consequence of the last theorem of [§164]: 

When the mrface of centers of a two parameter family of 
spheres is deformed^ the points of contact of the spheres with their 
envelope (which itself changes in the deformations) are fixed points 
with respect to the spheres. 

When 0 ™ 0 in (89), the spheres S i)ass through the origin. 
The envelope of these spheres is the origin 0 and the locus of the 
point O' symmetric to 0 with respect to the tangent planes to A'. In 
accordance with the above theorem, when N is applied to A^, the 
loci of 0 and O' are the sheets of the envelope of the spheres. 
Since 0 and O' are the points of contact, we have by § 109 that 
the null spheres with centers at 0 and O' meet the tangent planes 
to N in a^ongruence of circles orthogonal to the spheres 8. More¬ 
over, as N may be displaced in space the null sphere at the origin 
may be replac^ by any fixed null sphere. Hence: 

If N (md N are applicaUe nets, the circles, in which the tangent 
planes of N a^ met by a fired nidi sphere, become a congruence of 
circles when N is applied to N, 

113. Generation of cyclic systems. It is our purpose now 
to show that the congiuences of circles referred to in the last 
theorem are cyclic systems (§ 79) and that all cyclic systems can 
be obtained in this manner. 
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Suppose we have a surface Sf refemd to a general moving 
trihedral. From [§ 69, (51)] it follows that if (xo, Zo) is a point 
fixed in space, it is necessary and sufficient that 


9.To 

dll 


+ ? + — >1/0 ■= 0, 


1 m ' ^ + r:!r.o—2>z« ■" 0 , 


Sjn 

du 


+jo;'/o—^ 0, 


If wc put 


A 

B 


da-o 

dti 


+ S — >l/o- 


9yb 
8 m 


-!-«; + r.i-o, 


^ + i'j 4- gi ^0— / i I/O 0, 
-^7 + ¥i + »'i a"o— Pi 2o = 0, 
T* + 1'> yo~ 7 1 ~ 


4 i 5: 

Ai - - +^i —nyo, 
i#i = + Aaso. 


the first four of the above equations may l)e written 

<91) q2o ^ i ^ 7i '^0 "■ — ^4,, ^>.?o - if* pi Zo - i?i, 

and the last two 

^■ol- - -(xoA + !/oB). + //«£.). 

ou 0 r 

It follows from (91) that 


{P <h - " Pi g) 4 — (-4 Bi — Ai B) == 0 . 


Comparing these results with equations [§ 174, (12), (13)], we 
have that the circles of radius izo and center {xqj yo) lying in the 
plane ^’ == 0 of the moving trihedral form a cyclic system. Evi¬ 
dently these are the circles in which these planes are met by the 
fixed null sphere 

Zi^—Jo)-^0. 

Conversely suppose we have any cyclic system consisting of 
(urcles, of center (.to, yo) and radius E, lying in the plane z ^ 0; 
then .^ 0 , yoy R must satisfy [§ 174, (12), (13)]. Since these equations 


18 
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involve only the first fundamental coefficients of S, an infinity of 
cyclic systems is obtained by the deformation of the envelope of 
the planes of the circles. As the values of # 7 , 2^1 y Qi given by 

(91) satisfy [§ 69, (48)] one of the deforms of S is determined by 
these values. The point whose coordinates with respect to its 
moving trihedral are ro, yof —is fixed in space and consequently 
we have the theorem of Darboux®^): 

A gmeral cyclic system of circles situated in the tangent planes 
to a. siirface S is ohtnined hy taking a deform of S, say S, con- 
structing the circles C of intersection of the tangent planes of S hy 
a fixed nidi sjdiere and then taking the jJositions of (' u'hen S is 
deformed into S. 

If the center of the fixed null sjdiere is (^Ti, Ui. r/jJ, 2 0 in (89) 
is 2^ax —^d consequently we have: 

If N(x) and Nl^) are aypUcahle nets, the circles in the tangent 
pla7ies of N{x) determmed hy the solution — aY <f its 

point equation form a cyclic system. 

In other words we have: 

If A^(.x‘) and N{x) are a 2 )plicahle nets, the circles in the tangent 
planes of N whicJi have for poles the points of contact with their 
envelope of S2>heres with centers on N and radii given Inj 

form a cyclic system. 

114 . Transformations F of cyclic systems. In § 110 

we established transformations F of congruences of circles. Nov' 
we’ wish to show that certain of these transformations transform 
a cyclic system into cyclic systems ^•‘^). 

Let iV(x) be the net enveloped by the planes of the cyclic 
system C, N(Tr) the applicable net and y given by 

(92) 29 . = 

the func^on determining the cyclic system, the point equation of 
N and N being (36). 


*0 LeQons, vol. 3, p. 354. 

Proc. Nat. Acad. Sci., vol. 5 (1919), p. 555. 
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In § 27 we showed that if h and I is any pair of solutions 
of the system 

a /.) 1^.11 11 - n. _ 7 ^ 

dv 8*; ’ 




the nets iV' (x) and A'(x'), whose coordinates are given by 


/rk^\ 7 7 


, 0x dx _, 9x’ 


are applicable, and parallel to A^ and respectivdy. Also, if 
is the solution of the point equations of A' and A"' defined by 


(ih5) 

and e is given by 


(96) 


a_^ 

hn 


S' 

a_a^ __ ^ 

^ du' Tv ~~ ^ dv' 


the nets A'i(./‘i) and xVi(xi), whose coordinates are defined by 
(97) ,/'i X ~ , j f j I ji X , 


are applicable, and are F transforms of N and A- respectively. 

The circles C\ lying in the tangent planes of A"i and deter¬ 
mined by the function yi, given by (81), fom a congruence which 
is an F transform of C (§ 110). These circles form a cyclic 
system, if 

2 *• 

Substituting the values from (81) and (97), we find 
f/>' x' — ^xx' —“. 

As this function satisfies (80), we have: _ 

If A"(x) and N{x) are applicable nets and N'{x') and A'(x') 
are applicable nets parallel to them, and A\ is the F transform of 


18* 
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N ^ means of N' and the corresponding functions B and 
—the circle^ in the tangent planes of Ni determined hy yi, 
where 

(98) 29.1 ^.rr — 

form a cyclic system which is an F transform of the cyclic system 
of circles in the planes of N detei'mined hy 2<p 

We remark that similar results liold for Uie cyclic systems 
of circles in the tangent planes of N and .V, determined by 
y == —^ and ’^1 ~ respectively. 

We shall show that these transformations admit a theorem 
of permutability. To this cn^ w^e take two nets N\x') and 
parallel to X and the nets X' and X" pai allel to X and applicable 
to X' and X^' respectively. By means of these we determine two 
F transforms, Xi and X^y of Xy and an^A^s of X such that 
Ni and Xi are applicable, and also A'a and A^g. If we choose the 
additive constants in the functions B” and 62 so that (cf. II, 97) 

+ = 0 , 

there are oo^ pairs of applicable nets A^ig and A^g such that A", 
Xu X 2 y Ni 2 and Xy Xu A^g, A^g are quaterns under transformationsF. 

In accordance with the preceding theorem, we set up a cyclic 
system in the planes of A^^i with circles determined by 9^1 given by 
(98), and a cyclic system in the planes of A^g with circles deter¬ 
mined by 

Since and ^g are transforms of y by (81) and an analogous 
equation, it follows that a solution yig of the point equation of 
Ni 2 is given by (84). 

In order that <^>12 shall define a cyclic system for W,g, we must 
have, in accordance with (98), 

SPi» = Vt —— 

It is readily found that this condition is satisfied identically. Hence: 
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If Cl and Ci are two cyclic systems which are F transforms of 
a cyclic system C, there can he found hy quadratures oo^ cyclic 
system Cig which are F transforms of Ci and Ci. 

115. Cyclic systems in 3 -space and nets O in 5-space. 
From the theorem of [§177] it follows that the spheres focal to 
a cyclic system are orthogonal. Consequently a cyclic system is 
represented in 5-space by an O net (§ 98). We consider the con¬ 
verse problem, taking an O net N in 5-space corresponding to the 
determinant 

iJTi 


We recall that 


a? 


drj 

9 c 

du 

dii 

Ok 

dXk 

dv 

9 aje 
dr 

nihfcy 

dbk 

Ju 


(/--I, 2, 3), 


Let and 2's denote the spheres of coordinates 5 and 
respectively. If« are the coordinates of the congruence of spheres S 
orthogonal to the circles C represented by N, we have 

( 101 ) - 0 , = 0 - 

Since the two derived spheres of S must also be orthogonal to 
and 2 * 2 , we must have also (§ 97) 


(.02) 2 Iff 


0 , 

’ ^ dv 


0 . 2|^, = o. Z 


In order that (101) be satisfied, we must have 


a =^XhXky 
k--i 
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where Xu 5^2, are determined by (102). Making use of (100), 
we find that they must satisfy 

(104) ^ Xk ajc 0, ^ Xk hk 0, 


and consequently they are determined to within a factor, say t. 
Now 


dec ^ dxk 

r— X y jrVfe 

9 ?/ ^ du 


dec 

dv 



Xk, 


(105) 




" du 


From these equations it is readily shown that the .i;'s satisfy the 
same Laplace equation as the a’s. If we choose the factor t so 
that «!, « 2 j «8 are the coordinates Xi, Xs of the net X of centers 
of /S', this equation assumes the form (.36), and consequently xi, x^y x^ 
are the coordinates of a net X, Moreover, from (5), (104) and (10.5) 
we have 

^™ ^d ^ ™ 2 dx^. 

Hence X and X are applicable, and the conditions of the second 
theorem of § 113 are satisfied, so that we have: 

A necessary and stcfficieni condition that a congruence of circles 
he a cyclic system is that it he represented in 5-space hy an 0 net. 
From this result and the last theorem of § 110 we have: 
The 2 ^'^xhlem of transformations F of cyclic systenns is the same 
as of transformations F of O nets into 0 nets in 5-space. 

The centers of the spheres and are the focal points of 
the congruence G of axes of the cyclic system. Their homogeneous 
coordinates are 

- (r+ iC ); f, -+ iO- 

Since the homogeneous coordinates of the net A'k of the centers of 
the sphere Sk of coordinates Xu are 

Xjt, X!; Xi, -(X^^iXt), 

it follows from (100) and § 33 that the nets Xk are harmonic to O. 



115. Cyclic systems in S-space and nets 0 in 5-space 


279 


Moreover, the cartesian coordinates ;i* of Nh satisfy an equation 
of the form (36), where 

_ 

" w+jxt- ’ - n+jxi- 

As jf«:k== l/iX^+iXi) and (A'^—are solutions, so 
also is 2x %— JRt Hence the nets Nn are 2, O. 

The equation of the sphere is 

2jAVe - 0. 

The pentasi>herical coordinates and of the points where it 
touches its envelope are common solutions of this equation, and 

a06) ""0, 

Since they must satisfy = 0 also, we have that they may 
be taken as 

(107) -- A. + / As, ,r, - A- — /A«. 

These points lie on the circle of intersection of the spheres 
Ai and namely (106), and since theii’ pentaspherical coordinates 
satisfy an equation of the Laplace type (26), the points describe 
O nets A and Nx (§ 95). As in the case of A\, these nets are 
harmonic to the congruence (f\ and consequently the net is ortho¬ 
gonal to the circles. Similar results follow for the spheres St 
and Ss, which proves again that the circles of iutersection of the 
spheres and 2*2 form a cyclic system. 

In the same manner it is shown that if «i, «.h are any 

constants satisfying the isotropic relation = 0, the quantities 
^akXk are pentaspherical coordinates of an 0 net orthogonal to 
the circles. Hence: 

Tlie last two rows of ati m'thogonal (Utorminant of the fftJi 
order determine a cyelic system; any isotrojnv linear functimis of 
the tetms of the first three rows are pe^itaspherical coordinates of 
an 0 net orthogonal to the cyclic system. 
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116 . Cyclic congpruences. In § 73 we found that a necessary 
condition that a congruence be cyclic is that the dii*ection-para- 
meters satisfy the relation 

(108) 2 ^* = A* IP + B* T"*, 

where U and V are functions of ?/ and v alone respectively, and 
A and B are the functions which appear in the direction-equation 
of the congruence (26). Guichard®®) has shoT\Ti that this condition 
is also sufficient for space of any order. We adapt his proof to 
the case of 3-space. 

In § 30 we saw that the homogeneous coordinates z' and y\ of 
the foci of a congruence can be chosen so that 


(109) 


0 ^ 

0m' 


- my, 



n z, 


in which case the direction-parameters 



satisfy an equation (26) with 


1 , 2, 3) 


A =- 




B - 


1 


Since A and B are determined to within res])ective factors V and W 
functions of u and v alone, the condition (108) may be written 


( 110 ) 

If we define functions J and ^ by the equations 

?'==yS y‘ = 2"(/= 1, 2, 3), 

- (g* +i g‘) - y^ - (,»+ *• fi*) = 

Annales L’ficole No™. Sup., ser.3, vol. 15 (1898), p. 203. 
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the condition (110) reduces to 

isv =0. 

Moreover, from (109) it follows that the functions J and satisfy 
the equations (100). Hence the 5’s and ly’s are the elements of 
the last two rows of a determinantof the fifth order. In con¬ 
sequence of the preceding section, we have that the congruence 
is harmonic to 0 nets. Hence: 

A necessary and sufficient condition that the directio7i-parameters 
of a congruence in 3-space he cyclic, that is harmonic to a net 0, is 
that its parameters satisfy a condition of the form (108). 

Exercises. 

1. Show that Zi = are the pentaspherical coordinates of any point of 

Jtii 

the plane at infinity not on the circle at infinity; and that a point on the circle 
of infinity has an infinite set of coordinates of the form -}- h/Rp where h 

is any constant and -- 0, ^z^R- = 0. 

Darboux, Legons, 2“*^ ed., vol. 1, p. 270. 

2 . When two spheres are orthogonal, the center of either is the pole of 
their radical plane with respect to the other; consequently any one of the five 
spheres of § 94 is conjugate with respect to the tetrahedron whose vertices are 
the centers of the other four spheres. Darboux, Principes de G6oni. Anal. p. 384. 

3. If a sphere S of center (a, b, c) and radius R is subjected to an inver.siou 
with respect to the sphere So of center (0, 0, 0) and radius I*, the center (a', h’, c') 
and radius R' of the transform S' are given by 

o' _ c ^ R' _ 
rt " h "" r R ~ 

When S is orthogonal to So, S' coincides with S. Darboux, 1. c., p. 38t>. 

4 . When in Ex. 3 we replace -S by So, we have R' :=^ — R. Consequently 
the pentaspherical coordinates Zk of a point P and its inverse P' with respect 
to the fundamental sphere Sk differ in sign, but the other four coordinates of P 
and P' are respectively equal. Hence five successive inversions with respect to 
the five fundamental spheres transform a point into itself. Darboux, 1. c., p. 387. 

5. From (19) it follows that the equation in pentaspherical coordinates z 
of a sphere of radius p and center of pentaspherical coordinates z\ is 
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Hence the pentaspherical coordinates of the center and the radius of the sphere 
2aiZi = 0 are griven by 

1 2 a* K-Su* 


z'. = a-— 


A 


Darboux, 1. c., p. iJ90. 

6. If in ( 20 ) we replace dzj by dzj+ kdzj and equate the coeflicients of k 
on both sides of the equation, we gfet 

2d Xj • d ZJ 

ds ds cos (dsj ds) = .-- 2 


for the angle between two displacements. Darboux, 1. c., p. 389. 

7. A homogeneous equation ^{z\^ .... ^.0 = 0 defines a surface. For 

Z 9 CP . 9 ^ 

g — dz- = {). If we put dz. := , we 

have 2zidz: — " 0, since <p is homogeneous. From Ex. (> it follows 

II ^ OZj^ 

that the displacement di ■ is normal to the surface. Darboux, 1. c., p. 403. 

8. If .... 2 ^ 5 ) = 0 and _^' 5 ) == 0 define two surfaces, the 

angle d between their tangent planes at any point is given by (cf. Exs. 6 , 7) 

9^p 9\i) 

^ dzi dzi 


9. The equation 


Darboux, 1. c., p. 404. 


,,, , d‘^e .dff.do ^ 


admits the solutions 6 = A]/^{u — a) {v — a), where A and a are arbitrary con¬ 
stants. If we put f{w) — 2{w — aj) where aj(i — 1 , ... 5 ) are constants, the 


five functions 


i — t() {a^ — v) {a^ — h) 


{i - 1, ... 5) 


satisfy (24) and for each value of the constant h are the pentaspherical coor¬ 
dinates of a surface referred to its lines of curvature. The equation of this one 
parameter family of surfaces is 


^ TX—h ^ 


which, inconsequence of ( 21 ), is expressible in cartesian coordinates as follows: 

«,•> I y' (y!+.vi + .^+l)^ , i.y\+y\+y\—iy _ 

at — h a ,— Ot—h i{a^ — K) 
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These surfaces of the fourth degree admitting the circle at infinity as a double 
line are called cyclides. Darboux, Legons, 2“^ ed., vol. 1, p. 258. 

10 . Show that 


(h-h') 2^ 


(tti — h) — 


“Z/ a, — A' » 


and consequently two cyclides meet orthogonally along their line of intersection. 
Show that three cyclides of the family (ii) Ex. 9 pass through a point, and that 
this equation defines a triply orthogonal system of surfaces. 

Darboux, Principes de Geom. Anal., p. 478. 

11. A cyclide defined by (i) Ex. 9 is transformed into itself by an inversion 
with respect to any of the five coordinate spheres (Ex. 4). Darboux, 1. c., p. 421. 

12 . Show that transformations jK of an 0 net defined in pentaspherical 
coordinates is the same problem as finding congruences conjugate to a net in 
r)-space on the hypercone (24) (cf. VI, Ex. 3). 

13. A necessary and sufficient condition that the spheres of a congruence 
he orthogonal to a fixed sphere or pass through a point is that 6 in (38) be 
a linear function of the x's. Show that in the former case either sheet of the 
envelope is obtainable from the other by an inversion with respect to the 
fixed sphere. 

14 . If the spheres S of a congruence cut a fixed sphere S under constant angle, 
different from 0 and tt, by the addition of a constant to the radius of each sphere S 
the new spheres S\ are orthogonal to a fixed sphere concentric with S. Hence 
the sheets of the envelope of the spheres S being parallel to the sheets of the 
enveloi)e of the spheres S\ are in relation R. 

Darboux, Legons, 2'^’* ed., vol. 1, p. 310. 

15. When the equations (50) of a line in r are written in the form x = rz+/>, 
// = sz-j-cr, the equation of the corresponding sphere in R is 




Y 




2r I 


2r r 


where ry = s/? — ra-. Lie, 1. c. 

16 . To the points in R correspond in r the lines defined by the Pfaffian 
equation 

07 dy—yj/.r-j-dz ~ 0 . 

Lie, 1. c. 

17 . The surface elements of a surface (§ 103) are defined by x, y, z^p, q. 
From Ex.16 it follows that the null-plane of the point (.c,y, z) is yx—xy'+z—z'^ 0, 
where x\ y\ z' are current coordinates. Since this is the tangent plane to 
the corresponding surface element of the latter is defined by 


x'=—q, .v'=P, z' = z — xp—yq, p'~ y, q' — —x. 

Lie, 1. c., p. 467. 

18. The lines through m (.r,.v,z) of <r lying in the tangent plane are defined by 


( 05 '—jj) = r{z'—z\ 


y'—y^s{z'—z), 
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where x\ y\ z' are current coordinates, and r and s are sucli that + = 1, 

To these lines correspond the spheres 

(i) r(X*4- ^(8 + x—rz)X—i{s — x-^rz)Y-^{\~-8x-{-ry)Z-^y—8z^ 0. 

Lie, 1. c. 

19. The tangent plane to S is defined by (i) Ex. 18 when r = 0, 1, 

that is 

{xq-\- 1) X~ i {xq-D r-f (ar~fi) Z-h^- 92 / = 0. 


This plane is tangent to each of the spheres (i) at the point {X, Y, X), where 


X+iY = —r + x 


px + qy 
q-j^x ’ 


X~iY=- 


MziP 

9-hx’ 


,p^,±.Qy 

q + x ■ 


and the other functions, Q, of the surface elements of - are 
q—x ^ q — x 

These five equations determine the surface element of 2" corresponding to a surface 
element of <r. Lie, 1. c. 

20. Show that when the equations of Ex. 19 are applied to the surface <r' 

we get the same result as for <r. Lie, 1. c. 

21. Let a line d generate a congruence G, its focal points being A and F ; 

and let di and d_^ be the corresponding lines of the first and minus first derived 
congruences of G. When this configuration is subjected to a Lie transformation, 
spheres *9, Si and S_^ correspond to d, di and tlie spheres S and Si are 

tangent at a point Mi of one sheet S\ of the envelope of the spheres S, and S 
and at a point of the other sheet moreover, the centers C and C\ 
of S and Si are harmonic to the centers of principal curvature of i'l at M\ and 
the centers C and are harmonic to the centers of principal curvature of j 
at M_^. Demoulin, Comptes Rendus, vol. 153 (1911), p. 590. 

22. If in the preceding exercise the lines d belong to the linear complex 

of the transformation, the spheres i9 are points M, the two surfaces ^i and S- \ 
coincide and are the locus I of these points; the spheres and S-i coincide, 
are tangent to S and their centers are harmonic to points of 2’ with respect to 
the centers of principal curvature of 2; and the lines di and d_i are conjugate 
with respect to the complex. Demoulin, 1. c. 

23. To a surface with isothermal spherical representation of its lines of 

curvature corresponds by a Lie transformation a surface upon which there is 
an R net for which the tangents to all the curves is one family meet a fix^td 
line (cf. VII, Ex. 25). Demoulin, 1. c. 

24. To an isothermic surface corresponds by a Lie transformation a surface 

upon which there is an R net for which the tangents to all the curves in one 
family are lines of the complex of the transformation. Demoulin, 1. c. 

25. When a congruence in 5-space is I, the corresponding congruence of 
spheres in 3-space is formed by point-spheres, whose centers describe a surface 
upon which the parametric net N consists of its lines of curvature. The orthogonal 
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congruence of circles consists of circle points with centers on N and in the 
tangent plane of N. Guichard, 1. c., p. 199. 

26. The spheres of a transformation It in S-space are represented in S-space 
hy a congruence 2.1, such that if the parameters of the congruence are given 
by (2) with A = 1, the complementary function is R. Conversely any con¬ 
gruence 2,1 of spheres gives a transformation of Ribaucour of the sheets of its 
envelope. 

27. A necessary and sufficient condition that on an envelope of spheres the 

lines of curvature in both systems be spherical is that the six coordinates of 
the sphere be of the form a. — Ui + Vu where Ui and Vt are functions of u 
and V respectively subject to the condition = 0. 

Darboux, Lemons, 2“** ed., vol. 2, p. 357. 

28. A necessary and sufficient condition that on an envelope of spheres the 

lines of curvature in one system be spherical is that the six coordinates of 
the spheres satisfy an equation of Laplace for which one of the invariants is 
equal to zero. Darboux, 1. c. 

29. When the envelope S of the planes of a congruence of circles is referred 

t(t a moving trihedral, and the coordinates of the center are (a, h) and the radius 
is lie, the coordinates of the poles of the circles are {a,b^iR) and (a, b,— iR). 
The radij of th e sp heres with centers on S orthogonal to the circles are given 
by — R'^. In this case equations (40) assume the form [§ 174, (14)]. 

30. By means of the preceding exercise and [§ 175, 20] show that a necessary 
and sufficient condition that the circles form a cyclic system is that the focal 
points of the congruence of lines joining corresponding points on the envelope 
of splieres are harmonic with respect to the points of contact. 

Ribaucour, Journ. de Math., ser. 4, vol. 7 (1891), p. 260. 

31. From the preceding exercise and § 82 it follows that a necessary and 
.sufficient condition that the circles orthogonal to the spheres of a transfoiination R 
form a cyclic system is that it be a transfonnation Dm of isothermal 0 nets. 

32. If N and Ni are two 0 nets in relation R, the circles orthogonal to N 
and Ni form a cyclic system (§ 79): the poles Po and l^o of the circles have 
coordinates of the form 


J’o = 


x — 0 


q^ir' 


xS 




the points Po and Pg describe the sheets of the envelope of the spheres through 
Po aud Py with centers on the net N (x) enveloped by the plane of the circles 
(cf. § 79); the radius of the spheres is given by 

B? = 2 j bp + 0) 4- A' = 2 

also 

2x *-f-2 j w' + 2 Ph, 


where w' is given by (VI, 80). Show that the right-liand member of this equation 
is a solution of the point equation of Show also that Po and 1\ are har- 
numic with respect to the focal points of the congruence of axes of the circles. 
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33. A necessary and sufficient condition that the poles Po and P', of Ex. 32 
describe 0 nets in relation R is that the point equation of N admit as solution 
JR =1/ 2jiil+fe^ This condition is reducible to 

(i) 0^+jp^ (jOi + ps) + p\ Pi + 0 

Show that the two sheets of the envelope are conformally represented upon one 
another and the transformation M is Dm. 

34. If S and S\ are two surfaces of Guichard of the first kind in the 

relation of a transformation Rm (§ 92), the condition (i) of Ex. 33 is satisfied 
when m = 4- The same is true for the associate surfaces S and S\. The points 
i 0 and Po describe isothermic nets No and No which are Christoffel transforms of 
one another; likewise Pq andPJ,; and the product of the segments PqPo and 
PoPo is_equal to 4. The nets No and N[, are in relation D^ and likewise 
Vo and Nq. Calapso, Aiinali, ser. 3, vol. 24 (1915), p. 25. 

35. If two applicable nets N and N are O, the cyclic congruences deter¬ 
mined by the method of § 112 are normal, and parallel to congruences of normals 
to a spherical surface [cf. § 178]. 

36. The problem of finding cyclic systems whose planes envelope a sphere 
is equivalent to the determination of surfaces S applicable to the sphere. If 

Xj, Xs are the coordinates of a surface applicable to a sphere of radius a, 
the circles in the tangent planes of the sphere determined by 290 = form 

such a cyclic system. 

37. Let S he B. surface applicable to a sphere So, and x^ (i == 1, 2, 3) the 
coordinates of S- then xi, Xj, x*, are the tangential coordinates of a surfaces 
whose lines of curvature correspond to the lines of curvature of S. 

lUbaucour, 1. c., p. 55. 

38. Consider a Go net N in 3-space as defined by (VI, Ex. 12), and take 
the congruence of spheres of radius <r with centers on N. Show that corre¬ 
sponding points of the Laplace transforms of N lie on the corresponding sphere; 
that the developables of the congruence G of lines joining corresponding points 
of contact of the sphere with its envelope are parametric and the focal planes 
of G are tangent to the sphere at corresponding points of the Laplace trans¬ 
forms, Ni and V_i of V; that the focal point of the first rank of G is the center 
of the osculating sphere of the curve v = const, of N\ and the center of normal 
curvature of the curve u — const, of V-i, and similarly for the focal point of 
second rank; and that the curves u — const, of N- 1 and v ~ const, of Ni have 
common osculating circles at corresponding points. 

Stetson, Annals, vol. 19 (1917), p. 123. 

39. If the curves of two nets Ni and Nt correspond and the osculating 
planes of the curves v = const, of Ni osculate the curves u = const, of iV* at 
corresponding points, then Ni and Nt are 0 nets, and Ni is the first Laplace 
transform and V* the minus first transform of a net V, which is a net Go. 

Stetson, Annals, vol 19 (1917), p. 123. 
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117. Congruences harmonic to nets C. Let N {x) be 

a net C in 3-space and (x) the applicable net. If <9 is a solution 
of their common point equation, the congruences G and G harmonic 
to these respective nets and determined by 6 have direction- 
parameters of the form 

dxi de _ dXi _d_^ Y _ ^ 

^ ’ "" ~du Jr Jr ~dH' Bu Jr Jr Bu' 

These functions satisfy the same direction-equation and are in the 
relation 

Za7 = 2;A7. 

since .V and are applicable. 

If ^ — 7cay then X 3 — 0; if 0 - ./■i+ /J-g, then A'?4-Al ~ 0. 
In the latter case G is 2,1, that is a normal congruence. The 
intersections of corresponding lines of G and of the harmonic con¬ 
gruence G' determined by 6 generate a net Nd conjugate to 

G and G', being a derived net of A" (§ 11). From (I, Ex. 15) it 
follows that Nd is parallel to the net of coordinates 

_A^___ 

9^ 9irs 9^ 

Bn Bv 9i? 9w * 

and the complementary function //', defined by (VI, 17) is equal 
to 1. Hence this net and consequently A^rf, is an 0 net There¬ 
fore the 00 ^ 0 nets normal to G are determined by the congruences 
harmonic to N for which 0 = .Fs^+ const. Then by applying an 
orthogonal substitution to the .Fs, or what is the same thing 
displacing N in space, we have: 
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If N{x) is a net C and N (or) the applicable net, of the con- 
g^iiences harmonic to N: 

00 ^ families of parallel congruences are 2,1; 
families are 3,1 and the others are 4,1; 

in the first and second cases 6—^aj'-\-d with^a*"~0 and 
^ a* 4^ 0 respectively. The 0 nets normal to a congruence 2,1 are 
genm'ated by its points of intet'section with the 2 ^(i'*‘nllel harmonic 
congruences determined by 6—^bx-\-e, where^ab = 0, = 0, 

«fo being the conjugate imaginary of a. _ _ 

If now we consider the congruence O harmonic to N determined 
by d + we find that the lines of this congruence lie in 
the plane xi-\-ix 2 — 0. Moreover the pointy of those lines corre¬ 
sponding to the points on the congruence G which generate the 
0 nets normal to 0 are the intersections of these lines in the plane 
,ti+ 2 X 2 0 and the planes x^ = const. In the general case when 

8 =^ax-\-d, with^a*=0, the lines of the congruence G lie 
in the isotropic plane ^ax+d — 0, and the points corresponding 
to the points on G describing the 0 nets are the intersections of 
these lines and the oo^ isotropic lines lying in this plane. 

118 . Rolling surfaces. Let S and S be two applicable 
surfaces, and M and M corresponding points. Imagine S held fixed 
and S moved in space so that Af comes into coincidence with Ai, 
and the tangent planes at A£ and A[ come into coincidence, and 
likewise corresponding linear elements arising from M and Ai, For 
each pair of^points A£ and M we have a different position of S. Con¬ 
sequently S assumes oo^ different positions, unless S and S are 
ruled surfaces with generators in correspondence [cf. 142], in which 
case there are oo ^ different positions. In this particular case the 
two surfaces do not have a net in common; it will be assumed 
that this c^e is excluded in what follows, unless mention is made 
of it. As S undergoes this rigid motion of two parameters it is 
said to roll on S, The common tangent plane at the point of 
coincidence of 8 and 8 is called the plane of contact. 

The results of the last paragraph of the preceding section 
may be stated as follows'’^): 


Darboux, Annales L’Ecole Norm. Sup., ser. 3, vol. 10 (1899), p. 407. 
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Whm a surface ^ rolls over an apijUcaUe surface S, a plane /r 
invariaUy fixed to S, cuts the plane of cmitact of S and S in 
a line d which gmcrates a congruence, whicJi is harmonic to the 
net common to 8 and 8, M^hen n is isotropic, the congruence of 
lines d is )iormal to a family of surfaces whose Imes of mrvaiure 
(w respond to the net common to 8 and 8; mc/reoim', every isotropic 
line in n meets d in the point which dcMrihes one of these normal surfaces. 

Any line fixed to 8 may be looked upon as the intersection 
of two planes fixed to 8. Since furthermore, there is a unique 
isotropic plane through an isotropic line, we have: 

When a surface 8 rolls over an applicable surface 8, a line I 
invariahly ^fixed to 8 meets the plane of contact in a point which 
genci’atcs a dirived net of the. 'net common to 8 and 8: if I 'is an 
isotropic line this derived net is an 0 net, the normals to which are 
the positmis of the intersections of the tangeni planes to 8 and 
the unique isotropic plane through 1; all derived Onets are so detemnmed. 

As a corollary we have: 

Jftwoparallel isotropic lines are invariahly hound to a surface 8 
as it rolls over 8, the two Dneis generated hy the points of meeting 
of these lines and the plane of eoniaei have the same splw'ival 
representation. 

VVe may now restate the first theorem of § 113 as follows: 

If a surface 8 rolls over an applicable surface S and Q is 
a point inrariahly fixed to 8, the isotropic Imes through Q (null 
sphere) meet the plane of contad in points P, on a circle C, which 
gmurate the 0 nets orthogonal to the cyclic system of the circles C\ 

Also: _ 

If 8 and 8 are applicahle surfaces and lines I are (h ann 
through a fixed point normal to the tangent planes to 8, as 8 7’olls 
over 8 the lines I generate a cyclic congruence whose developahles 
correspond to the 7iet commo7i to 8 a7id 8. 

If N{x) and iViC/i) are nets in relation F by means of a net 
A' (x) and corresponding solutions 0 and 6' of the point equations 
of N and A"' respectively, and y, q \ q'l and V't are sets of 

corresponding solutions of the point equations of X, X' and Xi so that 

0 0 0 
3—y.7r', (jr, y—yv', V'l = y 


19 
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tlie derived nets of X and i\", by means of the respective pairs of 
functions y, xp and yi, t/'i are in relation F (II, Ex. 6). Suppose 
now that N, X' and Xx are nets (\ and that the applicable nets 
are N, X' and Xi so that 

^ 0 

the functions B and B' being* chosen in accordance with § 27. If 
we take 

if = axX‘\-hxy'\-Vx'z + (h, if ^ r(ix'+Wy'+(\z', 

~ rtgir + y + Cg+ rfg, </»' ” (.ux'+h:>y'+ c^z ', 

where ax fei,.... are arbitrary constants, then 

ifx “ ax Xx hi yi Cx zX di . d\ .r , -|- yi zi -f- d^. 

In this ease the derived nets of X and Xx ar(* the loci of the 
points of meeting of the line 

axx+hxy + (‘xZ-\‘ di = 0, ,r + h.jy - j-^ + r/g :0 

with the respective planes of contact as X rolls ovei* .V and A', 
over Nx . Hence: 

If X and N are applicable nets, and Xx and Xx are F iran^- 
forms of X and X respectivelyy by means of B' ~ such 

thatjdicy are applicabley and I is a line invariably bound io X and Xx. 
as Xx roljs on Xx the point wime I meets the plane of contact of 
Xx and Xx generates a net which is an F transform of the mi 
gmerated by the point where I meets the plane of contact when 
X rolls on X. 

If the line I is isotropic, the two nets thus found are O nets 
in the relation R Hence : 

If X and X are applicable nets and Xx and Xx are F Ivans- 
forms ly means of e' = 2^x '*—the eydie systems in loliich 
a point sphere invariahly hound to A and ~S\ meets the common 
tangent planes as N rolls on N and as N-, rolls on A^, are in 
relation F; moreover,-the two surfaces orthogonal to these cgdic systems 
determined hy each generator of (fu; null sphere are in relation R. 
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119. Special isothermic surfaces. We apply these results 
to the case where S is a quadric Q which meets the circle at 
infinity in four distinct points Pi. Through each of these points 
pass two isotropic generators, di^ di» The twelve points of inter¬ 
section of lines di and du, where i A:, are the umbilical points of Q. 
If mi and mj* are the points ivhere (k and di meet the plane of 
contact of Q and and 2i and denote the loci of mi and mi 
as Q rolls over S, on the eight ^rfaces 2i and 2i the lines of 
curvature coirespond to the nets and N common to Q and S, 
Two surfaces 2i and 2jc {k ^ i) arc normal to the circles of inter¬ 
section of the planes of contact with the point sphere having its 
center at the umbilical point of intersection P*/. of di and di. Two 
surfaces 2i and 2i have the same spherical representation of their 
lines of curvature, by the third theorem of § 118. The 0 nets on 
and 2{ are conjugate to the congruence of the lines of inter¬ 
section of the plane of contact and the plane of the lines di and di. 
Likewise, the 0 nets on and are conjugate to the congruence 
of lines of intersection of the plane of contact and the plane of 
the lines di and di that is the tangent plane to Q at The 
congruence of lines nn mi is harmonic to the net X on -S, and its 
focal points divide harmonically the segment nu ni{, since the points 
mi and mi lie on the generators of Q. Similar results hold for the 
congruence of lines vh ml. Hence and are isothermic surfaces 
in the relation of a Christoffel transformation [§ 159]. Moreover 
2'i and are in the relation of a transformation K (§ 25) which 
is a transformation Dm since the nets are O nets. Hence we have 
the theorem of Darboux^®): 

Whm a quadric Q tvhich meets the circle at infinity in four 
distinct points rolls on an applicahle surface S, the eight surfaces 
generated hy the points of interseciion of the isotropic generators 
and the plane of contact are isothermic, their Imes of curvature 
corresponding to the net common to Q and S; two of these surfaces 
determined hy generators through a point at ijifimiy are Christoffel 
transforms of one anotlw': two determined hy generators through 
an umhilical point are in the relation of a transformatimi Dm* 

In § 84 we considered these isothermic surfaces from another 

»») L. c., p. 492. 


19 * 
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point of view and found that they are the type called special by 
Bianchi, 

120. Rolling of a surface applicable to a surface of 
revolution. Let S be a surface of revolution defined by 

,r “ r cos r, y r sin r, J ~ <p (r). 

Its linear element is 

( 1 ) 

Let be a surface applicable to S. If we put 
(2) (hi - - yT+^ (Ir, U - 7 -, 

the linear element assumes the fonn 


ds^ -.== du^+ dv\ 


The tangents to the deforms of the meridians of 8, that is the 
curves v const, form a normal congruence O for which the other 
focal surface, aS\, called the complementary surface to <9, is given 
by equations of the form [cf. § 76] 


(3) 


Xi = 


U dx 


We recall from [§ 124] that this surface 8i is applicable to 
a surface of revolution, whose linear element is 

(4) dsl = 

that the normal congruence G diW congnience and that any 
normal W congruence may be obtained in this manner. 

When we apply equations (3) to 8^ we obtain 

^1 = 0 , = (p — rtfy 

which is the point of intersection of the tangent to the meridian 
at a given point and the axis of revolution of Hence: 
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When a surface of revolution S rolls oyi an applicable mrjace S, 
the point in which the axis of S meets the plane of contact generates 
the complementary surface Si of S, and the line joining this point 
to the corresponding point of S generates a normal W congruence 
of which 8 and Si are the focul surfaces; moreover^ any normal 
W congruefnce may he gefierated in this manned'. 

If we put 

(5) r, -- k w -- kiH, 

where k is auy constant, by means of (2) equation (4) is reducible to 

( 6 ) dsi ~ + 

If 8 is the quadric of revolution 

(7) 

we have 

( 8 ) 

Substituting this expression in the first of (5). solving for r® and 
putting k^— h^/(h — a), we have 

ia — h)rl+h^ 
h{h~rl) ‘ 

Hence (6) assumes the same form as (1) for the expression (8), 
that is Si is applicable to S, 

Similarly, if S is the paraboloid of revolution 

(9) 2z-=^mr^, 

we have l + y'*“l + w*r® and by taking k"^ ^ we find 

that Si is applicable to S, Hence: 

When a non-developable quadric of revolution S tolls on an 
applicable surface 8, the point in which the axis of S meets the 


a + T “ 


1+v'* 


(a —6' 
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common tangent plane gmerates the complementary mrface of S, 
and Si is applicable to S. 

As a consequence of the results of § 100 we hav(^the theorem: 

When a non-developahle quadric of revolution S rolls on an 
applicable surface S, the spheres with centers on S passing through 
either focus are tangent to two surfaces in relation li, 

121 . The fundamental theorems of Guichard. Let aS 
be a surface applicable to the quadric of revolution S which is 
defined by (7). Denote by A and A' the extremities of the axis 
of revolution of Sy and let S be in contact with S at a point M, 
Denote by d, dy and d\ d[ the isotropic generators of S through A 
and A' respectively. These lines meet the common tangent plane rr 
in the respective points a, Ui, a, al. The lines aa[ and a ay are the 
generators of S through M, The lines a a! and «iu[ are the inter¬ 
sections with the plane tt of the isotropic planes through AA' 
and the pairs of parallel generators d, d' and dyy d[. 

From the theorems of § 118 it follows that as S rolls on aS', 
the lines a a ' and ayai generate normal congruences, and the points 
a, a' and Uyy a[ generate 0 nets normal to these congruences. More¬ 
over, these congruences are harmonic to the net N common to S 
and S. Since the lines a ay and a'uy are the generators of S and 
therefore form a harmonic pencil with the tangents to any net 
at M it follows that the focal points of the lines a a' and ayal 
divide harmonically the segments a a' and ayoi both of which are 
of the constant length AA\ It can be shown by the methods 
of [§ 73], that the surfaces generated by a, a', a[, have constant 

mean curvature zt -^" 77 . 

The lines a a' and Uy a[ meet in the point M' in which the 
axis of S meets the common tangent plane. Hence iff' describes 
a derived net iV' of A", and as shown in the preceding section N' 
lies on a surface applicable to S. 

From the fourth theorem of § 118 it follows that a and U] 
describe two of the 0 nets orthogonal to the cyclic system of circles 
in which the null sphere at A meets the common tangent plane. 
Hence these 0 nets are in relation E, and the net N' is the central 
net. Similarly a' and a'l describe 0 nets in relation E with the 
same central net. 
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Hence we have the theorem®®): 

When a central quadric of revolution S rolh on an applicable 
mrface S, the points a, and a\ aj in whuJi the isotropic genefi^ators 
through the ejdremities, A, A', of the a.ris of S meet the cennmon 
tangent plane, genmite surfaces of constant mean curvature, such 
that {a) and (ai), and {a') and, (fli), are pairs in relation R; and {a) 
and (a'). Cind (ai) and igi), are pairs of parallel surfaces. 

From the theorem of Bonnet [§ 73] it follows that the mean 
points of the segments a a* and a[ generate surfaces of constant 
total curvature in l elation It, 

Since the tangent planes to and its complementary surface 
are normal to one another, when xSM’olls on S, the tangent planes 
to Si pass through the axis of S, an infinity of them con'e- 
sponding to one plane. When Si is applied to S the planes tt, 
become tangent to S and the lines which coincided with the axis 
of jS Avhen S was applied to S become a family of generators 
of S, since an infinity of the planes iti pass through each line. 
I'he isotropic planes through the axis become the isotropic tangent 
plaims to S which have the property of passing through the foci 
of S, Consequently when is applied to S either the lines 
a aj (or a! Ui) coincide with the axis of S and a and al (or a'andai) 
become the foci of S, Accordingly as S rolls on Si the surfaces 
generated by o, cq and by a ai are the sheets of the envelope of 
spheres with centers on S and passing through one and the other 
focus of S respectively. Since a and ai are symmetric with respect 
to the common tangent plane, we have the above results in the 
following form as given by Guichard^®®): 

If S is a cen tral quadric of revolution whose axis is of length 
*i a, Fi and its foci, and qi and the sgmmetric points of Fi 
and, Fa with respect to the tangent planes of S, then as S rolls over 
an appUcahle surface the points Fi, F^, <fi, <jPa describe s^ofaces of 
constant mean curvature zb Ha, 

When S is the paraboloid (9), two of the points a and a'l are 
at infinity, and consequently the points a and ai bisect tlie focal 
segments of the normal congruences generated by the lines in which 


Darboux, 1. c., p. 477. 

Comptes Bendus, vol. 128 (1899), p. 23*2; cf. also Darboux, 1. c., p. 477. 
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the isotropic planes through the aids of S and the isotropic generators 
throiigh the vertex of S meet the common tangent planes of S 
and 8, Hence: 

When a paraboloid of revolution S rolU on an applicable mr- 
face Sj the points in which the two isotropic generators through the 
vertex, meet the common tangent plane generate two minimal surfaces 
in relation R, and the centred net of the transformation R is desaibed 
by the point in which the cuxw of S meets the common tangent planer. 

In § 120 we showed that this central net lies on a surface 
also applicable to S, By reasoning similar to that for a central 
quadric of revolution, we obtain the theorem of Guichard: 

When a paraboloid of revolution rolls on a surface applicable 
to the paraboloid, the foais and the point symmetric to it urith re^spect 
to the common tangent plane generate minimal surfaces. 

In § 127 we give analytical proofs of these theorems of 
Guichard. 

122 . Deformable transformations R of the first type. 

Let Sq be the surface of centers of a congrutmee of spheres of 
radius R. Corresponding points on tlie sheets, S and Si, of the 
envelope are symmetric with respect to the tangent plane to Sq 
at the corresponding point M, Let ^So be referred to a moving 
trihedral whose plane ^ — 0 is the idaii and let the 

parametric lines on be chosen so that the and // axes are 
tangent to the curves v == const, and u --- const, respectively. 
If O' denotes the angle which the line M makes with the plane 
^ = 0, the coordinates of M are R cos cr, 0, R sin a. 

The displacements of a point P of coordinat es /coso, 0, f sin o' 
are given by [§ 69] 


(10) 


dx ~ d(t cos O') + ? (In + dv) t sin o, 

dy dv + (r dll + ri dv) t cos o —{p dn + d.v) t sin o, 

dz = d(t sin o) — (q du + Qi dv) t cos o. 


When we replace t by R and require that 


coso dx sin adz ^ 0 


L. c. 
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for all displacements of Mo, we find 


(11) 


du 


+1 cos<r = 0, 


dv 


= 0. 


In order that M describe a line of curvature on 8, it is necessary 
that there be a point P such that 

dx dy 

cos a 0 sin o ’ 


These conditions are equivalent to 



dv-\-[(r(lu-]rri dv) coso— {pdu-\-pi dr) sin tr] t ~ 0, 
? sin O’ du -\-[qdu-\-qi dv — dd\t = 0. 


Eliminating t from these equations, we obtain as the equation of 
the lines of curvature on 8 

S sino (p sino —r coso) Vi d?^^ 

(13) I / ao\ 

+ \vi yl —g" ) +? sino(pi sino — coso) -= 0. 

The equation of the lines of curvature on is obtained from U^) 
by replacing o by —o. In order that the lines of curvature on 
8 and 8i coiTespond, that is that the congruence of spheres be E, 
it is necessary and sufficient that 


d<r 1 t • 

9t- ^- + ?smffcosor, 

We recall that, in accordance with the theorem of Beltrami 
(§ 112), if 8o is deformed, the spheres touch their envelope at the 
same points of the spheres as for /So. We investigate under what 
conditions a congruence E of spheres remains a congruence E in 
all deformations of the central surface 8q, Evidently a remains 
unaltered, as do also the functions r, n, since they depend 


(14) 


r cos or 
p sino 
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only on the linear element of Sq [§ 72]. However, the functions p, q, 
Pu Qi vary in the deformation. Consequently if equations (14) are 
to hold for all deformations, we must have [cf. § 72, (75)] 


(15) 




1 8g 

Vi 


- 0 , 


00 “ 
9 V 




Hence o' must be a function of u alone. Then from the last of 

(15) it follows that the parameter can be chosen so that iji is 
a function of ii alone. Moreover, from the first of (15) we find 
that Hs a function of u alone. Hence So is applicable to a surface 
of revolution. If wt take the linear element of So in the form 


(16) (14=^ U^du^+u^di-, 
from the last of (15) wc obtain 

(17) tau<r ™ ~ , 


where c is a constant. Then from (11) we have 


(18) 



Utidii 


const. 


Hence we have the theorem of Bianchi^®*): 

hi m dei' that a congrximce R of spheres remain a concjruence R 
in all deformations of the central surface Soj it is necessary and 
sufficient that So he applicable to a surface of revolution and that 
the radius of the spheres he given by (18). 

123. Deformable transformations R of the second type. 
In this section we determine every con^uence R of spheres whose 
central net No admits an applicable net ^Vq which is 2, 0 {ind conse¬ 
quently is the central net of another congruence R of spheres^®®). 
To this end we make use of the equations of a transformation R 
as given in § 78. 

Lezioni, vol. 2, p. 117. 

Cf. Trans. Amer. Math. Soc. vol. 17(1916), pp. 437--458; also, Calapso, 
Annali, vol. 26 (1917), pp. 151—190. 
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From (Vn, 7) we have 



Since the radius of the spheres of the transformation is and 
this radius must be the same for the spheres of centers on No 
applicable to No, b}" the theorem of Beltrami (§ 112), we must 
have for the functions 6 and p of the con-esponding transformation 

( 21 ) P^Qpj 


where q is a factor of proportionality to be determined. 

From (VIJ, 10) Ave find that the first fundamental coefficients Eq, 
Fo, Oq of No are 



If we denote by S and Si tl^ sheets of the envelope of spheres 
of radius e/f with centers on No and by g, r, w the functions of 
the B transformation from 8 into Ni, the latter functions must satisf}" 
equations of the form (VII, 7). From (19), (20) and the analogous 
equations for the transformation of Sy we get 



From these equations and the ones obtained by expressing the 
equality of the first fundamental coefficients of and So as given 
by equations of the form (22), we have 

(24) r=qr, w^qw^ 
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by making a suitable choice of signs of ^E and ^G, and requiring 
that the quadratic relation (VII, 8) be satisfied also by the functions 
jl, ^, r and w, • 

When the above expressions for q and r are substituted in 
the equations analogous to (VII, 7), we obtain 

( 26 ) . L(yW-yi». 

du 6 dv 0 


1 

d^^E 1 

d V E 

yw 

dv 

dr 

1 

d^Q 1 

d VG 

Ve 

dll Ye 

du 


e—Ve), 


= |(I 


(27) ElE—V' l\ i Wi—VOi -- ^ S—i G, 

\ 2 ^ W ( V'Oi— V G) + ^ G (l Ei~ y -K) 

(28) ( __ __ 

( —yEiVo—yGiVE^i). 


The Gauss and Codazzi equations for S are [§ 65] 

-L / i 9 \ , L /_L- 4 . ^ ^ 

(29) — _ _ 

_Lf-1^) L _ 1 

dv ^ Q\ > qa dv dn \ Q 2 I Qi du 


Similar equations for S are satisfied by the functions E, G, and 
and ^2 given by (23) and (26), provided (28) is satisfied. Hence if 
(23), (26) and (28) hold, the conditions of the problem are satisfied. 

The central nets Vo and Vo of the two transformations 11 are 
2 , Of the complementary function being the radiu^ii- of the spheres 
for each net. In § 27 it was shown that any net Vo parallel to V© is 
applicable to a net N!) determined by a quadrature, which is parallel 
to No* From (VI, Ex. 1) it follows that Vo and N!) are nets 2, 0, 
and that they have the same complementary function B' which is 
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obtained by a qiMdrature. Moreover, from § 76 it follows that 
two of the nets No parallel to No are special, that ii?'®. 

Hence if the central nets No and No of two transformations E are 
applicable, there exist two trans^rmations B whose central nets No 
and N'o ai'e parallel to No and such that the spheres of the 
transformation with centers on No pass through the origin. We 
apply the preceding formulas to this case. 

If in (27) we put ^E[ = = 0, we get 

(30) V'E—VEI ^'q' = V^W—VOI 
Now equation (28) reduces to 

VM V Wi Vn = 0 , 

that is N and N[ are conformal. But as shown in § 82 this is 
possible only in case N' and N\ are isothermic nets in the 
relation of a transformation If we make use of the results 
of § 82 and put 

(31) =: V (P == f'<'. V E[ = — V"0[ = -r 

V 

in (30) we find that (26) is satisfied. Hence we have the theorem 
of Bianchi^®^): 

The central net No of a transformatmi Dm of an isothei'mic 
net N' into an isothermic net Ni admits an applicahle net No such 
that as No rolls on No the spheres of the transformation pass through 
a fixed point 0, _ 

This result may be looked as follows: When No rolls on iS'o, 
the point 0 invariably fixed to No generates the surface /S^i. In the 
terminology of Bianchi^®®) 8[ is a surface of rolling, being generated 
by a point fixed to one surface as the latter rolls over an applicable 
surface. From the foregoing results we have also the converse 
theorem^®®): 

’•'q Rendicoiiti dei Liiicei, ser. 5, vol.24 (1915), p. 303. 
liciidiconti dei Lincei, ser. 5, vol. 23^1914), p. 4. 

Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 349. 
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Tramformations 1)^ are the only transformations K for tvhich 
one of the two sheets of the envelope of the spheres is a surface of 
rolling as the central net rolls on its applicable net. 

In § 78 we saw if No is any net parallel to No and E is the 
complementary function, the sheets of the envelope of the spheres 
of centers on No and radius E are parallel to the isothermic nets 
N' and N{, Hence we have the theorem: 

A necessary and su fficient condition that an 0 net N admits 
an E transform Ni such that the central net of the transformation 
is applicable to a net is that N have the same spherical rqiresentation 
as an isothermic 'net. 


From (Vn, 3) it follows that the functions 


dVE 


VQ 9*’ 


1 9V^ 


VE 9 h 
sequently we must have 


have the same values for all parallel 0 nets. 


and 

Con- 


(32) 


1 dVE 

9r dv ’ 


From (31) it follows that 


1 d VO ^ ^ 
l/"j^ du du* 


(33) 


1 dV'Ei 
VGi 9 *^ 

1 dypi 

l/'Ei 9 h 


9 

dv 

du 


log(-^e-«), 

log(y 


We remark that p, q, r of the R transformation of N into A', 
and into A^l are the same (§ 78). Hence if in (VII, 8) we put 
w — mv, where m is a constant, it follows from this equation and 
(Vn, 49)- written p*4- g*+r* = 2 m e' »>' that 

(34) 0v=ze'v'. 

Consequently from (33), (Vn,47) and the last two of equations 
(Vn, 7) we get 

(35) VE,+VE=e’^jr + e-^-~, . 
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(3(>l 


The equations of the E transformation from N into Nt are 
= X— (pX+gl^ + rtj), 
where the functions satisfy the system 



Hence: 

Any 0 net having the same spherical repreftisentation as an 
isothermic net admits oc ^ J? transformations for which the central 
net Nq is applicable to a net ^ which is 2, 

For the case of N' and N' equations (25) can be integrated 
with the result q = 1/f. Since p, q, r are the same for the trans* 
formation from N' into and N into N'l, it follows that q h^ 

this value in general. Hence the transformation functions from N' 
into Ni are 


(37) p = 



r 




and for N into Ni 

__ _ — q _ p 

(38) p, Q, r, 0 


v'=h 
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From (30), (31) and (23) we find 



V 

VW^ 

e'I’-t- 

V 

(39) • 

g! ei ' 

VW _ 

Q2 

’ 


where and q[j gi are the principal radii of the isothermic 
net N' and the net N' respectively. 

Since the left-hand members of (26) are the same for N\ N' 
and N, N, we have from this equation, (39) and (34) 


(40) 


V'jE 

V E - 

Vq 

== Vo^- 

e' , 

- 


V ^ 


V 

vT_ 


yw 

_VJ^_ 



Qi e V ’ 

Qi 

Qi 

e v'' ' 


Also from (27), (35) and (VII, 9) 


(41) 




e‘ 

Ve 

Qi 


re"*’ — VE, 


-l-e 


y(}]= 


e 

& 


t^~V Q, 


Vo 


Qi 


- + 


P 

e” 


Since the nets N' and N are defined intrinsically, the deter- 
mination of the cartesian coordinates of these nets requires the 
solution of a Kiccati equation. 

124. Deformable transformations of the second type 
of minimal surfaces. We apply the results of the preceding 
section to the case when the transfonnation Dm is the one con¬ 
sidered in § 87 which transforms the 0 net N' of a minimal sur¬ 
face into the 0 net Ni of a minimal surface. Then v' — p and 
from (39) and (VII, 70) we have 


VS' _ ^o' 
gi g2 


0, 
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that is a plane net. We have seen in the preceding section 
that iVl is a point net. Hence the spheres of the transfomation 
pass through a point and are tangent to a plane; consequently the 
central net lies on a paraboloid of revolution. In order to obtain 
the equation of the p^aboloid, we find the distance from the 
point 'N[ to the plane iV. From (VII, 48) and the condition v 
we find that this distance is lAw. Hence the equation of the 
paraboloid is mr^~2z. Therefore we have the theorem: 

The Hurface of (:entei\s of a trwmfor7natwn Dm of a 7nimmal 
surface into a 7nhiimal suiface is apjylicnhie to the paraholoid of 
revolution --- 

125 . Deformable transformations E„,. From § 88 and (32) 
it is seen that a transformation of a surface with isothermal 
representation of its lines of curvatuie into a surface of the same 
kind is a deformable transformation E of tlie second type. We 
apply the results of § 88 to this case. 

Comparing equations (VII, 7G) and (36), we find that the 
function O' in (36) is given by 

(42) 

p 


From (40) it follows that ^ E/qx — GIq^ -- 0, that is ‘N is 
a planar net. This result may be stated as follows: As 60 rolls 
over /So, a plane invariably fixed to 60 has S for its envelope. 
Bianchi*"^) calls 8 an mrelope of 7'ollmg in this case. Hence we 
have the theorem of Bianchi*®®): 

A mrfacc S uith isothermal 7'ei)resentation of its lines of 
curvature is an e7ivoloi}e of rolling, when the central net No of any 
Eni transformation of S ro//,v on its applicahle net 
We shall prove the converse theorem ^^*^): 

Transfmmaiions Em ere the only t7'a7isfermatio7\s E for which 
the given suifave is an envelope of 7'olling as the central net No 
7*oUs on its applicahle 7iet, 

Cf. BiancUi, Memoire dei Lincei, ser. 6, vol. 12 (laiS), p. 532. 

Rendiconti dei Lincei, ser. 5, vol. 23' (1914), p. 3. 

Rendiconti dei Lincei, eer. 5, vol. 24 (1915), p. 367. 

’“') Annals of Mathematics, ser. 2, vol. 17 (1915), p. 64. 


20 
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If S is to be a plane, we must have from (40) 

. 1:^+0 -ill = - V'.^ 

Q2 ' Qi ^ ^ 

From the first it follows that the spherical representation of is 
isothermal. Replacing* the first by (VII, 70), we have from the 
second that (42) must hold, and consequently the transformation 
is 

126 . Transformations F of deformable transforma¬ 
tions R of the second type. Consider a deformable congruence R 
of spheres of the second type Q. and denote by G' the parallel 
deformable congruence R which gives a tmnsformatioii Dm^ 123). 
Let Nq denot^the central net of G and Vo of the deform Q\ like¬ 
wise Vo and Vi. Then, as we have seen 

(43) 

From § 76 it follows that if we take the V transform of Ao 
by means of O' —i^'^), the coordinates .xi being the 

direction-parameters of tli^ conjugate congruence of the trans¬ 
formation, we get a net A^io which is 2 , O, the complementary 
function being 

R>^R- J R'. 

Moreover, in consequence of (43) we have 

o' = 

Hence from § 27 it follows that the F transform of Vo by means 
of o', the coordinates xo being the direction-parameters of the 
conjugate congruence of the transformation, is applicable to Vio. 
Then —^^10 is ^ solution of the common point equation 


**’) Similar results follow, if we require that St be a plane. 
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of Nio and ^lo. Since — is a solution of this equation 
(§ 76), so also is consequently Nio is 2,0. Hence: 

^V}len a deformable congruence E of spheres of the second type 
is known, another congruence of the same type can he found by 
quadratures 

127 . Converses of the theorems of Guichard. In this 
section we determine under what conditions the two sheets of the 
envelope of a congruence of spheres have the same constant mean 
curvature for all deformations of the central surface Sq. We con¬ 
sider first the case when the sheets are minimal surfaces. 

If ^1 and ^2 denote the principal radii of curvature of 8 , then 

= E — Uj Qt = E — h, 


where ti and 4 arc the roots of the equation obtained by eliminating 
du and dv from (12). In consequence of (15) this equation is 
reducible to 


(44) 


c 7) sin + n cos o — -g“)+i'i sin <r~ 

+ ^ (7 — 21^) — ? sin* er J + ? 7, sin or = 0. 


If 8 is to be a minimal surface, we must have 2 E = /i + 4, 
that is 

?sinV^.-,.(g-2|^) 

. . . ( da\. \ da' 

{pqi—piq)sma+r^cosa q—-- +jf'iSin(r— 

ou / ou 


If 81 also is to be minimal, this equation must be satisfied also 
when cr is replaced by —<r. This gives the two equations 


[ipqi—Pi q) sin a—r, cos ] R == 7 , 

(2i?riCosffH-7i)74-^22?sin<r-|^ — |sin’<rj,>j = 0. 


Bendiconti dei Lincei, ser, 5, vol.30* (1921). 


20* 
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The first of these equations involves only functions which do not 
vary as So is deformed. In order that the second hold for all 
deformations of So, we must have 

(46) 2 Evi cos = 0, 2 7? J sin o' — 0. 

ou 

Eliminating E, w^e get the third of (15). 

From (16) we have iji —- ii, r, 1/77. In consequence of (17) 
the first of (46) becomes 2 E — ZI V c® + substitute 

this expression in (11), we obtain U Ci where Ci is an 

arbitrary constant. Hence by a suitable choice of the parameters 
the linear element of So is reducible to the fonn 

(47) dsl == (1 + ?r) 

This is the linear element of the paraboloid of revolution Q, defined 
by (9). Also we find 

(48) E 2“(1 + 

These expressions satisfy the first of (45) and thus all the conditions 
of the problem are satisfied. Moreover, it can be shown that E 
equals the distance from a point of Q to its focus on the axis of 
revolution. Hence we have the theorem “®): 

The spheres with centers on a paraholold of revolution and 
passing through the focus constitute the only congnmmis E of spheres 
the sheets of whose eyivelopte are niinimal surfaces in all deformations 
of the central surface. 

We consider next the case when the two sheets have the 
same constant mean curvature 1/a for all deformations of So. In 
this case 

jR*— 2a E-\- {a — E} (/j -j* tg) ti fg = 0. 

Substituting the expressions for ti + tg and U U from (44) and 
requiring that this condition hold for both S and ^S'j, we get 


Cf. Bianchi, Memoire dei Lincei, ser. 5, vol. 12 (1018), p. 479. 
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{B *—2 a 22) I (« fli —Pi q) sin a —r, cos ff 4^1 

L oU-i 

^ 43 ) + 2 (« —22)7, —+ sinff==0, 

[{B^ — 2 aB)ri cos a — {a — B)fii]q 

+ [(22*— 2a22)-— + (« — 22) ? sin <r ]ih sin <r = 0. 

Since these equations must be true for alt deformations of 6o, the 
coefficients of q and in the second must be equal to zero. In 
consequence of the third of (15) this is equivalent to the single 
condition 

(50) (B^ — 2aB) cos a -f IJii (B — a) 0. 

On differentiating this equation with respect to u and making use 
of (11) and (15), we obtain 

(51) {B — a){UcoH^a —^f/') + n r7*cosa = 0. 


Eliminating. A’ from (50) and (51) and substituting for cos^r its 
expression from (17), we find 


(52) 




L 

l«*+c* 




+ 


JPu- 


0 . 


When (50) and (52) are satisfied, so also is the first of (49). 
The general integral of (52f is 


r (2-c*) («*+/) 


where I is an arbitrary constant. Hence the linear element of So is 


(53) 


dsl - 


a*(?r+ c*) 

(2—c*)(h*+7) 




This is the linear element also of the quadric Q of revolution of 
the conic 


(54) 



1 , 
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about the ;i:-axis, provided that 


(55) 


■^+ 7 ' 


Hence to each choice of I there con’esponds a value of c. 
Equation (51) reduces to 


—ff+ y — V «“+f -- 0. 


Furthermore since enters only in (52), we have that a in (50) 
and (51) may be replaced by — a. Accordingly we have also 




Hence the spheres with centers on the quadric Q may pass through 
either of the foci on the a;-axis, and we have the theorem**^): 

The spheres with centers on a central quadric of rerolntion and 
parsing through either foais mi the aocis of revolution constitute the 
only congruences R of spheres the sheets of whose envelope have the 
same constant mean mrvature for all deformations of the centra! 
surface, 

128 . Theorems of Ribaucour and Bianchi, In accordance 
with the theorem of Beltrami (§ 112) the tangent planes to either 
sheet of the envelope of a congruence of spheres envelop a surfac.e 
for all defomations of the surface of centers, if these planes are 
understood to be canied along in the deformation. We seek the 
general solution of the problem: To determine all cases for which 
the surface elements of a surface associated with a surface S 
continue to be the surface elements of a surface in any deformation 
of /9“®). 

Let S be referred to any system of parametric lines. Between 
the coordinates, Xf y, z, of S and xi^ y,, of Si we have relations 
of the form 


Cf. Bianchi, 1. c., p. 481. 

Cf. Bianchi, Rendiconti dei Lincei, ser. 5, vol. 24 (1915). p. 3. 
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Avhere I, m and n are the same for //i and . Differentiating this 
equation and making use of (§ G4, (7), (8)], we obtain 


(57) 


whei'e 


dll \ I di( 

I I Tii \ — ED^\ dx . I dn . f.j , \ 

+ + ^ -]y* ) J- + 1:^; +/>/+/> tnj A, 

d:r, /„ , FD"—CW'\ 9.r 


I I,, , FD'—ED"\ dx , /dn I \ 

+ (4>+ »--) ^ ^ H 


58) 


, 9f ,)ni7iJ12| ,, D 3/ , )12l, , (221 

=■ Tn + 11 (^ + I 1 r^ ^ + 1 1 M + 11 ! ’ 


9«( 


(121 






the Christoltel symbols being formed with respect to the linear 
element of S. 

If Xu 1^1 and Zi denote the direction-cosines of the normal 
to Su we have 

(59) = + 

di{ dr 

and similar equations for Yi and Zu where A, r must be such that 



Substituting from the above equations, we g(d 

(hA —»'/)i)+ (n/i — >'m}J.y -^X(FL+ FAf)+iLiiFL+OM)+v 

0 It 

{nk — y 1) D' +(n^ - rm) />"= I (£P+ FQ) + /. (FP+ GQ)-\-v . 

0 r 
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If S is deformed in any manner carrying tJie surface-element.^^ 
of Si inyaribly bound to it, for a defom S of S we have 


(61) 




where ?, m, u, r are unaltered by the deformation. This fact is 
of prime importance. 

The right-hand members of (60) involve only quantities unaltered 
by the deformation. Consequently we must have 

( 62 ) nA = vj, uft — 2’m. 

There are two cases to be considered, 
r. When 4 0, then 


which expresses the fact that *S'i is a sheet of the envelope of 
spheres with centers on Sj that is the theorem of Beltrami. 

2\ When v = 0, then n = 0. In this case the points of <Vj 
lie in the corresponding tangent planes to and since 2!^ XXi - 0, 
corresponding tangent planes to h' and are perpendicular. The 
existence of this case was established by Ribaucour'^‘0* Hence we 
have the theorem of BianchP^’): 

A necessary and sufficient condition that cc* bnrfare-elemmts 
invarihly associated ivith a surface S continue to he the surface-elements 
of a surface in all deformations of JS is that they are the element 
of a sheet of the envelope of a congrue^xce of spheres with centers 
on S, or of a surfacAi Si such that corresponding tangent planes to S 
and Si are perpendicular and points of Si lie in the corresponding 
tangent planes to S, 

We remark that if equations (62) hold for one deformation 
of S, they hold for every deformation. 

**®) Joimi. de Math., ser. 4, vol. 7 (1891), p. 92. 

117 ) ^ p 4 
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129. The guriace 8 ag S rolls on aji applicable surface S 

lag. The surface generated by a point in the tangent 
plane to a surface S as S rolls on an applicable surface S. 
The formulas of the preceding section can be used to find the surface 
generated by a point P associated with 8 as 8 rolls on an applkable 
surface 8. When in particular P lies in the tangent plane to 8, we 
have n =■- 0. We consider this case. 

If we put 

[12, = L’‘E-\-2LMF+M*G, LPE+iLQ+MP)F-\- MQG, 

1 ih=^P‘E+2PQF+Q^G, 


the first fundamental coefficients of are found from (57) to be 


Also the coefficients of are 

p = Sj^ + (jjO + mTy)\ F, = Sh+ilD+mD')ilD' + mD''), 


where I), ZZ, D" are the second fundamental coefficients of S. 

Since the functions Sii, /io, iig are the same for both suifaces. 
we have from (64) and (65) 


( 66 ) 


I (Ist — dTl ■^[{W+ mD')duA-{Uy+ mn'')dv]- 
\ —[{lI) + mff)dH + {liy+ mD")dif. 


As an application of this result we consider the case when S 
is a ruled surface and S is not ruled, and we take for the cun^es 
r const, the generators of 6', that is I) ~~ 0. We take the 
point P determined by the condition that it lies on a generator 
of 8 and js such that as S rolls on 8 it describes a line of length 
zero on 8. Then we have m~0, d^i=^0. Since DD"' — Z>'- 
—Z)'*, we have from (66) 


(67) -- J^D{Ddn-+2D'dudr + D"dr^). 

Hence we have the theorem of Darboux^^®): 


Annales de I’ficole Norm. Sup., ser. 3, vol. 16 (1899), p. 497. 
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When a ruled surface S rolls on a nmi-ruled applimhle^ sur¬ 
face S, the points where the different lines of length zero of S meet 
the gmei'ators ofS describe surfaces which are conformahly rqn esented 
on one another'; and their lines of length zero (orresptmd to the 
asymptotic lines on 8, 

The surfaces described by the points a, a\ ai in § 121 
are examples of this theorem. 

130. Kinematically conjugate directions on rolling 
surfaces. If on a surface 8 we take a curve 6' of the family 
determined by an equation of the form dv -- Mdv, and at each 
point of C draw the tangents to the curves of another family 
determined by an equation Sv ~ NSuy the coordinates of this ruled 
surface R are given by (61), when we put I ~~ tdn, m = tdr, 
n 0, t being the parameter of a point on the line. As 8 rolls 
on an applicable surface 8, along C, these lines generate a iiiled 
surface R tangent to 8, Prom (66) it follows that a necessary 
and sufficient condition that R and R be ai)plicable is that 

( 68 ) {D-\-^dudu + fy + D'){dudv^- + If 0 , 

or 

(m (D — D)ddidu + (D'~D'){dudo-i- dvdii) + (ir ---- 0. 

If we desire the condition to be satisfied for all deformations 
of 8 and in particular when 8 and 8 are congruent, we must 
take (69). In fact (68) is obtained from (69), if 8 is replaced by 
its symmetric with respect to the origin. 

Equation (69) coordinates with every family of curves on 8 
a second family, and the relation is involutoric. Beltrami ^^®) has 
called two such families Icinematically conjugate. The preceding 
results may be stated as follows: 

If 8 and 8 are applicable surfaces, and, C and V are any two 
corresponding curves, the ruled surfaces, R and R, consisting of the 
tangents to 8 and 8 in directions Icinematically conjugate to C and C 
are applicable. 

As 8 rolls on 8 and C rolls on C, coincident lines of R and R 
form the instantaneous axis of rotation of the rolling. Hence: 

Giornale di Battagliue, vol. 10 (1872), p. 103. 
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When a surface S rolls on an applicable surface 8, the in¬ 
stantaneous axis of rotation lies in the plane of contact and its 
direction is kinematically conjugate to the direction of motion of 
the instantaneom center. 

Since the common conjugate system of curves on 8 and 8 satis¬ 
fies the equations 

D du du-f D' {du dv-}-dv du)-\~ D'' dv dv == 0, 

T) du du-\~D' (du dV 4" dv d u) -f-1)" dv d v — 0, 

we have the theorem: 

The common conjugate system on two applicahle surfaces is 
lincmatically conj ? igatc. 

When 8 rolls along a curve of either family of the common 
ccmjugate system, the surfaces li and R are developables whose edges 
of regression correspond, since the points of these edges are Laplace 
transforms of points of C and C. 

The equation 

(70) (D-D) du^-V 2 (i>'—//) du dv^-(D^^—&) dr^ = 0 

defines two families of curves on 8 and 8 which are kinefnatically 
auto-i onjugatdf that is as 8 rolls on 8 along one of these curves 
the instantaneous axis is Ungent to the curve itself. In this_cas(^ 
also the surfaces R and R ^e developable. Since 8 and 8 are 
applicable, the curves C and C have the same geodesic curvatoe, 
at corresponding points. Also as follows from (70) and [§ 49] their 
normal cairvatures are equal, and consequently their first cuiwatures. 

As an example of the foregoing we consider two applicable 
surfaces 8 and and assume that the curves u = const, are the 
asymptotic lines on 8. Then 

D'^=: D'^-~DD\ 

In consequence of this relation we have that the equation of the 
asymptotic lines on 8 may be written ^ 

[(Z>'— 77 ) d a + D^iv] 1(7/ +m du + D^'dv] -- 0. 

From this equation fr follows that the curves kinematically conjugate 
to u — const, on 8 correspond to one family of asymptotic lines 
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on 8. Bianchi has called them virtual of^ymptotir lines j)n 8, More¬ 
over, the other family of virtual asymptotic lines on 8 satisfy (68), 
Hence we have the theorem^*®): 

If 8 and 8 are applicable mirfaceSf the ruled mrface R conmtiny 
of the tangents to the asymptotic lines in one family where they meet 
a virtual asymptotic line of 8 is applicable to the ruled surface R 
of tangents to the correspo)idhuj virtual asymptotic Ihies of 8 where 
they are met by its corresponding asymptotic line. 

If is a ruled surface, we may take it for R, and then 
R consists of the tangents to the corresponding virtual asymptotic 
lines on 8, which are geodesics. Hence as a corollary of the above 
we have the theorem of Chieffi^*^: 

If 8 is applicable to a ruled swrfare Mj the ruled surface con¬ 
sisting of tangents to the geodesic virtual asymptotic lines of 8 at 
points of meeting of any asymptotic line a of 8 is applicable to 8 
with a rigid in the applicahility. 

131 . Congruences of rolling. When a non-ruled surface 8 rolls 
on an applicable surface 8, a line I invaribly fixed to 8 generates 
a congruence O called by Bianchi***) a congnience of rolling. In 
order to find the focal points of G, we note that there are two 
instantaneous axes of rotation in the plane of contact n at a ))()int M 
for which I and a nearby position l! meet, namely the direction h 
joining M and the point Pi in which I meets n, and the direction 4 
normal to the plane through I perpendicular to n. When is the 
axis of rotation, the point 1\ generates one of the focal surfaces. 
When Zg is the axis, the lines I and V' meet in the foot Pg of the 
common perpendicular of I and Zg, that is the foot of the per¬ 
pendicular from M to Z; and thus Pg generates the second focal 
surface of O. The plane of the lines Z and Z" is the tangent plane 
to the locus of Pi and is perj)endicular to n. The plane of Z and V 
is the tangent plane to the locus of Pg and is nomal to the line Ml\. 
Hence we have the theorem of Bianchi**®): 

For any congrumcc of rolling one focal surface is generated 
- # 

Of. Bianchi, Meraoire dei Lincei, ser. 5, vol. 12 (1918), p. 445. 

**‘) Giornale di Battagline, vol. 43 (1905), p. 9. 

Rendiconti dei Lincei, ser. 5, vol. 24 (1915), p. 15. 

*^^) L. c. These results have been established by him by analytical ])roce 89 es 
in the Rendiconti di Palermo, vol. 39 (1915), p. 187. 
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hy the point 1\ in which I meets the plane of contact n, and the 
other by the foot Pg of the perpendicular from the point of contact M 
to 1; the tamjent planes to these respecMve surfaces are the plane 
through I nm^mal to n and the j)lane through Pg perpendicular 
to J/Pg. 

From the above treatment it is seen that the focal surfaces 
of G are generated by the same surf^.e-elements attached to S 
whatever be the surface -S on which S rolls. 

From the results of § 130 and the above considerations we 
have that the developables of a congioience of rolling correspond 
to the curves kinematically conjugate to the curves on S whose 
tangents are the lines l^ and 4 for a point of contact.^The latter 
are the curves corresponding to the curves in which is met by 
the pencil of planes through I and by the parallel pencil of planes 
normal to 1. Bianchi has called them the meridian profiles and 
the curves (f level respectively. Hence: 

For a congriAmce of rolling' the developables correspond to the 
iurves on S kinematically conpigate to the deforms of the meridian 
profiles and the curves of level on 8. 

Since a right conoid is the only surface posessing a family 
of meridian profiles W'hich are also curves of level, we have the 
theorem of Bianchi: 

The congruences of rolling with coincident developables are those, 
and only those^ generated by the axis of a right cemoid as it rolls 
on an applicable surface. 

From the preceding considerations it is evident that the 
developables of a congruence of rolling are real. We remark also 
that the focal surfaces of a congruence of rolling afford examples 
of the theorems of Beltrami and Ribaucoui* (§ 128). 

Exercises. 

1. Show that the theorem of Bonnet [§ 73] may be interpreted as follows: 
When a sphere rolls on an applicable surface, its center describes a surface of 
constant mean curvature. 

2. When a quadric S tangent to the circle at infinity at a si^le point P 
rolls on an applicable surface S. the two isotropic generators of S through P 
meet the common tangent plane in two points, a and a\ vvliich describe two 
parallel surfaces of constant mean curvature 1/aa'. 

Barhoux, Annales L’Ecole Norm. Sup., ser. 3, vol. 10 P- 408. 
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3. If 8 and 8 are applicable surfaces and the spheres with ceiiter^oii 8 
and passing through the origin become tangent to the plane ^ = 0 as rolls 
on S>, it is necessary that 

•^2 y 2 ^2 _ 2 :^ 

If we put [cf. § 47] 




_ . fi-a 


_ 0/9 — 1 


= a* 

then since 8 and S are applicable 

4iZ^dad^ 

'(aj^ 


.T — 1 y = <tfo, 


— dtod a>o* 


Hence the projection of 8 on the unit sphere and of 8 on the plane ^ == 0 are 
conformal. The general solution is given by 


w = /(a), Wo = /o (^), 


Y (!+«/*)!//(«)/'oW, 


where f is arbitrary and /o is the conjugate function. 

Calo, Annali, ser. 3, vol. 4 (1900), pp. 123-—130. 

4 . If 8 and 8 are applicable surfaces and the spheres with centers on 8 
and passing through the_ origin become tangents to a sphere of radius a with 
center at the origin as ^ rolls on S, is is necessary that = JB*, 

If we put „ „ 


X =i2 




: iE 


/?- 


«/5-fl 


Y= E 


a A —1 


= (-B i rt) • 


a^+1 ’ 


y = i(E±a) 


^ —g 

g/S-hl’ 


z = (E ± a) 


afi—l 

ajsr'-l-i ’ 


since 8 and 8 are applicable, we have 


(i) 


( 1 + 0 / 9)2 - •' ( 1 + 0 / 9)2 


Hence the projections of 8 and 8 on the unit sphere are conformal. The general 
solution is given by a=/(^), fi = fo(^), where / is an arbitrary function 
and fo is the conjugate function. Then E can be found directly from (i). 

Calo, 1. c. 

5. When the Christoffel J-ransform (cf. VII, Ex. 8) of N' in § 123 is taken 
as N, the corresponding net iV is a point, and consequently the central net of 
this transformation is the other special net 2, O parallel to N*q. 

6 . Show by means of (VII, 3) that a necessary and sufficient condition 
that an 0 net have the same spherical representation as an isothermic 0 net is that 


A / 1 sVb \ j_ j j_ 

\ 92’ / 9«’ \Y¥ 9“ / 

Trans. Amer. Math. Soc., vol. 17 (1916), p. 447. 
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7. A necessary and sufficient condition that an Onet on the unit sphere 
be the spherical representation of an isothermic net is 

A /_A. 11^ \ := A / 1 iV"® \ 

\l7^ ' 

8 . Show that the net JV' of § 123 is parallel to two isothermic nets (N)' 
and (NY for which 

V\W^ - l'W= = 

V 


that transformation I) of (NY is determined by the functions p, 'q, r of (37) 
and (d)'=: — 1 /k', (v )' = 0\ (ihY ~ — >w; and that the resulting transform is 
the net obtained from the given transformation of N' referred to in (VII, Ex. 17). 

9 , Show that there exists an O net, with the same spherical representation 
as an isothermic net, for which the tangential coordinate P is equal to ® —©. 

Calapso, Annali, ser. 3, vol. 26 (1917), p. 171. 

10. If we have an Onet N of the kind in Ex. 9 and put 


— \Yp cosh fp, 
from (VII, 3,5) we have 


df 

du 


8t}? 

du 


L ^ 

2 y-p 


sinh q>, 


yi® = sinh 9?, 

pi 


dv 


9vj) 

dv 


1 

2 ■yp 


cosh fp. 


From (Vn, 9) and (35) we have for an R transform of this 0 net 


El 

Ph 


Gx 

Ph 


= p+iyp-l 





In order that this expression be equal to Pi, namely (VI, 101) 


= P~ iPp+Qq+Br-O), 

we must have 

Pp + Qq + Rr—e + 2YPmv^e:^~'>~ +e~'^~ 7 ) + ^ >»P = 0. 


The left-hand member is found by differentiation to be a constant. Hence there 
are oo^ transformations R of N into nets of the same kind. 

Calapso, 1. c., p. 152. 

11 . If N' and N" are isothermic O nets in the relation of Christoffel (cf. VTI, 
Ex. 8 ), the mid-point of the join of corresponding points on AT' and N" describes 
an Onet N parallel to N' and N*' for whichyE= coshi}>, ^0 = sinhxj). When 
these expressions are substituted in (36), the function 20 —S'—618’ is constant. 
Show that there are oo* transformations R for which this constant is equal to 
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zero, and that for each of these transformations Ei—Gy == 1; also that Ni is 
the locus of the mid-point of the joins of corresponding points of and N\ , 

Calapso, Annali, ser. 3j vol. 26 (1917), p. 152. 

12. A necessary and sufficient condition that the parametric curves of two 
applicable surfaces S and S' he kinematically conjugate is that X)' = X)'. 

13. A necessary and sufficient condition that the kinematically auto-conjugate 
curves for two applicable surfaces, S, 5, reduce to a single family is that 
and 8 be ruled surfaces applicable with generators corresponding. 

Bianchi, Menioirie dei Lincei, ser. 5, vol. 12 (1918), p. 441. 

14. When two applicable surfaces are referred to their kinematically auto¬ 
conjugate-system, Z) “ D, /)' = — X)', /)"= jb", and ^ W i VI’ 

Ohristoffel symbols being formed with respect to their linear element. 

Bianchi, 1. c., p. 445. 

15. Given two quadratic differential forms 

(1) an d ^2+ ^a\idu dv-^ dh i d 2 612 du dr -f d ??-. 

When the .Jacobian of these forms is equated to zero, the resulting equation, namely 

flu du + fli2 dt', fli2 dtt -|- fl« dt^ I_^ 

bn dU’\-bi2dv, b\2du-\-bridv j 

defines two functions TT = (m, r), \\y {ti. v) in terms of which the forms (1) 

become _ _ 

ill 1 d u -f d b\ \ dH'^ + 621 d v 

Bianchi, Lezioni, vol. 1 , p. 82 

16. If 8 and 8 are applicable surfaces, the curves defined by equating to 
zero the Jacobian of the forms 

Edu’^-\- 2 F d u d v + G d r-, 

(Z> — D) du^ + 2 (Z)'— 1 )') du dv -f (Z)"— D") dr'^ 

foim an orthogonal kinematically conjugate system. Bianchi, Lezioni, vol. 2, p. 38 . 

17. On two applicable surfaces of constant mean curvature :f: 1 /a whose 

lines of curvature correspond and for which pi and p 2 are the radii of principal 
curvature of one surface and — f% — p\ of the other [cf. § 125], every orthogonal 
system is kinematically conjugate; moreover, this is the only case where every 
orthogonal system is kinematically conjugate. Bianchi, 1. c., p. 39. 

18 . The lines of curvature on a surface of rolling described by a point O 
fixed with respect to a rolling surface 8 correspond to that kinematically con¬ 
jugate system on 8 which projects into an orthogonal system on a sphere with 
center at 0, the projection being from O as center. 

Bianchi, 3Iemorie dei Lincei, ser. 5, vol. 12 (1918), p. 448. 

19. The lines of curvature on an envelope of rolling described by a plane n 
fixed with respect ^0 a rolling surface 8 correspond to that kinematically con¬ 
jugate system on 8 which projects orthogonally into an orthogonal system on k, 

Bianchi, 1. c., p. 448. 
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20. When a surface S rolls over an applicable surface S, any two parallel 
lines fixed with respect to S generate congruences for which one family of 
developables correspond, namely, those corresponding to the curves kinematically 
conjugate to the transforms of the curves of level of S. 

Bianchi, Rendiconti_dei Lincei, ser. 5, vol. 24 (1915), p. 16. 

21. When a surface of revolution S rolls on an applicable surface 6', the 
axis of ^ generates a normal congruence, since the focal planes are perpendicular. 
One of the focal surfaces is the complementary surface Si of S corresponding 
to the deforms of the meridians of S, 

J^anchi, Kendiconti di Palermo, vol. 39 (1915), p. 205. 

22. For the surface S defined by 

X = r cos 0, y = r sin z = c log /* + / 

where / is an arbitrary function, the distance cut off on the ^-axis by the per¬ 
pendicular from any point P of the surface to the axis and the tangent plane 
at P is equal to c. Hence when S rolls on an applicable surface, the axis 
generates a congruence of rolling for which the focal distance is constant. 

Bianchi, 1. c., p. 207. 

23. When the surface *S defined by 

Iv ~~ r cos^, y = r8in<9, J = clogr -f- m8 

rolls on an applicable surface 6’, the t:-axis generates a congruence G of rolling 
for which the distance between the focal points is c and the angle between the 
focal planes is sin” * c/]/"Hence G is a pscudospherical congruence 
whose focal surfaces have the same gaussian curvature ~l/(c^-f- >»*) [cf. § 171]. 

Bianchi, 1. c., p. 208. 
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Surfaces applicable to a quadric. 

132. Transformations F of nets on a quadric. Consider 
a net N on the general quadric Q, whose equation is 

(1) ex^-\-fy^-\-gz^-\-2ayz-\-2hzx~\-2cry-^2rx-]-2fiy-\r2tz-\- u:~-= 0. 

Since the coordinates are solutions ot an equation of the form 
(11,0), we have on differentiating (1) with respect to w and /' 

9?f 9/’ 9w 9r ^ dt( dr ^ \9?r dt: dv 9//J 

, 1 I dz dx , dz dx\ . Idx dij , dx dy\ ^ 

+ 87 + + 'ii;: 87 + -n,: Sl “ 

Any net A"'(./•') parallel to A" is given by equations of the 
fom (II, 3). Consequently we have an equation of the form (2) 
in which ,r, y, z, are replaced by x, y\ z\ Prom this it follow\s 
that the function 



(3) B' ex'^ -\-fy ^ g~]r 2[ 0 y z -\- h z x ~\-cx' y ) 

is a solution of the point of equation of A"'^**). It is readily 
found that b! and 6, given by 


(4^ I ^ ^ 2 [exx +fyy gzz' + a{yz'+y z) + b{zx + z x) 
\ +c(xy +x y) + rx/+sy + tz'] 

satisfy the equations 

. i 1?. — I ^JL 

du~~^ diC ~dv ' dv' 


***) The function ^'=^0, since A' cannot lie on a cone. 
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When these values are substituted in (II, 2), it is found that 
the 2^ transform W, (xi) lies on Q. It has been shown in § 5 that 
any congruence conjugate to a net N can be obtained by drawing 
through points of N lines whose direction-parameters are the 
coordinates of some net parallel to K Hence we have the theorem 
of Ribaucour: 

Any congruence conjugate to a net on a quadric meets the 
quadric again in a net to which it is conjugate. 

We apply the results of § 21 to the particular case when ^ 
is on the quadi’ic Q, and also W, and iVi, that is when and ^2 
are of the form (4). In order that ^12 and Sil be of the form (3) 
and (4) with x y x y z replaced by x'\\ yi\ zT\ y^, Zi 
respectively, we must have 

f e!,-2 

^ ^ 1 + h{z^x^'+z^'x') + c(x'if^x^'y')] = 0. 

By differentiation it is found that the left-hand member of this 
equation is constant, and consequently the additive constants in 
(9i' and O 2 can be chosen in oo^ ways so that (6) shall hold. Hence: 

1/ Ni and are F tramforms of N and all three nets lie on 
Q(l), thet'e are 00 ‘ other nets N 12 on Q which are F transforms 
of Nx and N^; they can he found hy a quadrature, 

133 . Permanent nets on a quadric. Let Q be a quadric 
referred to its asymptotic lines, and write its linear element in 
the form 

(7) dsl Eoda^ + 2Fx,dadfi+(rodfi\ 
and its second quadratic form 

(8) 0 = 2Dhdccdfi. 

If S is an applicable surface, its linear element is (7) and its 
second quadratic form is 

(9) 0 = i^da^+2i)idad/S + ,Di'd/^‘. 

Since the asymptotic lines on Q are sti^aight lines, we must 
have [§ 85] 


21 * 
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X. Soifaces applicable to a quadric 

i'.'IrfxV-. 


the Christoffel symbols IyIjj being fomed with respect to (7). 
If we put 

( 11 ) e,= Ve,o7-f^. 

from [§§ 63, 77] we have 


ffS = ^ = V—K, 


( 12 ) 


{ il2l - 

ilf." 


9logff 


J12I . 
l2(o“ 


9log(y 


da 


IVL= )?!.“ , 7 >»««"'• 

Hence the Codazzi equations (§ 64] for S are reducible to 


(13) 


(aDo aDS , alogo ^ , 8iogZ)ijv_^ 

dD'o dDo I aiogo aiogZ)o ^ „ 

-da -^ 


Since Q and S are applicable, 

—Z>J* = -HI a 

J" = am, 


If we put 

(14) J = am, 
we have 

(15) VjJ"=am>VJ'*—\. 
Then (13) may be replaced by 


m 


"" m’ 


(16) 


dJ _ , dJ' dJ" 
Jfi - ~d7 


aDk 


dJ' 

d/t' 


[§56] 


The equation of the common conjugate system of Q and 8 is 
n 
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By means of the above formulas we find that the Gaussian cur¬ 
vature of the left-hand member of this equation is zero, and con¬ 
sequently it can be given the form dudv. Hence we have the 
theorem of Servant'*®): 

If S is a surface applicable to a quadric Q and the lattet' is 
referred to its generators, the common conjugate system can he found 
by quadratures. 

If we put 

(17) |/— V “■ du, e“( Ida 4- J"dfi) = dv, 

we find, in consequence of (16), 

(18) KZ*^TL 

From equations (17) we have 

I 2V^ da — e^'Ulu-\-er~^^ dv, 

I d^ ~ — e^dxiAr e'^^dv. 


In terms of u and v the second quadratic forms of Q and S are 
necessarily of the form 

O ^ Ddu^+ 2 >" dc\ 0 ) = Ddu^-V F' dv\ 

In consequence of (8), (9) and (19) we have 


(20) Z> = —4 + l), /)"=-- -i- i—-=£=:=r—l\, 

( 21 ) 


7)= _X)" = 


— 1 


2o\' 


From these follow the theorems'*®): 

If a net upon a quadric admits an applicable net, then 


(22) 


<r 


Bull. Soc. Math, de France, vol. 30 (1902), p. 19. 
Of. Servant, 1. c., p. 20. 
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The permanent net on a deform of a quadric is isothermal 
conjugate. 

From (19) we have 


(23) 


da ^ 
dll 


da_ e-^ _ _ 8 /? _ 

dr'~~~ ~dn dv 2V^ ' 


In consequence of (15) and (18) we have from these equations 

, ^dfi _ ^ 

du dv di^ du ^ 

(24) 

__1_ 

du du dv dv 2o'Z)o* 

Conversely, if we have a solution of tliis system, and define 
functions «, J and J" by (23) and J' by (15), we find that w and 
J' satisfy (18). Since the corresponding equations (17) are con¬ 
sistent, we obtain (16). Then a surface S applicable to Q is defined 
intrinsically by (14), and we have: 

The detei'mination of permanent nets on a quadric is equivalent 
to tJie solution of equations (24). 

134. The permanent net on a deform of a quadric. 
When a quadric Q and an applicable surface 8 are referred to 
the permanent nets N and A", we have, in consequence of (21), 

D 7>" D® 

(25) if* -- EG - F*, 


where cr* — — A", K being the total curvature of Q and 8, and the 
linear element of Q and 8 is 

(26) ds^ = Edu^+ 2Fdu dv + Gdv\ 

If we define two functions a and h by means of the equations 

(27) 2) = —aa\ 
we have from (22) 

( 28 ) a*— 
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In consequence of (21) and (25), we may take 
(29) a ah, - a h. 


The Codazzi equations for N and ~N are [cf^ § 64] 



the Christotfel symbols being formed with respect to (26). 

From these equations, in which />, /)" and D are replaced 
by their expressions from (27) and (29), and the identities [cf. § 63] 


9logi/__JlU . jl2l 3logi f_122| . 1121 

(31) ^ ^ 2 9,, - “ 1 2 f + 11 P 


we obtain, in consequence of (28), 

d 


1111, 
I 1 ( 


d , a 

. . log - , 

dn 


rfh 

i’ihU"--’ I'll- 


logrt, 
log ft, 




J22\ 

12f 


d , ft 
^ log-. 
d v ^ (f 


If X, y, z denote the cartesian coordinates of 8, from the 
Gauss equations [§ 64, (7)] for 8 we have that 7’, y, 7 are solutions 
of the equations: 

__ 2A?._l9 

0?f* 9?;* du dti dr dr^ 

9^3 _ 9log fl ^ lA 

dad V d r 9 u d u 9 r ‘ 

Hence from § 45 we have: 

The permanent net on a defm m of a quadric is an E net^^^), 

*”) Cf. Tzitzeica, Comptes Bendus, toI. 152 (1911), p. 1077; also Bianchi, 
Rendiconti dei Lincei, ser. 5, vol. 22 (1913), p. 3. 
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We desire to prove the converse theorem: 

When the functions a and h in the equations (33) of an R net 
satiny the condition (28), tlie net is applicahh to amt on a quadric. 
From (31) and (33) we have for any R net N 


IVh 


8 , JI 

d - aft® 

87 


1 

1121 

)2f 


alogtt 
dP ' 
8 log 6 
du ’ 




9 , a^h 

87'»s 


9 , 

9 V a 


Hf 

H 


When these values are substituted in the second set ot (30), we 
find that the second fundamental^ coefficients of an R net satis- 
^ng (33) are of the form — D^ &'~- a^hVH. Then since 
1)1}*'— —we may take Ha ah, in which case we have 
(29) and the above expressions for the Christottel symbols are 
reducible to (32), in consequence of (28). As a result we have 
that (27) funiishes a solution of the first set of (30) in which the 
symbols have the values (32); that is N admits an applicable 
net N, for which the second fundamental coefficients are given 
by (27). 

If « and fi are the parameters of the asymptotic lines of the 
surface S on which N lies, we have 

Ida = a du — b dv, y dfi = a du h d r, 
where the integrating factors A, y are subject to the conditions 


_ 9 _ 

dv 



+ 


du 


(x) 


= 0 , 




d_ 

du 


0 


0 . 


In consequence of (27), (29) and |§ 64, (7)] the coordinates of >S' 
satisfy the equations 




8*d 


8u* 




d*e 

8 ?;* 


= ft* 


logao-r-h a^i^^ogah-—, 

du^du dv ^ dv' 


8*6 


8loga 86 


8log& 8 6 

du dv' 


dudv 


dv du 




136. Transformations Fk of permanent nets on a central quadric 329 


If we express these equations in terms of a and we obtain 



Adding and substracting these equations, the resulting equations 
are reducible in consequence of the above conditions on A and ^ 
to the form 




and consequently S is a quadric. 

135. Transformations Fk of permanent nets on a central 
quadric. For the central quadric Q, whose equation is 


(34) 

we have 

(35) 


ex*+,fy-\-gz* = 1 , 


X, Y, Z 


ex,fy,gz 


and the Gaussian 


curvature is given by^*®) 


(36) 




1 _ 


a 




where c* = — 1/efg. 

If Q is refeiTed to a net N whose point equation is the'second 
of (33), we have 







Of. 0. Smith, Solid Geometry, 9*** edition, p. 223. 
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and also 

■2*-£l7 = »- 

ou ov 

Hence 

where U and V are functions of u and /• alone. 

In consequence of (27), (32), and the Gauss equations for Q 
we find 

-2.ra-2.eA--, 

From (35) and (36) we have 



(41) = 

^ ^ du r du 



When the expressions (39) are substituted in (40). the result is 
reducible by means of (41) to 

1 _ ^ _ _ (tj _ L\ JL AE _ / V 4- 

”2 ’du r ~l dv y “a7 "" r' r) ’ 

Also on differentiating equation (38) with respect to u and v we get 

dv \ c I dV 

iu+ V) + (i7— 4 ) = 0. 

du \ r I du 

From these two sets of equations it follows that U — V~ 1/r, 
and consequently 
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Hence from (28) and (36) we have the theorem: 

For any permanent net on a central quadric (34) the coordinates 
satisfy the cx)ndition 

(«) 

where 

This equation may be written 
(44) a* — 5* = ^ e* x*. 


Suppose, conversely, we have a net .Y on the quadric (34) 
satisfying the condition (43). Since equations (39) hold for any 
net on the quadric, the functions a and b in the point equation of 
Y can be chosen so that we have (42). If these equations are 
differentiated with respect to u and v respectively, and the Gauss 
equations [§ 64, (7)] are used, the resulting equations are reducible 
by means of (41) to 


(45) 



From (38) and (42) we have 


a* 5* 


r 


a 



dx dy 
dn dv 


dx dy\ 
dv dti.f 






Hence, if we take H(S= ah, from (31) we obtain 



In consequence of these expressions equations (45) give 
2> = —(Ta*, D"— Substituting these expressions in the first 


Cf. Calapso, Annali, ser. 3, vol. 19 (1912), p. 62. 
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% 

set of equations (30) and making use of (28), which is a conse¬ 
quence of (42) and (43), we get the expressions (32). When these 
values substituted in the second set of (3^0), a solution is 
—D = Z)"= a ah. Hence there exists a net N applicable to N, 
Therefore: 

When a net on a central quadric (34) satisfies the conditim (43)^ 
it is a permanent net 

Let JV' be a permanent net on the quadric Q (34). From (3) 
and (4) it follows that if in the equations of the form 

(47) T,^x—^-rx' 
we put 

(48) 8 ~ 2 {exx' fy gzz) ^ 2^e xx !, 8' e x' “, 

the F transform Nt of N lies on Q. In order that ^Yi be a per¬ 
manent net it is sufficient that 


From (47) we have by differentiation 



T 1 ,d 8 

dXi a 1 ,d8 

dv 8'^ \ dv 

where 

(51) 

1 

II 

II 

1 


Substituting these expressions in (49), we can reduce the resulting 
equation by means of (42) to 

(52) T* a*—ff* 6* = c* e'*Z e* 

In consequence of (II, 16) we have from (51) 


0 it 

• \ a —T 0 

logo — 

ha 

00 

dv U 

8' dv 

o'* 

dv ^ 


r\ _ T — a 0 

logft — 

Ir 

d8 

du \6 

'7 ““ 8' du 

o'* 

du* 


(53) 
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Differentiating (52) and making use of (53), the resulting equations 
are reducible to 


+ c* Y 2^e*x (xl — a;)] = 0, 
[-^ h«(ff—T)i- c*2 e* *1 -- x). 

+ c* ^ ^e*x (x'l—x)] = 0, 

where 

9 > = + c'^e*xxi. 

By means of (44), (51), (52) and (54) these equations are reducible to 


(55) 


ay jP /M 
8u » du \ fl' 



Jv 


+ 


99 

lie 

dv 



which can be integrated in the form 
(56) 


where is an arbitrary constant. When this value for ^ is sub¬ 
stituted in (54), this equation and (52) are equivalent, in conse¬ 
quence of (47) and (51), to 

= c*JS(e‘—/fe)*'*, ha^—W = c*'Zie*—he)xx'. 


Differentiating the second of these equations, we obtain 
h* 9logi^ 


(58) 


dh , 
aw 

a log a 

du 

di 

a log ft 

. 9»' 

9r 


9w 

9 log a 






dv 


h+jr2(e‘ 


-ke)x'^ = 0, 


in consequence of (44) and 
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(59) 



dh 

dv 


-h) 

9 log a 
dv ’ 

dl _ 
du 

= {h-D 

dlogh 
du ’ 

dx' 

= h 

dx 

dx' 




9 // _ 

du 


Ju’ 

dv 

dv ’ 

du 

dv’ 

dv ~ 




dz 

-h^ 

dz' _ 

- 





du 

^ du' 

dv 

^ dv‘ 




It is readily found that equations (58) and (59) form a com¬ 
pletely integrable system, in consequence of (44). Moreover, for 
every set of solutions of this system equations (57) are satisfied 
to within additive constants, as is found by differentiation. Hence 
each set of solutions satisfying (57) determines an transform 
which is a permanent net. From (47), (48) and (59) it is seen 
that if x\ y\ z\ h and I are multiplied by the same constant, the 
transform Ni is unaltered. Hence when k is any constant different 
from e,/and j 9 r, there are oc* sets of solutions satisfying (57) and 
giving distinct transforms. 

When k = c, there are oo* sets of solution s, y\ z\ h and I of 
(58) and (59) satisfying (57). Then,r' is given by a quadratoe (59) 
and involves an additive constant, say m. In this case each set 
of solution s, y\ /, h and I determines oo^ transformations, such 
that the corresponding points of the oo ^ transforms lie on a conic, 
the section of quadric by a plane parallel to the lines from the 
origin to the points (ar'+wi, y', /) as m varies. Similar results 
hold when A: — / or k = g. Hence : 

A permanent net on a central quadric + I 

admits oo ® transformations Fu into permanent nets on the quadric 
for each value of the cmistant k; if;hen Ic is equal to e, f er g, the 
transforms Ni may he grouped into oo ^ families of oo ^ transforms 
each such that corresponding points of the nets of a family lie on 
a conic^^^). 

136. Transformations of surfaces applicable to 
a central quadric. It is our purpose to show that each trans¬ 
formation F of a permanent net iV on a quadric Q into a permanent 
net Ni on Q leads directly t^a transformation F of the net N 
applicable to N into the net applicable to Wi. In fact, we 


Of. Journ. de Math., ser. 8, vol. 4 (1921), pp. 37—66. 
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^all show that Jt is possible to find without quadratures a net 
N' parallel to N such that & given by (48) can be put in the 
form (cf. II, 95) 

(60) »'=Ti —Zx'*), 

and then the desired transform is defined by 

(61) 

Equating these expressions for we have 

(62) (<^-f.-)x'^ + (f-k)t/'^+(^—k)s'^ + kZx'^ = 0. 


Differentiating this expression and assuming that equations of 
the form 


(63) 


dx' _ , dx dx' _ ^ dx 

Yu ^ ’ aV ^ Yv' 


hold, we obtain 

,dx 


(64) 




, dz 


dx 


(e_7,)a/|£ + (/_fc)y|^ + A- Z^r' 


a?; 


ar 


dv 


0. 


If these equations are differentiated with respect to u and v and 
in the reduction use is made of equations [§ 64, (7)] for N and N, 
two of the resulting equations are satisfied identically in conse¬ 
quence of (64) and the other two are reducible to 


\hZe (|“) \DZi« — 1()x'X+k dZx'X= 0, 

I{^\d"Z (e—W x' Z+ kD" Zx'X^ 0. 


In consequence of (27), (28), (29), (35), (42) and the second of (57) 
these two equations are equivalent to 


(66) 


{h—Daah + ekZx'X=0. 
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Solving equations (64) and (66) for x', y', we have ex¬ 
pressions of the form 


(67) 



aah 

c 




G 


dx ' 

dUi 


If we differentiate these expressions, we find that x, y/z' satisfy 
equations of the form (63), by making use of equations of §§ 134, 
135 and of [§ 63]. 

Also from (67) we have, with the aid of [§ 48,(11)1, 


(68) il — hy+2^(e — kyx'‘‘—(Zi<^~>f)3'Xy. 


Substituting this expression in (62), we find that it is satisfied 
in virtue of (57). 

From these results and the last theorem of § 135 we have, 
when 1c m not equal to 0, e, / or the theorem: 

If N is a net applicable to a net N on a central quadric 
eo(?’\-f]f'\'gz^ = for each value ofk different froYn_e, f g and 
zero, there exist oo^ transformations Fjc of N into nets Nx applicahle 
to the quadric; these transforms are conjugate to congruences G; 
their determination requires the finding of solutions of a completely 
integrahle system of equations subject to a quadratic and a linear 
homogeneous relations 

When k = e, the function x is determined to within an additiv(‘ 
constant m, as seen in § 135. There are only oo^ sets of solutions 
y, z\ h and I, and in consequence from (67) it follows that there 
are only oo^ congruences G of the oo* transformations. As m 
varies we obtain oo^ transforms conjugate to the same con¬ 
gruence. They are defined by (61) with 

e — 22exx'+2mex, e(x'4” wi)*+yy® + <7-2''*. 

From this expression for S and the results of § 23 it follows that 
the tangent planes at corresponding points of these nets iVj envc- 


»»*) Journ. de Math. 1. c. p. 53. 
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lope a eoDe. If ?o, f/or Co the coordinates of the veitex, the 
equation of the tangent plane is 

(? — ) A*, -i- {fj - (c — Co)-■ 0, 

where /;, Z are current coordinates, and A',, Tj and Zi are 
direction-])aranieters of the normal to A',. When their expressions 
ai*e calculated, it is found that they involve w to the second degree, 
and consequently the cone is a quadric. 

When /.• c, does not appear in (t)2) and (64). Solving 
the latter for //' and z, and substituting in (62), we obtain a homo¬ 
geneous (|uadric equation in //'. z'. Hence the lines of the 
congruences f/ through a point of A’ form a (juadric cone. Since 
similar results hold when /r is equal to f or //. we have in con- 
se(jU(*nc,e of the last theorem of 130 the theorem: 

If \ is d iirf dp/dirfflt/r /<> d ncf X on the nditral qnadrir Q 
(.*14). t/irrr drr cc - srfs of' sohdfons of r<jd((fi<ms‘ (57). (58), (5‘0 
d‘it/( k (ifndl fo c.fdrfj: fhorv arc finis fhn'c Janulies (f‘trans- 
forms A’, of X d'hich iirr itiijiUrdhle fo Q: the framforms of earli 
fd-mHij ore ronjdifdfe fa v: * t onejmejins (f there heinff oc ^ tram’ 
forms nnijdffdte fo cdvh (I: the lines of the ron(/ntcnees G tlirongh 
d i)oinf Iff X J'onn d i/ddifrir nme; fhr fauifenf planes at jmints 
of d fino of G (f fho nets A'l eonjatjafe to if ejiralop a qnadrie 
ro)ie, dinf the points on (f eorrri^pondinif to these points of the 
nets A’l (Oi d fine of G He on d eonie^^''), 

W lien G is tin* (juadric of revolution + ly-) 4 //.?“ 1; 

tin* transfoi-niations of the tyjie described in the first of the above 
th(M)rems ('xist. Inhere is, liow(*ver. only one family of transformations 
of the ty})e descrilxMl in the second theorem; they are When 
// r, e(juation (62) may be written 

(Oi.) 2^'—0. 

The twu tvi>cs of transformation sot forth in this section Avore dis¬ 
covered by (Jnicliard in a different manner in liis Mhnairv snr la defoliation 
des tpiadrics, Memuires a I/Academic des Sciem es de France, ser. 2, vol. 24 (1009). 
His method did not reveal the relation between tlie nets .V and A"i on the quadric 
in either case, nor did he show that the nets .V and .Vi are in relation F when 
/.• c, f oi’ <j. These results were announced by the anther in 11H9, Trans. 
Amcr. Math. S(m‘., vol. 20 (191!!), pp. :{2a“aa8. 
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i rom the rcvsirits of § 100 it follows that N is a net 2, 0 and 
consequently N is 2, 0. From (69) it follows that N' is one of 
the two special nets 2, 0 parallal to .V, the complementary 
function being 

(70) 7 ■--=][ 1 — 

Suppose conversely that we take for .V' one of tliese two 
special nets 2, 0 and deline / by (70). Equations ((>4) and (05) 
hold for k -- c f. Adding equations (65), we have in consequence 
of (27), (28), (29), (35) and (42), the second of (57). From these 
follow (66), (67), (68), and then the first of (57). as in the 
general case. Thus A and / determined by A ' satisfy the e(iuations 
of § 135, z' is given directly by (70) and w' and y' by tin' qua- 
dratui'es (59), and thus involve additive arbitrary constants. 

Each of the two parallel special 2. O nets A" determines 
a normal congniencc conjugate to .V (§61). In accordance with 
the theorem of B(dtvaini (§ 112) and the results of § 100, when 
the net N is applied to its applicable net A^ on Q, the lines of 
these two normal congi'uences coincide with the lines joining points 
of A" to the foci on the axis of revolution of Q, Hence Ave have 
the theorem: 

Let N he a net app/icahle to a n,et K on a central quadric of 
rerolation Q; the Une.s joining points of X to the foci of Q on the 
^ (uis of rerohition become Imes of two normal congruences Oy and (L, 
conjugate to N when K is applied to N; there can he found hy two 
quadratures nets Ny conjugate to Gy and oc- nets conju¬ 
gate Gs wMch are_applicahle to oc- nets Ny and oc ‘ mds Ay on Q: 
tlw nets Nif or iVg, can he grouped into oo ^ famines of oc ^ nets 
such that their tangent plaruis at points on the same line of the 
congruence form a quadric cone and, tJie corres]mndmg points of the 
appilicahle nets on Q lie on a conic^'"^^). 

When Q is a sphere, real or imaginary, Avith the equation 
c(x“ + y®+; 2 '®) ~ 1, an applicable net N consists of the lines of 
cuiTature on a surface of constant gaussian curvature, since every 

In order to obtain one of these families Ave hold (ixed the additive 
constant in x' and let the additive constant of y' varj^ and vice-versa; cf. Tiaus. 
Amer. Math. Soc., 1. c., p. 337. 
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net on Q is orthogonal. If we take k e, it follows from (62) 
that A'' is a cone; hence there are no transformations of the type 
of the second theorem. When k 4 e, we have from (60) and (62) 

that is the transfonnation is U (§ 67). Hence: 

k — 

A surf are of constant ganssian nirvaturr admits oc* tram- 
forniafmis 11 into surfaces of the same currature, 

137. Theorem of permutability of transformations Fk of 
surfaces applicable to a central quadric. Let .Vi(./ i) and 
be obtained from a net V(./ ) applicable t(» a net N(r) on 
Q by means of transformations and and let A'i(,r,) and 
Xii(.r 2 ) be the nets oil Q to which .Yi and A^ ai e applicable. Let 
n, and be tln^ functions of these traiisfonnations, where 


(71) 


{y.r-Z.r'% 

0" h (Z.r"^-Z 


x\ .r'^\ 

f // 

.r , 

being obtained from 

r and r by the quadratures 

'd:f 

dn 

dr 

^^^dn 

dr hr ^ 

’ dr ' 'dr' 

r. n r: O ~ 

Or _^ oj' dr 

da 'da' dr 

II 

df 

dn 

d:r 

lf \ : 

c a 

y 

’ dr 'dr' 

.■ tf r- ff 

vr ^ vr or 

da “ d a' dr 

-. j 

- 0 /■ 


We seek under wliat conditions the net whose coordinates 
are of the form 

(T:!) .<■,. - .n-||r7r, 

whoi-f (cf. !;§ 20, 21) 


(74) 


( fn tf 



0 ( 9 , fOi 
Bu 0(( ^ dr 


0,^ = 


O'j 

0[ 




06 ^, 0 ^^ 0 ( 9 '> dOi 

' dr ^ an Tr 


is applicable to a net on Q, detined by 


(75) 

If we put 

(76) 


0^ 


a-i , 


ji ^ 


r 

«r'- 






1 A 
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we iiud that this expression is equivalent to that ol (74) it* 

(77) — 0. 

When the left-hand member of this etiuadon is dilferentiated, it 
is found to be constant in consequence of (71), (72) and (74). 
Hence the additive constants enterinj^ in and can be chosen 
so that (77) holds. 

From (b) it follows that Xij defined by (75) is on Q. if 

(78) 0^ 0. 

Solving equations (77) and (78) for (i\ and w(‘ find ex¬ 
pressions which satisfy (74). Hence: 

If iVi and (ire tramforms of a uef \ applicah/t' In tt net 
X on a ventral (jnadriv Q by meam of irniisformationx Fj„ and Fk, 
{li'i \ A’l). fherv ran hr found dirvrtly a tirf appUrahlv fi> a nvt A'jg 
cm Q. adfirh /s* in relation,^ F'u^ (nid F/., trit/f A’, and rvspvvtivfdy. 
This theorem holds when or /tg, or both, is equal to (\f or y^ 
but /»•, j A’i. It holds equally when Q is a central qnadrii*. of 
revolution, or a sphere, real or imaginary'**‘)- 

138. Transformations B/. of surfaces applicable to a 
central quadric. Let A'(./) be a net applicable to a net X(j:) 
on the central quadric (34). We considei' a transformation Fu 
of iV and .V as treated in ^ 13b. We have 

(79) « 2 


From (35) and (36) we have 

(HO) y^f.r'X rff>Jr-.r.r'. 


Hv differentiation of (79) w(‘ have 


(81) 


f) a 


2Z> 


d.r 

d a' 


dO 

f)r 


2 Z<-‘' 


d .r 
dr' 


Trans. Aiuer. Math. Soc.. 1. c.. pj). ;>24, aao. 
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and Avitli the aid of (27). (28), (42) and (57) we find 


(82) 


0*W 

111\ 

hH 

!. jilt 

dff 

90* 

11 f 

ha 

' |2( 

h r 

9*fl 

J22I 

hH 

t )22| 

dfi 

fi tr 

1 1 f 

a ft 

' 1 2 ( 

a V 


-clia-irO-T ' I — «)) 

r 


(A — /). 


BecHiise of (28) mikI (;}2) we have 

(8‘-}) L ■/_j_o 

r/ vr 0 r~ “ O ft dn " hr dr 

From the nisults S 49 it follows that it we take two trans¬ 
formations Ff- of A’(7>' ^ c./; r/) and write 


(84) 




22V./-./. 


22 ,,..,.". 


the ii(‘t defined by 

m) 




where 


(8fi) 


1 , h 

y I"' »; 


fh 


h 0 


0 r I 

dO. ()H, 
dft hr 


1 

/ 




- H, 


hH:i 
hit hr 


h n 


is a 11’ transform of A\ that is th(‘se two nets ar(‘ oji the foeyal 
siirfa(*es of a if congruence. 

On substituting the expressions for the derivatives of and 
analogous to (81) and (82) in (J, b8), avo reduce the resulting 


expressions to 




di‘ 

dn 


2 (T-o- 

r.f 

Ihj- d (K 
* 0 d~r 

dr dft f \ 


\da 

h r 

d.r V 

dr da 1 

— A..)- 

da- 

dr 

<1 

~ rJ 

Ud x d(L 

1 \du dr 

dx ddi\j 
~~ 'd r dal \ 



f)«i 

dx ()0i\ 

(rt*(4—As) — 


\ d a 

■^ 7 ; 

d r 0 ft ' 


Dll. 


rr(/,—A,)—//.. 


'•‘Dll 
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By means of the same functions and we obtain a derived 
net Nia') of A". Its equations are 


( 88 ) 




d.r 


+ q 


0 .r 
dv ' 


where y and q arc given by (86). On substituting the expressions 
for and 6^, as given by (84) in the expression (86) for we 
findj in consequence of (35) and (cf. (29)) 


(89) 
that 

(90) 


H<s - nl. 


'^y d.r dy 


3,a„j 


Hence the expression for J is reducible to 


(91) 

From this we have 

(92) 


y 


eZ-riy"^~y''^”) ■ 

'^er.r 1. 


The equations analogous to (57) are 

K(r—rilr --- r-2J(e*~Ac).r"^ 
h.y-tJr r^^^U^—ke)j-.rr 


|//1 a* — Ixh^ (e ^— k e) :r.r , 


By differentiation it can be sho^vn that the lett-liand member of 
the following equation is constant for any two transformations Fi; 

(94) //i Fi —/, 4 —//e) x ./ " - 0. 


We choose the nets A' and A'" so that (94) is satisfied. By means 
of these relations we show that 


(95) I 


\Z{.r—kfW-k!,Wz"-y''^'f • 2V- 


—(2(c 


-h-o)x'x"f == - 


ihh-klhf-. 
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also that 

m 


{(o^-L-e) (r-kf) iir-lc!/) l2'-4y'V-yV") V 
’ lca^¥ ,, , , , . 


In c()iiso(|uence of these identities we hav(‘ 
O'T) - I, 


^ 1 _ 1 

V 'A- 


that is A’(./') lies on a quadric confocal with 

l^he equations for JV analogous to (87) are obtained by removing 
the bars from the quantities .r, A\ D and !>". Substituting from (81) 
tli(‘ expressions for the deiivatives of and 6^ and making use of 
(35), (36), (84), (89) and (90), wc reduce the resulting equations to 


(98) 


+ (/, -//,)-uy'-y/) (k-fh)]}, 

/r(9.r V.r(2^'/'-yV)-i-.st(2/'/'-y'' 
+ {h-tH)-{zy'—y-’) (L—h)]). 

From (93) we have 

{ {fix fr— h — //.:') 


d.r 

r)r 


(99) 




2^2/'/'-yV) + -'‘j 


Adding the left-hand member of this expression to the exjmessions 
in parentheses in (98) and subtracting the right-hand member, we 
get in consequence of (28) 


{ d.? ^u^^hpfg 


(100) 


dn 

d:r 

Tr 


J 


[/(, {zy"—yz")—hi{zy'—yz) + {z"y'—z'tj")\. 


[/, (,y"-y^') -1, izy'-yz') + (zy~ zY)\. 
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For the exitressions analogous to ^ c aiirt ^ <’■ ("^l 


ld.v\- 


(lOlt 


^ A— 


f8.c\2 

and y 

\Sn! 

A( 

A— 


1 determinants. 

we t 

-1.,^ 
a' 

• 

y>“- 


V 

aj* 

d.r 

^ A— . 

a a 

a r 




( 1 . 


From (87) and the analogous equations for .V tve have, in 
consequence of (27) and (29), 


( 102 ) 


■2 (I))’" r 


dii or 


d ?( 0 r 


ix’iii-r-i'i'o-Ae"-""') 

From (101) and (102) w(* have 


0.r 




(103) | 

Hence it' wm‘ pnt 

(104) 


a;M" 

d.r 

yJ'^ 

d.r d.r 

0 O'^ 

^d?f dr 


a U a r 

1 »•!:)- 

S' 

lit]' 


Ur ' 

^ A—c 

\ dr ^ 




Va- . 


\i .A-' - 


1/ 1' - 

■^0 

V A-C 

% 


■•() 

1' A —t/ 


the net y {x) is applicable to the net iVo (jo), ^vhich in consequence 
of (97) lies on Q. The equations (104) define the relation of Ivory 
between a quadric and a confocal quadric; the i)oint of cooj'dinates 
is the intei-section with Q of the orthogonal trajectoi*y 
of the family of confocal quadrics which passes throu^^h the ])oint 
of coordinates .r, y, I of (97)*®®). 


Bianchi. Lezioni, vol.p. 59. 
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The fimetions of a transformation W are y'\ 

//i, l\^ Mild 4* They satisfy a completely integrable system of 
the form ( 08 ) and (oO). Moreover, the five conditions (93) and (94) 
must be satisfied. However, these eriuations are satisfied also by 
the fimetions 

cny+fiir, ichA-^h,. + 

Id,/", ;'.e 4 

where and d nw, constants. In tliis case, as follows from 

(85), ( 8 ()) and ( 88 ) we get the same nets jV and A'. Consequently 
foi- each value of k there are 00 ^ transformations of the kind sought. 
If .V|(.ci) and .V^Cr-j) denote the /-a transfoimis of .V, Ave have 


In (‘onseqiience of (91) and (92) we hav(‘ 


VcJ-. 


- 


1 . 


Henc(‘ the i)oint of coordinates, ./*, y, I is the pole of the plane 
of file corresponding i)oiuts on ,V, A'l and .Vo. 

M e may state tlie foregoing results as follows. 

If X is (f jnrinftnnif nd on a rnifral qnadric y, there are yi ' 
sets of transfonnntions Fh of X info nets A"i (tnd X^ so that the 
eondUi(n) (94) is satisfied for each ra/ae if k different from zero: 
the toras of the yote Mi, of the fane M 2L u'ith respeet to Q 
is a net X on a qaadrie eonfoeal to Q; as X rolls on its appUvahte 
nxd X. the point Mi deserihes a nd .V, saeh that X and X are the 
focal nets if a IT eonyraenre, and X is applieahlr to the net on Q 
idrleh is the Irory transform of the net X. 

Iliese are tlu' tratisfonnations found by Bianchi by entirely 
different proc(\sses ‘ 

Let A’ be a ])ermanent net on the (juadric (34) and .V, an 
Fk transfonn of A by means of th(' functions .r\ y\ i\ //, and /, 
satisfying (57), ( 08 ) and (59). From the form of equations (93) 
and (94) and the obs(‘rvations conceniing (105) it follows that 

'''“‘) Lezioiii, vol. 3, <'haps. 1. 2, 3; cf. also Jourii. de Math., 1. c.. ]». (‘*1. 



346 


X. Surfaces applicable to a quadric 


there exist only two sets of functions x'', z*', Jh, k and r'", 

//s, .4 each satisfying (93) and (94) with x, y\ z //t, /, and 
detennining different Bu transforms of and also of the net iV 
applicable to iV. 

The coiTesponding transforms and A4 of iV are determined 
by Hx. ^2 and 6 / 1 , where (9i and are given by (84) and 
=^^exx". Consequently these transforms are conjugate to 
the congruence harmonic to JSi determined by The same is 
true of the transforms and A 3 of A’ determined by 6 ^,, 
and 6 / 1 , ^ 8 . The congruence harmonic to N determined by Ox 
consists of the lines of intersection of the corresponding tangent 
planes to N and its Fh transform A'l by means of x\ y\ z\ Ih and 
In view of the preceding results we have the theorem: 

If K is a permanent net on a. central quadric Q and A’l is 
an Fh- transform of and 1\ and arc the points of intersection 
with the confocal quadric Qi,- of the fine of intersection of corre- 
spondiny tanejent pla'nes of iS and A^i, then as X rolls on its 
applicable net N. the points Pi and Pj> fpoierate nets applicahle 
to Qj each of which is a Bk transform of N. 

139. Permutability to transformations and Let 
A^r) be the permanent net on a deform of the quadric Q (34) 
and A^(i;) its Bu transform by means of functions x\ //,o/*", 2 /", 
hi, li, h^, 4 . Let x", 2 /"', /# 3 , 4? be a set of solutions of (58) 

and (59) with h replaced by // satisfying the conditions 

( 106 ) //c)./"-, I^a'-hh- - 

SO that the Fw transform A 3 of N, defined by equations of the form 


^8 ,/" 
oT ’ 


(107) ./n - .r- 
where 

(108) 
is on Q, 

From (II, 33) it follows that the equations of the forms 


0« = 2Z Ofi" - 2^ 


Xt) — X 


0^ 

w 


ft tt "8 /// 

./^ ;r — -^r -r 


(109) 




139. Permutability to transformations Fk and Bk 


347 


define nets parallel to the corresponding functions hu, 4 i and 
^<^ 88 ; ?32 are given by (cf. II, 50) 


hn Os hi Os' 4 ^8 — 4 Os* 

/, In ' 

//jj Og-(78 18 "s-"8 


IhOs* . h^s —4^8^ 

/» 7) > ^825 ~7“/j “ * 

'^8 ^3 "8 f 8 "8 "8 


The functions as and hs appearing in the point equation of Ns are 
of the form (cf. 11 , 12 ) 

ffs (I {jis ^ (4 l|‘ 


In order that these functions may satisfy equations analogous 
to (93) and (94), namely 


— Kki -- — ke).v^j’3. 

(/,‘J hs \ hs'i hi 4i 4^ 


<K.-Kn. -- c^Zie^—ke)ai’^ 

aVhi — Khs ~ i^2(f^~- ke)x»x!!, 
r*^(e~ —4(0 xsxa. 


it is necessai'.v and sufficient tliat 


( 110 ) 


«*/«,/(, —i/f,4—r* 2 ;(r—'J-(4—//)d^ = 0 , 

n%/,, — Phh—r^2(e*~-J;e)y'.r'"— (4—4')«J' =- 0. 


Differentiating these equations mth respect to u and r, and making 
use of (58), (59) and analogous equations, we find that the left- 
hand members are constant. 

If Ji* 4 /.*, the functions Os and ^3 are uniquely determined 
by ( 110 ), and consequently xi and xs are uniquely detemined by 
(109). Then by means of the functions 

(111) ^81 "" 2^exsXs 

we obtain a Bn transfoim of A4 which is applicable to Q. 
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It is readily found by differentiation that the left-hand members 
of the equations 


(112) 05+ e\"—'2Ze^r'y" 0, f 0^—22:^'- <> 


are constants. If we take Oi' and S”' as given by (112). we hnd 
that 


(113) 


0,— 


"I 


On? ^ 


d.s 

w ■ 


These are the conditions that A’ and JS\ are in l elation F (cf. § 22). 
We desire to show that this transformation is in fact a trans¬ 
formation Ffc, as defined in § lob. 

From § 22 we have that the functions d.n and d;V' of th(» 
transformation F fi*oni .V into are given by 


(114) 




I 8 03 

'^''87’ 


0J" 


di" + />' 


dHl) 

d 




0d8 

dr 


where p and q are given by (86) and 


p -- 



9 dr ,,, aori 


m 

!/ 


1 



r) H ^ d li 





a dr odr 

a d:/' 

a dr 




r> n d r 

dr 

dn 

and 






(115) 

fOdj" 

on 

, dOi 
/^s ;; , 

V n 

bor __ 

"dr 

■, ad; 
dr 

a 


Moreover, the direction-parameters of the conjugate congruence 
of this transformation are the coordinates i'" of a net Nn\ 

* parallel to A's, where 

P —t/f P rtf 

(116) 7" ---- ./"+ p‘" 7 +,/" 7 . 

0 U 0 f' 

From §22 corresponding to (85) and (116), we obtain 

dx” ' _5 j dx 

T?7'' ~ ^ dVF '"0T "" ^ dr' 


( 117 ) 
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wlipre 


(118) 

f -t \ 8r dr! q'f' dli dv I 


■Substituting the expressions (108) for »s and fla" in (114), we 
get, in consequence of (88) and (115) 


(119) 

and 


k - 'i 


( 120 ) 


1 6\ 

„Jdei dOa 

dOi 

d^\ 



dOi 


1 

\ dt( 

du 

dv f 

du 

du 

dv /j 


«"'+ 


^efgahr 


Y '■ ( 1 /"'.^" - y” n - »(/' Z X (y"'z'- p V") 1 ; 


this second expression for is derived from the first with the 
aid of (29). (35) and (36). 

From (110) and (112) we get 


( 121 ) 


a'-liJh — Irtthi 


r >;(c*-/l'e).rV"+ (k’-k)«[". 

c»2^((r-//c).rV"+ j a-'-k)#!.". 


.From (‘(Illations (121),, (100). (lOG) and (90) we deduce 


( 122 ) 


(/i-)/-")- 


hii 
. /> 


y/2) 2<-W~fi)a¥ff 
Y +c./''(c-/4 

d ti (f d r I 


By means of (122) and analogous (filiations eijuation (120) is 
reducible to 


OH 


1 


Z (‘^ c- - ke - k'(i) 

^ - rp 




dj 
9 u 


, 54 x'» tff 

-A i\r 

rq 



(123) 



350 


X. Surfaces applicable to a quadric 


Equations of the form 


a-r'" 

^ du ^ 


8;/" 

dr 


(124)^ 


define a net N'" parallel to K This expression is reducible to 

•'tff fH I 

X ~ X + ■ 


{e[" 

dx 


dx _ 

0(9, 

1£)1 

[ \ ai’ 

dn 

811 dri ■ \ dr 

dn 

dn 

9r/J 




which in consequence of (122) becomes 

(I2J .r'" = -yAx I(e-fc).r"'+ -- + — T^l< 

^ k—lc [ ’ cp dll rg dr | 

Since N is applicable to iS’o, defined by (104), it follows from 
the results of § 136 that a transformation of N is given by 
the functions 


(126) 


22ex,x;>"=’2kZ 


1 c . 

XX , 


provided that analogously to (57) and because of (101) 


(127) 


X \ k ^ c - k 

c 

k^ 


li — i h^q^ — — ~ — k'e) :h)X{!^~ <'Z~ - 


When the expression (125) for x " is substituted in (126), the 
resulting equations are reducible by means of (97), (101) and (106) to 

2k 


(128)1 




k—k 


f~ (iX t7-. 


e. 


iX-U) 


7 ^* (2e*— he — h'e) x" 


L 2/48 V^v.'" j_ V 

1- ^ ex "T— -j-.. ^ ex —— . 

ep ^ dn vq ^ dr 
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In consequence of (118) we can write the first of (124) in the form 


(129) 




dx 


From this equation, (38) and (42) we obtain 


In order that this equation be consistent with the first of (127), 
we must have 

(7f-//) 2;—^ = 0. 

e—k 

Because of (101) and (106) this condition is satisfied identically 
when the expression (125) for I*"' is substituted. iVgain from (129) 
and ( 88 ) we have 

Z,; (®"'—,/•"') (x — .r) = ~ (fi a^p^—ih^q-). 

It is readily found that this equation is consistent with the second 
of (127). Moreover, when we compare the functions (128) giving 
mFic transform of i\'with the functions (119) and (123) detennining 
a derived net of As, we find that they differ by the same constant 
factor. Hence: _ 

Let N he a permanent net on the ventral (jnadric (34) and N the 
appHvahle net; if N is a Bk transform of N and is an Fw trans¬ 
form of Ny there ran he found direvtly a net ivhich is a Bk trans¬ 
form of As and an Fjr transform of 

140. Theorem of permutability of transformations B;. 
Let N be a net applicable to a net N on the central quadric Q 
(34), and and iVs nets applicable to nets on Q and obtained 
from N by hansfonnations Bu and Bk' respectively, determined by 
the respective pairs of functions Bu and 6 / 4 , where 

(130) e, 2 'Ze »s = 2 e^ =- 
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From § 50 it follows that the functions and ^ 4 , dehned by 


(131) 


61,•+ 



\ 8m dr 8?‘ dui 



for i 3,4; j ~ 1, k - 2, deteimine a W transform of A', which 
is also the W transform of Nf, defined by the two functions given 
by (131) for i - 1,2; j = 3, k - 4. 

Fi’om (127) it follows that conditions analogous to (93) are 
satisfied. The analogue of (94) is 


As)t4aV—- 



.1 


which can be shown to be satisfied identically, by the use of 
methods similar to those used at the end of § 131). (yonsequently 
the above IF transform of S\ is in fact a i?/c'transform. Henc(^ 


we have: 

If Ai and are ohtalned from the pefroanent net N of 
a deform of a, (entral quadrie Q by tramformatiom Ih and Ih 
{1/ ^ fr), the^re can he found directly a net applicable to a net 
on Q such that S\ and and A^ mid are in relations Bl: 
and Bl respectirely 

141. Transformations Fu of permanents nets on a para¬ 
boloid and of surfaces applicable to a paraboloid. For 

the paraboloid 

(132) r./-+///»+2,r- (). 


we have 
(133) 


X Y.Z 


. 1 

-!-/*»/*-p i 


and 


(134) A' - 


Avhere r* 


_ J_ 

-l/4c/-. 


* rV +./■*?/“+i, 

G 


Cf., Biaiiclii, 1. c., chap. 4. 
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It* F is referred to a net N whose point equation is the second 
of (33), we have 


? i -0 

da dr dft dr 


and by processes analogous to those used in § 135 we find 


(135) e 




and we prove the theorem: 

A nriessary and saffinent condition that a net N on a para¬ 
boloid (132) he permanent in that the parameters lan be chosen so 
that 


"(arl'Ml?)- •■<<-v+./v+ii. 


Jn order to obtain Fu transforms of .V which are permanent nets 
on J\ we take in place of (48) 

(137) 0 = 2(e^.r'-l-/^2/'+3'), 6f'= 

Each set of functions satisfying the completely integrable system 
of equations (59) and (58) with g - 0, and the conditions 

(138) f h-a--r-h^= r‘‘ [(,'»—A-.l-r'M- {.r—kny'% 

\ - i-[{e^—ke) + 

d(^termiiie a transformation Fk of into a net iV, on P. When 
/,* - e or / we have two special types of transformations, as 
described in the last theorem of § 135. 

Consider now the net applicable to From (60) and (137) 
we have in place of (62) 

(139) {e — k)y^+U’—k)ry^—kz'*+k2^u '*=0. 

Proceeding as in the case of (62), we find equations obtained 
from (64), (65), (67) and (68) by putting g 0. Hence there exists 
for transformations Fk of .Vtheorems similar to the first two theorems 


23 
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of § 136, but there are only two types of transfomations as described 
in the second theorem; they are Fe and f/. 

When e == /, P is a paraboloid of revolution and the trans¬ 
formations Fn {k 4= e) are described by the first theorem of § 136. 
When k ~~ e, equation (139) reduces to 0, Hence 

N' is a special net 2,0, the complementary function being In 
this case, as for the central quadric of revolution, the transforms 
of \ are conjugate to the two normal congruences conjugate 
to X, When X is applied to P, the lines of one of these con¬ 
gruences pass through the focal point of P on the axis of revolution, 
and the lines of other congnience are normal to the tangent plane 
to P at its vertex (cf. § 100). Hence: 

Let N he a net applicable to a mt X on a paraboloid oj 
revolution P: the lines joining points of X to the focus oj P and 
the hnes parallel to the axis of P hetome two normal congiuence^, 
Gi and (r^, conjugate to X, whm X is applied to X; there lan he 
found by two quadratures oo * nets Ni < onjagate to Oi and oo * nets X^ 
conjugate to which are applicable to oo ® nets Xi and oo * nets Xt 
on Pj the nets Xi ot X^ can be grouped into oo ^ families of oc * neh 
such that then corresponding tangent planes envelope a quadru (one, 
and the corresponding points on P lie on a conic^^% 

142. Transformations Bj, of surfaces applicable to 
a paraboloid. In this section we establish foi’ surfaces applicable 
to P(132) transformations analogous to those treated in § 138. 
Equations (82) and (83) hold in this case also. In place of (84) 
we have 

2(eora'-{-fyy'+z% O 2 - 2 (e,ra"+fyf'+z"U 
In place of (90) and (91) we have 


and 


f — ^efabc{r”f — x' y'% 


e y'f- 






y {y'z' — yy') + —y"/) 

Now exx+fyy-\’Z']rz-~ 0. 


z ~ 




-ir'y" 


Trans. Amer. Math. Soc., 1. c., p. 338. 
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The first two of equations (93) with - 0 hold and in place of 
the second two we have 


I h a*-/. 6* rn(<’*-/ce).r.r'+ (.r-kf)yy'-kn 

\ha^-hb^^ (^[{p^-ke)rx"+(f^- kf)yy"-k?''], 


and (94) with g ■ 0 holds. 

By making use of the expressions for x(tf'z" — y''z') and 
y{z'x" — z''x') which are obtainable from tl41), we find that J-. 
y and z satisfy the condition 


1 “ 1 + 1 _1 k - 

<• t / fe 

that is the net N lies on a quadric confocal with P. 
In place of (100) we have 


9.r 

du 


J 


(2/"//,—2;'//2), 


da- 

dr 




-y'U). 


From these and analogous equations we obtain, by means of 
equations similar to 

k — e\dt(J k — f\duj ’ 


ek dx dx 
k—e du dv 


0 

k—f du dv ’ 


ek ldx \^, 
k—€ 


From these equations and (102) we have 
'^IdxX^ _ dx 

^[Jul^\dVl^ ' 

2(f) 


^ du dv ' 


28 * 
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Here the s 3 'mbol 2 refers to the three variables, where 

These are the equations of the transformation of Ivory for 

The other observations for transformations of a central quadric 
hold also for the case of the paraboloid, and consequently we 
have the analogous theorem: 

If X k a permanent net on a paraboloid l\ there are oc ‘ 
pairs of tramformations Fu of N into nets and so that th 
condition 

1h kh^ = cnio^-hOfu "+ (r-l:f)ijY\ 


holds; the locus of the pole M of the plane J/il/iJ/g wdh respect 
to P is a net N on a paraboloid confocal to P; as N rolls on its 
applicable net N the point M describes a net N sarh that X and N 
are the fo( at nets oj a W congruence, and X ts applicable to the 
net on P which is the Ivory transform of the net X. 

These are the transformations Bh of surfaces applicable to 
a paraboloid, as found by Bianchi in another manner^*®). 

143 . Determination of the asymptotic lines on a surface. 
When a surface S is referred to a general system of parametric 
lines, the translations and rotations of a general moving trihedral 
satisfy the conditions [cf. § 69] 


dp 

dr 


dpy 

da 


- qrx—qxr, 


(142) { 


dr 


da 


rp\—pr^. 


dr_ 

dr 


d9\ 


11 

di 

dfj 
d r 


—- - 


dn 

9m 




n\P — nih+'<b—h<i - 0. 


The equation of asymptotic lines on is [§ 71, (68 )J 


(Pt? — 2 ?) <^ «*+ (.!> 9i—2 ?i Pin— 2i ^)dudo-]r ipi ?i—gi ^i)(l — 0. 


“») Cf. Bianchi, I. c., p. 30. 
Lezioni, vol. 3, chap. 1. 
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If we re])lace this equation by the two 


(143) 


(jd(( j- f/i dt — ?Avdfi-{- fji d /*), 


the function X is determined by 




_1 
Q\ Q2 




zn /iC) 


as is seen by the elimination of dti and dr from (143) and |§ 70]. 

If a and fi are the parameters of the asymptotic lines on Sy 
we must have 



, 9/ 



If these equations are solved tor^>, q, jh, (ji and the results are sub¬ 
stituted in (142), we obtain the equations which n and t must satisfy. 

This calculation is simplified, if we note that the first of (142) 
is equivalent to 



On replacing: the expressions in i)arentheses by their values from 
(144), we obtain 

^ I . du dti I 1 dk^ \ 

" dudfi^'' dadfi'^ da d/t U T« 



9 m dv , 
9« d'/S'^ 


, dr dr 11 0A-5, \ 

+ a«"9;?U air""’’''*) 

dji a(;\ /1_ aAj , j_ dt^i 
d/S da) U Sr k " du 



- 0 . 
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IMs relation may be replaced by two equations because the trans¬ 
lations It, y, are not completely determined. In fact, they 
are subject only to the conditions 


If we equate 5 and I, to zero successively, we obtain the following 
equations due to Darboux***): 


d*u , 8it dti I dlogk . )11|\ 
8« dfi fa Ijy S o ~ I 1 fl 


(145)| 


. / 8w 8t’ I djt 8j;Wl I 1121\ 

\ia Tfi d/S j^j "^i 1 (J 

9*1- _L ^ / dlogl- I J22U 

dad/i 8a d/S V dv ^ I 2 (/ 


dv dv |22| 
"'*8a 8/J 1 1 ( 


0 , 


(Su dj^.du ^\/l ?i2f* I jl2|\ , 8u 8MI111 
V8o d/S df dal \2 8»f " ( 2 0a 8/J 1 2 ( 


0 , 


(>\sl 

where the symbols { ^ j are formed with respect to the linear element 
of S, u and r being parametric. 

Since the coefficients in (145) iin olve only E, 0 and their 
derivatives, each pair of solutions enables us to tiansfonn the linear 
element, so that it becomes the linear element of a surface l eferred 
to its asymptotic lines; that is, the complete solution of (145) gives 
not only the asymptotic lines on S but each family of curves which 
correspond to the asymptotic lines on a surface* applicable to S, 
Bianchi calls these cuiwes the driual asymiHotiv lines on S, 

From the results of [§ 77]^ it follows that when a system of 
virtual asymptotic lines are known on S, the function !>' of the 
surface S, applicable to S and upon which the parametric lines are 
the asymptotic lines, can be found by a quadrature. Hence we have: 

The defmynation of a siirfaee and the determination of its virtual 
asymptotic lines are equivalent prohlems, 

144. Deformations of paraboloids and central quadrics 
of revolution. We apply the results of the preceding section to 
the case when S is a quadric referred to its generators. If «o 


Lemons, vol. 3, p. 290. 
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are the parameters of a family of virtual asymptotic lines on Sf in 
consequence of (10), (11) and (12), equations (145) become, since 

k ■ — <T*, 


ndD 4- ® 1 <r 7) ^ 

' "3«o0/tfo’^ 9“0 9«o9A ‘ da„ d/So 9/3 


,9/3 9/3 9 , 

+ o— oV logffVJo = 0. 


It is readily found that the first integral of these equations is 

i'j ^ 1_148j 

^^^0 9A) 9/do (rZ)o 

In accordance with these equations we introduce a function w, thus 


(148) 


dec 

dao 


11 


dec 

Wo 


IL 

deco 


Differentiating these equations with respect to fio and respectively, 
and substituting in the first of (146), we get in consequence of (147) 


’ 9Sl ^ 9fio 9/8„ 


8 


1 


9« (Sj)'a 


0 , 


9V _9M 9 ^ 
9al 9«|, 9’«n 


,J.1.= 0 

9a aD'n 


Expressing the consistency of these equations and th6> second of 
(146), we obtain 


(150) 



a* 

1 ^ \ r 

9 «() d fio 

aa* 


‘ paraboloid e 

,r*- 

-/?/’+2- 


y 


v7' 









■ From these expressions we ftnd 

4 


Hf. 


Also 


fJoOo—F 


Kf 


4 

1 


• Jl„ J 

- F >7 m ’ 






***) Servant, Bull. Soc. Math. France, vol. 20 (1901), p. 232. 
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Hence and are equal to the same constant 

8a* \aDol dfi* \aDU 

and equation (150) is reducible to the equation of smiaces of 
constant curvature [§§ 118, 119]. For each solution of (150) the 
above equations for the determinjition of a and as functions of 
a© and fio are completely integrable. Hence: 

The determination of mrfaces applicable to a paraholoid and 
to a sphere, real or imaginary, are equivalent prohlenis. 

We remark that when the paraboloid is a surface of revolution 
(— e=f), equation (150) can be integi’ated directly. 

In like manner for the central quadric 


— gz^~ 1 

we have 

Ve « + /*’ | ' 7 « + '*’ ' V g “'M’ 

ifi - A c(i —$y 

V^(«+/»)‘ .. ■’ 

4 2 4 

" ■■■■ “ (a+7F " Vl^g(^fiiyHl ’ 


When g —- — e, the coefficients of e^ and in (150) are equal 
to the same constant and we have: 

The deter mination of mrfaces applicaUe to a central quadric 
of revolution and to the sphere, real m' hnaginar-y, are equivalent 
problems. 

145. Surfaces conjugate in deformation. Following 
Bianchi *^®), we say that two non-developable surfaces, S and S, are 
cmijiigate in deformation, when the asymptotic lines cori’espond 
on S and S and to every system of virtual asymptotic lines on S 
correspond a system of virtual asymptotic lines on S, and vice-versa. 
In order that the latter condition be satisfied, the coefficients of 
the equations (145) must be ^ual to the corresponding coefficients 
of the similar equations for 8. These conditions may be written 


Lezioni, vol. 3, p. 201. 
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9 log A 

- 9 rii2i 

.)12l 

n 111'. 

)iii 

du 

““‘ni2f 

12) 

fj ~ 111 

\U 

8 log A 

dv 


\12\ 

Hi 


m 

\2r 


)11U 

12) “ |2(> 


) 22 () 22 | 
111 ~|ll’ 


where the symbols |**|- are formed with respect to the linear 
element of S, and 

(15.3) /. - y . 


From [§ 85j we have that the equation of the geodesic lines 
on S is 

if v _ j22l ldv\^ /(22I _ „ )12l\ /d/')' 

llfU«)'^U2l ■^llf.lU«/ 

(154) ( , , 

,/„)121 imWfr )11| . 

1 +\2t2r~lu);f» +121 -0- 

Hence from (151) and (152) it follow^s that the geodesics on S 
and S correspond. 

Suppose, conversely, that the geodesics on tw’^o suifaces S 
and iS' con'espond and also the asymptotic lines. Then from (154) 
we have (152) and 


and also 
(156) 


)12l ... 

j221 

)121 

111! 

9)121 

11) 

12) 

^IK- 

111“ 

"^2) 

D 


IL- 



M 

H ’ 

H " 

H’ 

H 


where iUhas the value (153). The Codazzi equations for >S' are [§ 64] 
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and similar equations for S. Substituting in the latter from (156), 

we find _ 

dlogk jiii 111! dlogX 1221 1221 

“iK IK’ 'dv''~\2f \2V 

on condition that S is not developable. Equations (151) are satis- 
lied and we have the theorem of Servant^'*^) and Bianchi'^'): 

A necesmry and safjidmi vmiditum that two non-derelopahle 
surfaces he conjugate in deformation is that the geodesic lines and 
the asymptotic lines respedimly correspond on the surfaces. 

Wlieii two surfaces iS and S are conjugate in deformation, 
each set of solutions of equations (145) leads to a pair of surfaces 
S' and applicable to S and S respectively, upon which the 

asymptotic lines correspond, and since conditions (151) and (152) 
hold for these surfaces, they too are conjugate in deformation. 
Hence: 

If two surfaces are conjugate in deformation, each set of solutimis 
of the corresponding equations (145) determine two other surfaces 
wnjiigate in deformation and applicahle to the re.spective given surfaces. 

Dini^*®) solved the problem of finding pairs of surfaces upon 
which the geodesics correspond. We reproduce his results. 

AVe assume that the sui-faces are referred to their common 
orthogonal system. Then equations (155) can be integrated, thus 

IJ El G (f J_ 


where U and T are arbitrary functions of u and r respectively. 
From these we have 


(157) 


^ r -- -±- 

yjjt’ " ■■ JJV*’ 


By the substitution of the above values of E and G in (152), we get 

M (?;—y) == —V'E, (U-V) =- (J'G. 

0 r 0 u 

(.'omptes Rendus, vol. 136 (1903), p. 1239. 

L, c., p. 206. 

Annali, ser. 3, vol. 3 (1869), p. 269. 
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Neglecting the case where i[7 = F -- const, that is when S and S 
are homothetic, we have on integration 

E - ( U—V), G - VI (IJ-- V) 

where Ui and F, are arbitral^ functions of u and r respectively. 
If we choose the parameters so that 

U^u + h, F-. 7; + /t 

where h is a constant, we find that the two lineai* elements are 
^ (u--fO{U;du^ + V‘Uh 

Vldv^\ 


(158) 


" \r + // 4 + ^./\w + A v + hl^ 


both of the Liouville form [cf. § 93]. Since h is arbitrary, there 
are oo‘ surfaces corres])onding to S with geodesics in corre¬ 
spondence. 

We inquire under what condition two such surfaces are con¬ 
jugate in deformation^*^). We exclude the case where either U 
or F is constant, that is when S is applicable to a surface of 
revolution (cf. X, Ex. 6). Substituting the values from (158) in 
(151), we find 

-S -Oi + hYir + hy. 

n Cf 

where a is a constant. From l§ 64. (12)1 "e have 




i 


EG 13" 


J a VO 

E 


d V / 


+ 


dr 


_i a_F E 
V'G 9 




and similarly for A**. Calculating the expressions for A* and h and 
substituting in the above equation, the resulting equation is reducible 
to, on dropping the subscripts of Ux and F,, 


(159) 


i . 

\(( + h aj IP\U ^ u—vl ^ 2(M^ 
\v + fi a/FMF 


1 


(m + A)* 

1 1 


—v! 2 iv+hy r 


0 . 


'*") Cf. Servant, 1. c.; also Biauchi, Rend, dei Lincei, ser. 5, vol. 11 (1902), 


p. 265. 
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Differentiating with respect to u and r, Ave find ultimately that IJ 
and Y must be such that 


(160) 




where a, fi and y are constants which are arbitrary, since these 
expressions satisfy (159). 

When a 4" 0 in (160), the functions IJ- and F* are of the form 


(161) 


TP 

F* : 


An 


(?< + ^0 — ^>) (W' -r CL — r) ’ 

___ —Av .. 

(o + a) (v + a — hY{v + a — r) ' 


where A, h and c are constants different from zero, and the linear 
element of S is 


(162) 




- h) {n -{- a — r) 

(r -I- n)(r-f- CL — A) (v -f — r) ]’ 


rdr^ 


When the expressions (161) are substituted in (160), we find that 
k — a. If we put 

1 1 , . 1 1 

tJ-f-U 


(163) 


iti- 


1_ » , i 

n + a’ ' « 


the linear element of jS' is reducible to 


(164) (M,—ffi) 


___ ic, dU i _ 

_ Oi dv \ __ _1 

fi+i) +i—I) (*^^1+“ — ~) J 



14(). Transformations H of surfaces applicable to a quadric 365 

Comparing (162) and (164) with [§ 96, (14)] and taking ~ ^, 

we note that 8 and S are applicable to the quadrics Q and Q whose 
respective equations are 


a a — h a — r 


.r‘+7^- + ^ 

h — a (•—a a* 


From these equations it follows that when Q is an ellipsoid,. Q is 
aii hyperboloid of two sheets, and vice-versa; when Q is a hyper¬ 
boloid of one sheet, so also is Q. Moreover, if 4) is a surface of 
revolution (h = e), so also is Q, 

We remark that Q and Q are transformable into one another 
by the projectivity 


Vhr 1 

1 

\rc y 

- 1 

[T Z 

It 

1 

r a x- 

^ = I 

a T 


If in (161) we take <• - 0, and proceed as in the general case, 
we obtain (162) Avitli r = 0 and in place of (164) we have 


Hi di(\ 


__ 1 


Hence, as follows from (§ 97, (27)], the quadric is a paraboloid. 

If in (160) we take a ^ 0, we note that is of the form 
A ?//(/( +o) (vf + o — h) that is Q is a paraboloid. Proceeding as 
above, we dud that Q is a central quadiic of revolution. These 
results show, as in 144, that the deformations of paraboloids and 
central quadrics of revolution are equivalent problems. 

The foregoing results lead to the theorem of Sen^ant: 

Aside from surfaevs app/ieahle to a surface of rerofufmin ths 
mly surfaces admiUhig surfaces conjugate in deformation are sur- 
fa ces appUcahh to a quadric, and any such surface has this p'opet'fy. 

146. Transformations/f of surfaces applicable to a qua¬ 
dric. Let Q and Q be two quadrics conjugate in defomation. 
If a surface S applicable to Q is known, we have a set of rfrtual 
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asymptotic lines on Q, j^at is a solution of equations (145), and 
consequently a deform /S of Q is thereby determined intrinsically. 
Bianchi^**) calls the relation between S and S a transformation H. 

Suppose that S is a ruled deform of Q. Since the trans¬ 
formation H of 8 into S preserves geodesics and asymptotic lines 
it follows that 8 also is ruled. Hence: 

The tra'nsfor motion H changes every ruled deform of Q into 
a ruled deform of Q. 

Since asymptotic lines correspond on 8 and 8^ to each con¬ 
jugate system on _8 coiresponds a conjugate system on 8; the same 
is true for Q and Q. Hence to the conjugate system on 8 permanent 
in its deformation from Q coiresponds the permanent conjugate 
system on 8. Therefore: 

The transformation H changes the pcrma'tieni net on S into 
the permanent net_ on 8. 

Let Jf and N denote these pemanent nets on 8 and 8^ and 
iVo and .Vo the nets on Q and Q to which they are applicable. 
Let A^oi denote an Fk transform of No, and Ni the corresponding 
transform of N in accordance with the results of §§ 136, 141. 
Since Aoi admits the applicable net A\,_the net ^Voi on Q corre¬ 
sponding to iVoi admits an applicable net Ni conjugate in deformation 
to AV But Aoi is obtained from Nqi by a projectivity, so that 
Noi is an Fk transform of No, since any transformation F is tra^- 
formed into a transformation Fby a projectivity. Consequently Ni, 
applicable to JVoi, can be so placed in space that it is an trans¬ 
form of N Hence: 

If N and N are nets in relation H, and Ni is an Fk trans¬ 
form of N, there exists a net Ni lefiieh is an Fk transform of N and 
cm H transform of Ni, 

Thus we have established the permutability of the trans¬ 
formations Fk and H (cf. X, Ex. 12). 

147 . Isothermal-conjugate nets on a quadric. From ( 12 ) 
it follows that the coordinates of a quadric Q referred to its asymp¬ 
totic lines satisfy the two equations 


(167) 


dec* 


0^1 


®!i=9 J- 

dfi* dfi 



Lezioni, vol. 3, p. 214. 
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where a* — Hq a. If we put 


(168) U V — a - 

the parametric lines on Q form an isothermal-conjugate system, 
and every system of this kind is obtained by replacing a and 
by arbitrary functions of a and fi respectively. 

In terms of u and v equations (167) are equivalent to 


(169) 


du* a?/ 


a 1 a^ , ^ a , ds 


a^d alogg 9^1 aiogg do 
dud V d f; du d u d v * 


These equations are of the form (IV, 73). Hence every isothermal- 
conjugate net on a quadric is a net R with equal point invariants. 

^Vhen we apply to (169) the conditions (IV, 22) that (169) 
admit three independent solutions, we find that a® must satisfy 
the equation of Liouville 

a** logy 9*logy , 

where h is a constant. The general solution of this equation is 
known [§ IblJ. When a solution is substituted in (169), the 
resulting equations are reducible to (167) by (168). Since equations 
(169) are the most general of the form (IV, 73) for which a = 6, 
we have: 

Every wothermal-conjugai^e net on a quadric is a net B tvith 
equal point invariants, and these are the only nets B with equal 
point invariants. 

When a quadric is transformed into a sphere by a projective 
transformation, each net with equal point invariants of the quadric 
becomes an isothermal-orthogonal net on the sphere; this net is 
also isothermal-conjugate. Since an isothermal-conjugate s 3 ’^stem 
is transformed by a projectivity into an isothermal-conjugate system 
l§§ 82, 84], we have the converse theorem: 

Every net with equal point invariants on a quadric is isothermal^ 
conjugate. 
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From the first theorem of § 60 and the preceding considerations 
we have the theorem: 

Every isotimmaUconjitgate system mi a quadric has equal 
tangential invariants; and every net on a quadric with equat tangential 
invariants is isothermahmnjugate and has equal point invariants. 

In § 88 we saw that an isothermal net on a sphere admits oo 
transformations F into nets of the same kind on the sphere. Hence 
the same is true of nets with equal point invariants on any quadric, 
in view of the above remarks (cf. § 148). 

148. Transformations F and W of isothermal-conjugate 
nets on a central quadric. Let N be an isothermal-conjugate 
net on the central quadric Q (34). An F transform also on Q 
is given by (47) and (48). From (II, 81) and (169) we have that 
is a JfiT transfonn, that is iVi has equal point invariants and is 
isothermal-conjugate, if 


(170) 


he o' 




e 

a* 


e' 


where h is a constant. In consequence of (48) these equations 
are equivalent to 

(171) a\h—l)—k^exx = 0, aW—l^)—k^ex'* -= 0. 

* 


Differentiating these equations and making use of (59), we have 


(172) 


dh A: "v / I /j 7\ ^ 1 
1 ,- = + 


, ’b r 


IL 

dv 




These equations and (59) form a completely integi’able system. 
For each set of solutions of these equations the left-hand members 
of (171) are constants. Since all of the equations are homogeneous, 
there are oo* sets of solutions satisfying (171) for each value of A*. 
Then the conditions (170) are satisfied and we have the theorem: 

An isothermal-conjugate net on a central quadric admits cc^ 
transformations K into isothermal-conjugate nets on the quadric^^^). 


Of. Tzitzeica, Bull. Sciences Math., ser. 2, vol. 36 (1912), pp. 151—164. 
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Prom equations (169) and (31) we have the following expressions 
for the Christoffel symbols formed with respect to the linear 
element (26) of the net N\ 



il2l dloga 
111 dv ^ 



\\2\ ^ Qlogg 

1 2 / dti 




dv 


log 


H 


The Codazzi equations for N can be written as the second set 
of (30); then we have by integration D == —D"——since 
a is determined by (169) only to within a constant factor. Hence 
if cr*= —Ej we have 

(174) = a*, T) = —D" —era*. 


In consequence of (173) and (174) we show by, methods similar 
to those used in § 135 that 


(175) 



V’ dx 

^^JuTv 


- 0 , 



where c*-— — 

Suppose now that we have two sets of solutions of (59) and 
(172), namely z, hi, li\ x', z", ?i 2 , 4? satisfying the con¬ 

ditions 

I a* ih^—l,)—kZexx' = 0, «' ihl—ll)—]cZex'"=0, 

\ a‘ (kf—li)—kZexx"=^-- 0, a‘ (hl—ll)—/cZe3;"‘= 0, 


(176) 


and also 
(177) 


a* (kifh—h li)—kZexV' = 0. 


By means of (173), (174), (175) and (176) we show as in § 138 
that the functions 

01 = 2 ^exx', 62 = 2 2exx*' 

are solutions of the equation 

9*8 I 9*8 ^ 9loga 98 . ^ 9loga 98 . /c 

9tt* 9i;* “ ^ 9w 9wV ^ dv dv f ^ 


24 
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i^d the second of (169). Consequently (§ 49) Oi and determine 
a W transform N of N. Its coordinates Xy g are given by (88), 
which in turn are reducible to (91). 

From (176) and (177) we have 

^ e a:'x'0‘= — |i (Jh k—fh h)*, 

efg iy"^—y'z")Y= — -p (hi li—hk)*- 

In consequence of these identities we have that N lies on the 
given quadric (34). Hence the congruence of lines joining corre- 
. spending points on N and N degenerates into one set of generators 
of the quadric. 

From (34), (92), (88), (175) and 1, we have 

. =2. (rlf + «|f) = 0. 

Hence (cf.IV, 75) N is a net with equal point invariants. 

As at the close of § 138> we remark that there are only two sets 
of solutions x/^y y"j 4; 2/"', //.n, 4 each of which gives 

with .r', y'y z\ hiy /i, a net N, say nets iVg and jVg. These nets are con¬ 
jugate to the congruence of the lines of intersection of the tangents 
planes to N and its F transform Ni by means of x'y y'j z'y hi, ij; 
and their points are the intersections of the lines of this congruence 
with the generators of the quadric. Accordingly we have the 
theorem: 

If N and Ni are two isotJm’mal-conjiigate nets on a central 
quadric in relation F, the points^ in which the quadric is met hy 
the intersections of (mresponding tangent planes of N and Ni genef^ate 
two isothermal-conjugate nets in relation F*^®). 

Exercises 

1. A necessary and sufficient condition that N whose coordinate 5 satisfy (38) 
lie on a ruled deform of Q is that afh be a function of u-\- v or u — v. 

2. A necessary and suMcient condition that the nets permanent in deformation 

on every surface applicable to a surface S be isothermal-conjugate is that 8 be 
a quadric. Terracini, Annali, vol. 30 (1921), p. 145. 


150^ Tzitzeica, 1. c., has given a geometrical proof of this theorem. 



■Exor(*i<?fis 
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3. When /c'= /•• in § 139, the solutions of (106) and (110) are 


As — h — 

aa:'-j-/9.r", //'"= ay'4*az'4- 


In this case the transforms A’ and .Vs coincide. 

4. Show that the transformations Fj. and Bj of a deform ot a paraboloid are 
permutable. 

5. If K\ and are obtained from the permanent net of a defonn of 

a paraboloid P by transformations Bj and Bj> (k’ + A'), there can be found 
directly a net .Via applicable to a net on P. such that Ni and and JVa and jfia 
are in relations and PJ. respectively. Bianchi, Lezioni, vol. 3, chap. 4. 

6. The surfaces of revolution admitting: a conjugate in deformation have 
the linear element 


o/^-f-l 




where o, c and // are arbitrary constants, 
surface is 


The linear element of the conjugate 




(lr\ 


(or^-i-i). ^ ar^+l 

Bianchi, Rend, dei Lincei, ser. 5, vol. 11 (1902), p. 272. 

7. If two suvfacc.s applicable to a surface of revolution are conjugate in 
detormation, so also are their con^lemeiitary surfaces LS TO]. Bianchi, 1. c., p. 273. 

8. If two quadrics, Q and eoiTespond in a projectivjty which transforms 

the quadrics confocal with into the quadrics confocal with 4^, then Q and Q are 
conjugate in deformation. Bianchi. Lezioni, vol. 3, p. 208. 

9. If S and S are conjugate in deformation and S is deformed so that one 

of its asymptotic lines-remains rigid, then admits a deformation in which the 
corre.spouding asymptotic line is rigid. Bianchi, 1. c.. p. 215. 

10. If at points of two corresponding asymptotic lines on two surfaces 

conjugate in deformation tangents are drawn to the geodesics Avhicli are the 
deforms of generators of the applicable quadrics, Q and Q, the two ruled surfaces 
formed by these tangents are applicable to 4> and Q. and are conjugate in 
deformation. Bianchi, 1. e., p. 215. 

11. When the first of equations (165) is written in the form (34) and the 
.second ‘c.r-+/v^+/7 j, the equations of the projectivity (166) are 


also 


1 

1 /^ cl* 


,==y-i£, .=^1/—-■ 

r (■/ r e.'/ 


—l/f/.V ■ 

aud the point eyuatiou of a net nii Q is 


9»e 0 , o 0« , . 8 , h d« 

0m8h' ~ 0r X 0n 0« x 0i-’ 


if the equation of the corresponding net on Q is the .second of (33). 
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12 . If a permanent net on Q admits a transformatioji Fk by means of a set 
of functions x', y\ z'j 1, the corresponding net on Q (cf. Ex. 11) admits 
a transformation Fk determined by 



13. If N is a Bk transform of a net X applicable to Q by means of functions 

x\ y\ z\ f/", z"; hi, h; the functions analogous to those of Ex. 12 

determine a Bk transform of X applicable to Q, and this transform and X are in 
relation H. 

Bianchi, 1. c., p. 231. 

14 . Show by means of [§ 127] that the pencils of planes whose axes are polar 
with respect to a quadric meet the latter in an isothermal-conjugate net. 

Bianchi, 1. c., p. 244. 

15 . When a quadric Q is referred to an isothermal-conjugate net, so also 

is a quadric conjugate in deformation to and 7/o“([r^= where c is 

a constant. 

16 . In order that a net X on a quadric be permanent in more than one 
deformation of the (inadric, it is necessary that X be isothermal-conjugate. 

Servant, Bull. Soc. de France, vol. 30 (1902), p. 21. 

17. If .Vi and Xt are isothennal-conjugate nets on a central quadric Q (34) 
obtained from an isothennal-conjugate net on Q by transfoniiations and A";. 
(k’ 4= /f) of § 148, there can be found directly a net X 12 on Q, which is a Kj.> trans¬ 
form of X\ and a Kj. transform of X^; it i.s determined by the functions 
and given by (78) and 

A»"+ = fe . 

16 . Derive the equations of transformations Kj, of isothermal-conjugate nets 
on a paraboloid similar to those for a central quadric § 148. 

19 . If a ruled surface S is subjected to an infinitesimal deformation which 
leaves the surface ruled and through each point of S and in the corresponding 
tangent plane a line is drawn perpendicular to the direction of the deformation, 
these lines form a W congruence for which the other focal surface is ruled; 
this construction gives the most general W congruence with ruled focal surfaces 
and generators corresponding. Bianchi, Comptes Rendus, vol. 143 (1906), p. 635. 

20 . If the focal surfaces, Si and St, of a TF congruence are ruled, and if 

the curved asymptotic lines of St correspond to the generators of Si, then Si 
is a quadric. Segre, Atti di Torino, Dec. 28, 1913; 

Tortorici, Bend, di Napoli, vol. 28 (1922), Jan. 21. 
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principal curves of, 238; focal circles 
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ordinates, 243; null-spheres, 243, 284; 
with applicable central nets, 271; 
cutting a fixed sphere under constant 
angle, 283. 

Congni^ces of spheres, definition, 246; 
parallel, 246; transformations F of, 
246; direction-equation with equal in¬ 
variants, 255; representation in 5-space, 
285; permanent in deformation, 298, 
308, 310. 

Congruences of spherea and circles, 
harmonic, 255—259, 264, 265, 267, 
269—271; conjugate, 261—263, 270; 
orthogonal, 266, 267, 285. 

Conics, pencil of, 95. 

Coordinates, cartesian, 1; homogeneous 
point, 69; tangential, 97, 166, 286; 
of a sphere, 233; pentaspherical, see 
Pentaspherical. 

Cosserat, 206. 

Curve, definition, 2, 71; paiainetric, 2. 

(Jyclic congruences, definition, 183; 
parallel, 191; characteristic property, 
280, 285; generation of, 289; multiply, 
185, 188, 191. I 

Cyclic .systems, definition, 183; circles | 

pass through a point, 191; of a trans- ! 
formation li, 197, 206, 285; generation I 
of, 272—274, 285, 289; transformations 
F of, 275, 277, 278, 290; representation j 
in 5-space, 277—279; envelope of ; 

planes of, 199, 213, 285, 286. ! 

Cyclides, 283. i 

Darboux, 6, 92, 147, 154, 208, 212, 213, 
239, 254, 274, 281, 282, 283, 285, 288, 
291, 295, 313, 317, 358. 

Deform of a quadric, which meets the 
circle at infinity in 4 points, 291; of 
revolution, 293—296, 305, 360; tangent 
to the circle at infinity, 317; permanent 
nets on, 326—^29, 353; E nets on, 


327, 328; transformations Fk of, 
334—340, 346, 353, 354; transforma¬ 
tions Bk of, 340—352, 354—356; 
transformations H of, 366, 371, 372. 

Demouliu, 107, 108, 112, 113, 115, 119, 
124,134,150, 202, 204, 220, 225, 229, 
254, 284. 

Derivant net, definition, 25; of two ti’ans- 
formations F, 54; of two transformations 
K, 61; of two transformations J?, 265. 

Derived congruences, definition, 21; of 
a ir congruence, 108; of spheres, 

240, 241. 

Derived net, definition, 25; Laplace trans¬ 
forms of a. 32, 33; parallel, 33, 53; 
transformations F of, 54, 66; of two 
transformations F, 54; reciprocally, 
116; which is 0, 289. 

Developable surface, definition, 10; of a 
congruence, 11. 

Dini, 362. 

Direction-parameters, of a line, 1; of a 
congruence, 12, 14, 20, 30 ; of a cyclic 
congi'uencc, 183, 281. 

Drach, 155. 

Envelope of rolling, definition, 305; lines 
of curvature, 320. 

Envelopes of spheres, with <) nets corre¬ 
sponding, 174, 189, 229: conformal 
mapping of the two sheets, 206, 286: 
principal curves oii, 238, 239, 243; 
congruence of chords of contact, 239, 

241, 242, 244, 245, 258, 259, 2G2, 285; 
with applicable central nets, 272, 274, 
298, 302, 307, 308, 310; cutting a fixed 
sphere under constant angle, 283; with 
spherical lines of curvature, 285. 

Equation, point, of a net, 3, 72; direction, 
of a congruence, 13, 153; tangential, 
of a net, 128, 153. 

Focal circles of a congruence of spheres, 
239, 241. 

Focal nets of a congruence, 11, 15; of 
parallel congimences, 21; radial trans¬ 
forms, 33; in relation F, 34. 
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Focal points, of first and second rank, 
11; coordinates of, 10, 14, 29; of a 
ray congruence, 124; of a congruence 
of circles, 245. 

Focal spheres of a congruence of circles, 
241; meeting orthogonally, 183. 

Focal surfaces of a congruence, 11, 15. 

Green, 124, 125, 126. 

Guichard, 5, 12, 26, 124, 156, 165, 200, 
255, 258, 262, 26.3, 266, 280, 285, 295, 
296, 337. 

Hammond, 77, 85, 87, 93, 94. 

Homogeneous point coordinate.s, 69; of 
a net in 2-spacc, 96; of a net in 
3-space, 101, 103; of an li wet. 107. 

Hyperplane, definition 2; at infinity, 69. 

Hyperquadrie, net on, 90, 2,04; trans¬ 
formations F of nets on, 90, 94. 

Hyperspheres, in transformations K, 171, 
174, 189; focal, 183, 185. 

Invariants of an equation of Laplace, 
definition, 16; equal to zero, 73. 92; 
in a sequence of Laplace, 75. 92. 

Inversion, in transformations 175: of 
a sphere, 281; in i)enta.splierical coor¬ 
dinates, 281; of a cyclide, 283. 

Tsothermal-conjugate nets, definition, 104; 
preserved by ])rojective transformation, 
104; li nets are, 107; on a quadric, 
112,367,372: and nets with equal point I 
invariants, 125, 150; characteristic pro- ' 
perty, 126; on a deform of a quadric, 326. 

Isothermic Onets, definition, 206; special, 
212—214,291: are nets 12,231; in penta- 
spherical coordinates, 237; Lie trans¬ 
formation of, 284; nets with the same 
spherical representation as, 302—304, 
318,319;8phericalrepreseiitationof,319. 
See Transformations Dm and Christoffel 
transformations. 

Isotropic, relation, 157; line, 289,291,296; 
plane, 289, 296. 

Jonas, 42, 47, 110, 113. 119. 201. 

Kinematically conjugate directions, de¬ 
finition, 314; axes of rotation, 315; 


auto-conjugate, 315, 320; for con¬ 
gruences of rolling, 317, 321; para¬ 
metric, 320; orthogonal, 320. 

Koenigs, 58, 123. 

Laplace equations, 3, 12; invariants of, 
16; sequence of, 74; Moutard form, 237. 

Laplace transforms, definition, 17; in car¬ 
tesian coordinates, 17; of parallel nets, 
18; of a function, 19, 32; of a derived 
net, 32, 33; of a radial transform, 33; 
transfonnationsof, 66, 94; inhomo¬ 
geneous coordinates, 72; of a net Jfif, 
108; in tangential coordinates, 129; 
which are Onets, 192.193,286. See Se¬ 
ll uenccs of Laplace and Levy sequences. 

J^evy sequences, of the first order, 81, 

I 93; of higher order, 83—85, 93; per- 
I iodic, 85, 86. 

I Levy transforms, definition, 19; of parallel 
1 nets, 32; of radial transforms, 33; and 
I transformations F, 66; in homogeneous 
I coordinates, 81; in a hyperplane, 81. 
I Lie. 249, 283, 281. 

j Lie line-.spliere transformation, equations 
of, 249, 283; linear complex of, 249, 284. 

Lie transformations of surfaces, definition, 
252; equations of, 283, 284; IF con¬ 
gruence of, 253. 

Linear complex, definition, 248; null-plane 
of, 248, 251, 252; special, 248; lines 
I’onjugate with respect to, 250, 251, 
284; tangents to a curve lines of a, 284. 

Martin, 32. 

Minimal surfaces, transformations Dm of, 
215, 217; Onet of, 229; focal sheets 
of a TF congruence, 230; in relation 1?. 
296. 308; deformable transformations 
of, 304, 305. 

Nets, definition, 3; characteristic property, 
4; tangent planes of. 4; point, 5, 28,30; 
in 3-space, 6, 100—103, 106; parallel, 
7—12. 124; planar, 9, 96, 123; con¬ 
jugate to a congruence, 12, 14, 19, 
32, 159; harmonic to a congruence, 22. 
24, 27, 30, 34, 200; of translation, 32, 
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66) mmimal, 32,66; in relation 0, 63, 
146,154; in homogeneous coordinates, 
72; periodic, 76, 94; in tangential co¬ 
ordinates, 127, 128; of plane curves, 
152. See Applicable nets, Derivant 
nets, Derived nets. Isothermal-conjugate 
nets. 

Nets coiTesponding with orthogonality of 
linear elements, 63, 146; parallel, 64: 
transformations F of, 64—66. 

Nets C, definition, 200; harmonic to a 
normal congruence, 200; on the enve¬ 
lope of planes of a cyclic system, 200; 
congruences harmonic to, 287, 288. 
See Applicable nets. 

Nets G, definition, 192; pai*allel, 192; 
Laplace transforms of, 192, 286; radial 
transforms of, 193; transformations F 
of, 193. 

Nets 0, definition, 156, 194; conjugate 
to congruences I, 2,1 and 3,1, 160; 
determination of, 165—167; parallel, 
167; on a hypersphere, 167; congruences 
conjugate to, 168; transformations J?" [ 
of, 168—175, 185—188; radial trans¬ 
formations of, 175; inversion of, 
175; transformations U of, 174—182, 
195—197; on a hypercone, 191, 283; 
with isothermal spherical represen¬ 
tation, 215—218,229; in pentaspherical 
coordinates, 237, 279; in 5-space and 
cyclic systems, 277; generated by a rol¬ 
ling surface, 289,291,294; derived, 289. ^ 
See Isothermic 0 nets. 

Nets 2, 0, definition, 156; as central 
nets of transformations it, 171, 189; 
special, 188, 228; transformations F of, 
189—191; on quadrics of revolution, 
247; associated with cyclic systems, 279; 
applicable, 298. 

Neto p, Of definition, 156; conjugate to 
congruences, p, I, 160; parallel, 191. 

Nets permanent in deformation, definition, 
139; fundamental coefficients, 139—140; 
transformations ii of, 141—146; special. 


142; spherical representation of, 154, 
165. 

Nets R, definition, 107; equations, 107; 
Laplace transforms of, 108; on a quadric, 
112, 367; reciprocally derived, 118; 
transformations W of, 115—123, 125; 
transformations F of, 124, 125; and 
nets D, 254; in line coordinates, 255; 
with tangents in one family meeting 
a fixed line, 284; on deforms of a qua¬ 
dric, 327, 328. 

Nets Q, definition, 218: equations of, 219, 
220; parallel, 221; ti*ansformations i? 
of, 221—224; isothennic, 231; with 
I isothermal spherical representation, 231; 

on surfaces of Guichard, 225,232; and 
nets It, 2.54. 

Nets with equal point invariants, 16. 32, 
67, 68, 95, 106, 125; characteristic 
property, 124; associate. 59,67; planar, 
123; and equal tangential invariants, 
150; which are O nets, 206; on a quadric, 
366—368. See Transformations K, 

Nets with equal tangential invariants, 
definition. 128; which are permanent 
in deformation, 139; and equal point 
invariants. 150; characteristic proper¬ 
ty, 153; on a quadric, 366—368. See 
Transformations Si, 

Nets with same spherical representation 
as isothermic 0 nets, 302, 303: trans¬ 
formations B of, 303, 319, 320. 

Normal parameters of a net, 5. 

Osculating planes of a net, 11; conjugate 
to a congruence, 23; and Laplace trans¬ 
forms of a derived net, 32; in homo¬ 
geneous coordinates, 71; and nets Go, 
286. 

Orthogonal determinant, definition, 163; 
in 5-8pace, 165, 279; in 3-space, 194, 

Parallel, lines, 1; hyperplanes, 2; nets, 
7—12, 32; congraences, 15, 28. 

Pentaspherical coordinates, of a point, 
235; fundamental spheres, 235, 281; 
equation of a sphere in, 236, 281; 
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special, 237; of an 0 net, 237, 279; 
of an isothermic net, 237; of a point 
of the plane at infinity, 281; angle 
between displacements in, 282; equation 
of a surface in, 283; transformations 
in, 283. 

Perpendicular, lines, 1; hyperplanes, 2. 
Plane, in cartesian coordinates, 2; tan¬ 
gent, of a surface, 3; tangent, of a net, 
4, in homogeneous coordinates. 71. 
Pliicker line coordinates, 247. 

Point equation of a net, in cartesian 
coordinates, 3; in homogeneous co- 
ordinate.s, 72. j 

Point nets, definition, 5; congruences ' 
harmonic to, 28, 29; harmonic to a con- | 
gruence, 30. i 

Polar transformation, 100, 125, 153. | 

Poles of a circle, detinition, 206; points j 
on an envelope of spheres, 266, 274: ' 
of a cyclic sy.steni, 285. 286. 

Priucii)al curves on an envelope of spherc.s. I 
238, 239, 243; fom a net, 245. 

Problem of order n - 2, 165. 

Projective tran3fonnation.s, of space, 70; 
of nets in relations 93; of nets in 
2-space, 97; of asymptotic lines, 100; , 
of nets in 3-space, 103, 12H; of iso- 1 
thermal-conjugate nets, 104, I 

Quadrics, isothermal-conjugate nets on, I 
112, 366—370, 372; nets JS on, 112, ' 
367; osculating, 124; of revolution, 247, j 
293—296, 305, 337, 360; deformation , 
of, 291, 293, 305, 326, 360; rolUug, 
2iil—296, 317; tangent to the circle 
at infinity, 317; transfonnations F of, 
322, 329—334, 352, 353, 368; perma¬ 
nent nets on, 323—326, 329—334, 353, 
370, 372; referred to generators, 
323—825; conjugate in deformation, 
365, 371; nets with equal point in¬ 
variants on, 367, 368; nets with equal 
tangential invariants on, 367, 368; 
transformations TT'' of, 368—370, 372. 
Quaternof transformationsi'" definition, 48. 


Radial transformations, definition, 31; 
harmonic congruences of, 31; of Laplace 
transforms, 33; of Levy transforms, 33; 
and transformations 40—42, 67, 
153; of every net on a surface, 124; 
of nets 0, 175; of nets 193. 

Ray congruence, definition, 105; focal 
points, 124. 

Ray curves, definition, 105; property of, 
124. 

Relation, F. 34; 58; O, 63, 146; 

R, 174; isotropic, 157. 

Ribaucour, 16, 89, 174, 239, 245, 285, 
286. 312. .323. 

Rolling surfaces, definition, 288; plane of 
contact, 288; and cyclic systems, 289; 
on a quadric, 291—296, 317; on a 
surface of revolution, 293—298, 321; 
kinematically conjugate directions on, 
314, 320; ruled, 314, 315; axes of 
rotation, 315; on a sphere, 317; spheres 
associated with, 318. 

Ruled surfaces, referred to asymptotic 
lines, 123; osculating quadrics of, 124; 
rolling, 314; applicable to anon-ruled 
surface, 314, 316; applicable, 320; 
infinitesimal deformation of, 372; TP con¬ 
gruences whose focal surfaces are, 372. 

Segre, 372. 

Sequences of Laplace, definition, 74; 
equations of, 75, 76, 92; invariants of, 
75, 76, 92; periodic, 76-80, 93, 94; 
derived nets of, 83—85, 93; trans¬ 
formations F of, 94. 

Servant, 325, 359, 362, 363, 365, 372. 

Spheres, coordinates of, 233; point-, 234; 
null-, 234, 289, 294; power with respect 
to, 234; equations in pentapherical 
coordinates, 23G; inversion of, 281; 
rolling, 317. See Congruences of spheres. 

Stetson, 286. 

Surface, definition, 2; tangent planes, 3; 
determination of nets on, 5—7; J8, 111; 
of Voss, 143; determination of asymp¬ 
totic lines on, 356—358; element, 252. 
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Surfaces applicable to a quadric, see 
Deforms of a quadric. 

Surfaces applicable to a surface of revolu¬ 
tion, 293—298, 321: complementary, 
292, 294—296, 321: conjuprate in 
deformation, 371. 

Surfaces conjugate in deformation, defini¬ 
tion, 360; characteristic property, 362; 
determination of, 362—365, 371; «iua- 
drics, 365, 372. 

Surfaces of constant mean curvature, 
transformations /? of, 229, 295, 310: 
special isothermic nets on, 230; 
generation of, 294, 317; kinematically 
conjugate lines on, 320. 

Surfaces of constant total curvature, 
equations of, 232; transformations B of, 
232, 295, 339; cyclic systems associated 
with, 286; determination of 360. 

Surfaces of Ouichard, definition, 225,232; 
associated surfaces, 225, 228, 232: are 
surfaces ii, 225, 232; transformations 
R of, 227, 231, 232, 28G; isothermic 
surfaces associated with, 286. 

Surface of rolling, definition, 301; one 
sheet of envelope of congi’uence R a, 
302; equations of, 313; lines of curvature 
on, 320. 

Tangential coordinates, of a surface, 
definition, 98; referred to asymptotic 
lines, 100; of a net, 127; Laplace 
transforms in, 129; transformations F 
in, 129—134, 153; of a net O, 166; 
transformations R in, 178—182. 

Terracini, 370. 

Theorem of permutability, of transforma¬ 
tions F, 45—51, 90, 132; for parallel 
nets, 50, 67; extended, 55—57, 68, 
224, 230; of W congruences, 124,138, 
143. For references to the theorem 
of permutability of any type of trans¬ 
formation see this transformation. 

Tortorici, 372. 

Transformations Bk of surfaces applicable 
to a quadric, 340—346, 354—356; 


permutability with transformations Fk^ 
346, 371; theorem of permutability of, 
352, 371. 

Transformations Dm, 208, 209, 231; 
theorem of permutability of, 209—211, 
215,230; of special isothermic surfaces, 
212—214,230,291; of minimal surfaces, 
215, 304; isothermic nets determined 
by, 230: parallel nets of, 230; charac- 
j teristic property, 285: induced, 286, 

I 319; generation of, 291; and surfaces 

} of rolling, 301, 302; deformable, 304. 

Transformations Fw, 215 — 217, 231; 
theorem ot permutability of, 218, 230: 
characteristic property, 230; deformable, 

* 305; and envelopes of rolling, 305. 

I 'Pransformations F, equations in cartesian 
I coordinates, 34—37; conjugate con- 

I gruence of, 34, 42, 89: inverse of, 37; 

parallel, 38, 50, 67: harmonic con¬ 
gruence of, 40, 182; and radial trans- 
j fomations. 40—42, 67, 153; triads of, 

I 41, 90; theorem of permutability of, 

. 45-51, 55-57, 67, 90, 132; of derived 

nets, 54, 66; of applicable nets, 61—63; 

' of nets ill relation O, 64, 146, 154; ot 
Laplace transforms, 60, 94; of Levy 
transfunns, 06; in homogeneous coor¬ 
dinates. 87—91; of nets on a hyper¬ 
quadric, 90, 94; projective transforma¬ 
tions of, 93; of periodic Laplace 
sequences, 94; of nets 124, 125; in 
, tangential coordinates, 129—134,153; 
and polar transformations, 153; of nets 
(K 168-175, 185-188; of nets 2, 0, 
189—191; of nets G, 193; of nets on 
a sphere, 197, 217; of congruences R 
of spheres, 246; of congruences of 
circles, 269—271; of cyclic systems, 
274—278, 290; of deformable trans¬ 
formations By 306; of nets on a quadric, 
322, 323; of isothermal-conjugate nets 
on a quadric, 368, 372. References to 
particular types of transformations F 
are given under these transformations. 
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Transformations JP*, of nets on a quadric, 
329—334, 353; of surfaces applicable 
to a quadric, 334—339, 354; theorem 
of permutability of, 323, 339, 340. 

Transformations H of surfaces applicable 
to a quadric, definition 360; of ruled 
deforms, 306; permutability with trans¬ 
formations Fk, 366, 372; permutability 
with transformations Bk^ 372. 

Transformation, ^i, definition, 113; of 
surfaces of constant curvature, 124; 
of isothermal systems on a sphere, 124. 

Transformations K, definition, 68; in car¬ 
tesian coordinates, 57—69, 67; tlieoiem 
of permutability of, 60,01,07, 08, 164, 
372; of associate surfaces, 08, 124; of 
Levy tran.sfonns, 08; in homog^eneous 
coordinates, 94, 96; characteristic pro- [ 
perty, 95; of nets with equal point and | 
equal tang’ential invariants, 150—152; 
polar transformations of, 153; with | 
normal conjugate congruences, 200,221; 1 
of nets on a quadric, 368—370, 372. 1 
See Transformations Dm. | 

Transformations if, in cartesian coordi- . 
nates, 173—177, 195; central nets, 174, 

189, 190, 228; of parallel nets O, 174, j 

190, 228; inverse of, 178; in tangential | 
coordinates, 178,181; theorem of per- j 
mutability of, 180—182, 202—206; of I 
Laplace transforms of a net G, 193; 
spherical representation of, 197; cyclic 
systems of, 197, 200, 285; circle-planes 
of. see Circle-planes; circles K of, see 
Circles K, congruences K of, see Con¬ 
gruences K; conformal, 200; of iso¬ 
thermic 0 nets, see Transformations Dm; 
of minimal surfaces, 215,296, 304, 305; 
of nets 221—224; of surfaces of 
Giuchard, 227, 231, 232, 286; with con¬ 
formal spherical representation, 215, 
230, 306; of surfaces of constant mean 


curvature, 229, 296, 310; of surfaces 
of constant total curvature, 232, 295, 
339; in pentaspherical coordinates, 283; 
deformable of the first type, 296, 308, 
310; deformable of the second type, 
298—806; with applicable central nets, 
297,302; of nets with the same spherical 
representation as isothennic 0 nets, 303, 
319; and surfaces of rolling, 302, 318; 
and envelopes of rolling, 305; trans¬ 
formations F of, 300. 

Transformations W, of nets i?, 115—123, 
125; of isothermal-conjugate nets on 
a quadric, 370; of ruled surface.s, 372. 
See Traiisfonnations Bk. 

Transformations Qj in tangential co¬ 
ordinates 134—136; theorem of permu¬ 
tability of, 137, 138, 153, 154; of nets 
permanent in deformation, 141—146; 
in point coordinates 146—149; of afocal 
surface of a congruence, 149,150: of 
nets with equal point and equal tan¬ 
gential invariants, 150—152; polar 
transformation of, 153. 

Tzitzeica, 33, 77, 93, 96, 107, 110, 124, 
327, 308, 370. 

rmbilical points of a quadric, 291. 

Viitual asymptotic lines, definition, 310; 
determination of, 358. 
congruences, definition, 106; of tan¬ 
gents to a net i2, 107, 113; derivcjd, 
108; and reciprocally derived nets, 110; 
quatern of, 124, 138, 143; with focal 
surfaces of equal curvature, 138, 142, 
143; transformations and K of, 150; 
with minimal focal surfaces, 230; whose 
lines belong to a linear complex, 252, 
253; in Lie transformations of surfaces, 
252,253; representation in 5-space, 254: 
in Plticker line-coordinates, 254; normal, 
292, 293; with ruled focal surfaces, 372. 

Wilezynski, 105, 123, 125, 120. 
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